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Preface

Photonics as a fiel today covers a huge range from communications to science
and technology applications, including laser manufacturing, biological and chemical
sensing, display technology and optical computing.

For a number of reasons ranging from a higher bandwidth to the inexpensiveness
of optical-fibr materials, components based on electric currents are more and more
complemented or replaced by technology based on light. Relatively cheap, compact
and highly sensitive photonic devices have already been commercialised for a variety
of areas, and are expected to be basic blocks for all-optical integrated circuits. As
the fabrication of photonic devices is still costly and essentially time consuming, the
development of science and technology has grown parallel to the development of
accurate numerical techniques able to perform “modelling” of the devices. Besides
analysis of the structures, the numerical simulation of the performance of the device
makes it possible to perform operations of optimisation and design at an early stage
with significan cost savings. The fiel of numerical modelling has become so impor-
tant that developing the innovative potential of optics and photonics relies today on
sophisticated simulation techniques.

Up to now, there have been many books in the market that deal with numerical
modelling techniques. However, the majority only concentrate on one or two numerical
methods. This book, on the other hand, covers a comprehensive state-of-the art of many
modelling possibilities, ranging from the most innovative techniques in the frequency
domain (e.g. the bidirectional beam propagation method), to ones in time domain (e.g.
the multiresolution time domain and finit volume time domain methods), for future
photonic devices.

Through an extensive number of simulation models and solutions for generic and
more specifi problems, this book focuses on equipping the reader with the sophis-
ticated concepts of computational modelling in a new easy way to build his/her
own codes. Furthermore, it comes with a CD that shows samples of codes, and
some examples to enable the reader to understand various computational modelling
cases.

This book consists of 11 chapters.
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xiv Preface

The introduction to the book is given in Chapter 1, where a general overview of
modern photonics and recent advances in computational modelling for new photonic
devices are given.

From Chapter 2 to Chapter 4, beam propagation method (BPM)-based numerical
techniques in the frequency domain are considered. Among them, Chapter 2 presents
the governing equations for the full-vectorial BPM, including the finite-elemen
analysis, the perfectly matched layer (PML) scheme for the treatment of boundary con-
ditions and the imaginary-distance BPM that provides the mode solver. Full-vectorial
BPM is then assessed in Chapter 3, where modal analysis of rectangular waveguides
is given, together with analysis of photonic crystal fibre and liquid-crystal-based
photonic crystal fibres

The bidirectional BPM is presented in Chapter 4. The chapter focuses on the optical
waveguide discontinuity problem, giving the formulation of a numerical method able
to perform its simulation. After deriving the governing equations, the bidirectional
BPM is assessed in several optical examples.

From Chapter 5 onwards, numerical techniques belonging to the area of the time-
domain schemes are presented. Chapter 5 starts with a recent innovative modificatio
of the conventional finite-di ference time-domain (FDTD) method: the complex-
envelope alternating-direction-implicit FDTD. After derivation of the fundamental
equations to solve Maxwell’s equations, assessment of the technique is given in the
specifi problem of photonic crystal cavities.

In Chapter 6, the finite- olume time-domain method is proposed as a novel alter-
native technique to FDTD for the study of electromagnetic problems. The scheme
is presented in detail, providing mathematical formulations, analysis of numerical
stability and dispersion, and an efficien scheme for the treatment of the boundary
conditions. The FVTD is then assessed in Chapter 7 where both linear and nonlinear
devices are investigated.

Further modelling possibilities are given in Chapter 8 with the multiresolution
time domain (MRTD) method. Basic concepts of the multiresolution analyis are
given and its application to the solution of the Maxwell’s equations is explained.
An accurate and innovative extension of the method to the analysis of second-order
nonlinear effects is given. Assessment of the MRTD scheme is presented in Chapter 9,
providing code validation in linear photonic devices. Assessment of the technique for
the study of second-order nonlinear photonic devices follows in Chapter 10. Chapter
11 shows improvement of the nonlinear-MRTD scheme with the inclusion of auxiliary
differential equations that enable the accurate analysis of the linear dispersion of the
media. Chapter 11 also presents validation of the code with the generation of second
harmonics in a planar waveguide and in a one-dimensional photonic crystal.

Salah Obayya
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1
Introduction

1.1 Photonics: The Countless Possibilities of Light Propagation
Following the advances in semiconductor physics that have allowed us to fully ex-
ploit the conducting properties of certain materials, thereby initiating the transistor
revolution in electronics, in the last few decades a new frontier has opened up. The
goal in this case is to control the optical properties of materials. An enormous range
of technological developments would become possible if we could engineer materials
that respond to light waves over a desired range of frequencies by perfectly reflectin
them, or allowing them to propagate only in certain directions, or confinin them
within a specifie volume.

Optical solutions to engineering problems are being increasingly found in many
field of application, including medicine, communication, entertainment, sensing and
homeland security. Already, fibr optic cables, which simply guide light, have revolu-
tionised the telecommunications industry. Laser engineering, high-speed computing
and spectroscopy are just a few of the field next in line to reap the benefit of the
advances in optical materials. Photonics as a fiel covers today a huge range, from
communications to science and technology applications, including laser manufactur-
ing, biological and chemical sensing, display technology and optical computing.

For a number of reasons, ranging from a higher bandwidth to the inexpensiveness
of optical fibr materials, components based on electric currents are more and more
complemented or replaced by technology based on light. Relatively cheap, compact
and highly sensitive photonic devices have already been commercialised for a variety
of areas, and are expected to be basic blocks for all-optical integrated circuits, truly
revolutionising the way we live.

All-optical systems are believed to be the best solution for the realisation of devices
capable of meeting the high-performance characteristics required today and by next-
generation telecommunications. In recent decades, with the advent of photonic crys-
tals (PhCs) technology, the goal of a system capable of all-optical signal processing

Computational Photonics Salah Obayya
C© 2011 John Wiley & Sons, Ltd
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2 Computational Photonics

has made a giant step towards becoming a reality. PhC technology has brought the
possibility of manipulating the light in a way that is basically not possible with con-
ventional optical technology. Moreover, this capability of manipulating light is also
obtained with an efficien y that is far greater than that obtained with conventional
optical devices. However, the complex geometry of devices realised with PhC tech-
nology is still a challenge for fabrication technology, although significan progress
has been made in this field making it possible to fabricate new devices exploiting
such technology. On the other hand, the mass production of these devices is still far
from becoming a reality, and this can pose a serious threat to the development of PhC
technology and, most of all, to the development of all-optical systems for ultra-fast
telecommunication applications. In this aspect, numerical methods can be of vital
help. Generally speaking, the possibility to predict the performance of a device before
its practical fabrication can be a key factor towards the development of new and in-
novative technologies. With the exponential growth of the computational capabilities
of modern personal computers (PCs), numerical methods have experienced a sudden
expansion in all field of engineering. This has made possible the development of new
applications at a rate that was unthinkable just few decades ago.

Up to now, there have been many books on the market that treat numerical modelling
techniques. However, the majority only concentrate on one or two numerical methods.
The main goal of this book is to present a comprehensive state-of-the art of the
latest modelling possibilities for the analysis and design of innovative devices for
next-generation optical communications. Through a thorough analysis of the latest
advances in numerical methods, weaknesses and drawbacks will be addressed in order
to develop new techniques capable of dealing with simulations of optical devices in
an innovative fashion, so as to increase either the accuracy or the efficien y. This aim
will be reached through a deep theoretical analysis which will involve the physics
behind the functionality of the optical device more directly in the core of the numerical
techniques. In this way, the obtained numerical tools will be considered to be more
state-of-the-art computational techniques than mere ‘number-crunching’ algorithms
for the solution of Maxwell’s equations. The gain in terms of efficien y can be usefully
employed for the extension of the methods to dealing with three-dimensional (3D)
problems without requiring a prohibitive amount of computational resources, making
it possible to obtain simulation results closer to reality.

The information in the book will be essential for the reader to perform and excel in
the following:

� Understanding the physics of light propagation in various photonic devices.
� Understanding Maxwell’s equations, governing the propagation phenomena.
� Grasping basic concepts of general numerical modelling techniques.
� Deriving the equations underlying the numerical modelling techniques.
� Applying the gained knowledge of computational modelling to modelling photonic

devices.
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Introduction 3

These functions range from introductory (understanding the basic concepts) to ad-
vanced levels (application of the concepts to the numerical modelling of photonic
devices).

1.2 Modelling Photonics
The last decade has witnessed dramatic progress and interest in micro- and nano-
fabrication techniques of complex photonic devices. In almost all cases, an accurate
quantitative theoretical modelling of these devices has to be based on advanced
computational techniques that solve the corresponding, numerically very large linear,
nonlinear or coupled partial differential equations.

Photonics is especially suitable for computation because Maxwell’s equations are
practically exact, the relevant material properties are well known and the length
scales are not too small. Therefore, an exciting aspect of this fiel is that quantitative
theoretical predictions can be made from firs principles, without any questionable
assumptions or simplifications The results of such computations have consistently
agreed with experiments. This makes it possible and preferable to optimise the design
of photonic devices on a computer at an early stage, prior the actual fabrication. The
computer becomes the pre-laboratory.

1.2.1 History of Computational Modelling
Many standard numerical techniques for the solution of partial differential equations
have been applied to electromagnetics (EM), and each has its own particular strengths
and weaknesses. High-quality ‘black-box’ software is widely available, including
free, open-source programs. Indeed, computational photonics has matured so much
that many are familiar only with the general principles and capabilities of the different
tools.

In the last decades, a wide variety of numerical techniques have been developed and
utilised for the design and optimisation of optical devices. Most of them have been suc-
cessfully employed for the simulation of novel devices, mostly in two-dimensional
(2D) space domains. Despite their powerful numerical capabilities, all these tech-
niques possess drawbacks which pose limitations in the range of applicability of the
methods to specifi classes of problems. These drawbacks become more severe once
the extension of these techniques to full-vectorial 3D space domains is considered.
These limitations are mainly due to the huge growth in the computational burden
required for 3D problems. Furthermore, if nonlinear phenomena are also taken into
account, the limitations appear to be even more stringent.

Typically, the existing different numerical schemes can be divided into two main
categories: time-domain and frequency-domain methods.
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1.2.2 Frequency Domain
Before 1960, the principal approaches in the area of frequency-domain (FD) based
numerical techniques involved closed-form and infinite-serie analytical solutions,
with numerical results from these analyses obtained using mechanical calculators.
After 1960, the increasing availability of programmable electronic digital computers
permitted such FD approaches to increase significantl in sophistication. Researchers
were provided with a whole new range of capabilities offered by powerful high-level
programming languages, such as Fortran, rapid random-access storage of large arrays
of numbers, and computational speeds orders of magnitude faster than possible with
mechanical calculators. In this period, the principal computational techniques for
Maxwell’s equations included high-frequency asymptotic methods and integral equa-
tions. However, these FD methods have some difficultie and drawbacks. For instance,
while asymptotic analyses are well suited for modelling the scattering properties of
large electrical shapes, such approaches are fin it difficul to deal with nonmetallic
material compositions and the volumetric complexity of a structure. On the other hand,
integral equation methods can deal with material and structural complexity, however
their need to construct and solve systems of linear equations limits the electrical size
of possible models, especially those requiring detailed treatment of geometric details
within a volume.

Although significan progress has been made in solving the ultra-large systems of
equations generated by these FD integral equations, the capabilities of even the latest
of such technologies cannot keep up with many volumetrically complex structures of
recent engineering interest. This also holds for FD finite-elemen techniques, which
generate sparse rather than dense matrices. Moreover, properties of material such
as nonlinearities cannot be easily incorporated into the FD solutions of Maxwell’s
equations, which is a severe constraint, as research today is very active in the field
of active electromagnetic/electronic and electromagnetic/quantum-optical systems,
such as high-speed digital circuits, and microwave and millimetre-wave amplifier
and lasers.

1.2.3 Time Domain
Since the arrival of the digital computer, which has profoundly changed the possi-
bilities, time-domain (TD) modelling has offered efficien and fl xible techniques to
study computational electromagnetic propagation in linear and nonlinear optics.

There are two basic reasons for the success of TD over FD modelling: computa-
tional efficien y and problem requirements. Generally, when broadband information
is analysed, a TD approach is intrinsically a more immediate choice because it pro-
vides a transient response whose bandwidth is limited only by the frequency content
of the source, and the time and space sampling adopted in the numerical approach.
Moreover, the computational efficien y of TD is also derived from its natural ability
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Introduction 5

to adapt to parallel computer architectures. In addition, the TD approach can usually
model problems involving time-varying media and components in a more straightfor-
ward way.

A representative example of the rapid growth in TD research is the popularity of
the finite-di ference time-domain (FDTD) method developed by Tafl ve.

There are general steps that need to be carried out in order to perform numerical
modelling in the time domain:

� Develop time-dependent integral or Maxwell’s curl equations.
� Discretise the equations in space and in time by means of an appropriate grid in

space, and suitable basis and testing functions.
� Derive a set of equations that relate unknown with known quantities (starting from

an initial value that usually is given by the source field)
� Generate a numerical solution of this initial-value problem in space and time.

1.2.4 Chapter Overview
Following this Introduction, from Chapter 2 to Chapter 4, beam propagation method
(BPM) based numerical techniques in the frequency domain are considered. Amongst
them, Chapter 2 presents the governing equations for the full-vectorial BPM, includ-
ing the finite-elemen analysis, the perfectly matched layer (PML) scheme for the
treatment of boundary conditions and the imaginary-distance BPM that provides the
mode solver. Full-vectorial BPM is then assessed in Chapter 3, where modal analysis
of rectangular waveguides is given together with analysis of photonic crystal fibre
and liquid-crystal-based photonic crystal fibres

The bidirectional BPM is presented in Chapter 4. The chapter focuses on the optical
waveguide discontinuity problem, giving the formulation of a numerical method able
to perform its simulation. After deriving the governing equations, the bidirectional
BPM is assessed in several optical examples.

From Chapter 5, numerical techniques belonging to the area of time-domain
schemes are presented. Chapter 5 starts with a recent innovative modificatio of
the conventional finite-di ference time-domain (FDTD) method: complex-envelope
alternating-direction-implicit FDTD. After derivation of the fundamental equations
to solve Maxwell’s equations, assessment of the technique is driven by the specifi
problem of photonic crystal cavities.

In Chapter 6, the finite- olume time-domain (FVTD) method is proposed as a
novel alternative technique to FDTD for the study of electromagnetic problems.
The scheme is presented in detail, providing mathematical formulations, analysis of
numerical stability and dispersion, and an efficien scheme for the treatment of the
boundary conditions. The FVTD is then assessed in Chapter 7, where both linear and
nonlinear devices are investigated.
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Further modelling possibilities are given in Chapter 8, with the multiresolution
time domain (MRTD) method. Basic concepts of the multiresolution analysis are
given and its application to the solution of Maxwell’s equations is explained. An
accurate and innovative extension of the method to the analysis of second-order
nonlinear effects is given. Assessment of the MRTD scheme is presented in Chapter 9,
providing code validation in linear photonic devices. Assessment of the technique for
the study of second-order nonlinear photonic devices follows in Chapter 10. Chapter
11 shows improvement of the nonlinear-MRTD scheme, with the inclusion of auxiliary
differential equations (ADE) that enable the accurate analysis of linear dispersion of
the media. Chapter 11 also presents validation of the code with generation of second
harmonics in a planar waveguide and in a one-dimensional (1D) photonic crystal.

1.2.5 Overview of Commercial Software for Photonics
The continuous advancement of microwave circuits and electromagnetic devices to-
wards increased functionality and performance requires simultaneous development
of modelling tools that are able to keep up with the growing level of sophistication. In
order to get a deeper insight into the fiel of computational electromagnetics (CEM)
and grasp what is available in the market, the most widely used commercial packages
are listed as follows:

– COMSOL Multiphysics (formerly FEMLAB) is a finit element analysis, solver
and simulation software package for various physics and engineering applica-
tions, especially coupled phenomena, or multiphysics. COMSOL Multiphysics also
offers an extensive interface to MATLAB and its toolboxes for a large variety of
programming, pre-processing and post-processing possibilities.

– FIMMWAVE is a generic full-vectorial mode-finde for waveguide structures.
FIMMWAVE combines both methods based on semi-analytical techniques with
other more numerical methods such as finit difference or finit element.

– CST MICROWAVE STUDIO® (CST MWS) offers fi e solver modules; the Tran-
sient, Eigenmode, Frequency Domain, ‘Resonant: Fast S-Parameter’, ‘Resonant:
S-Parameter, Fields’ (formerly known as Modal Analysis), and the Integral Equa-
tion Solver, each offering distinct advantages in their own domains. There are
numerical advantages offered by the method used in most of the solvers, the finit
integration technique (FIT).

– CrystalWave is a design environment for the layout and design of integrated optics
components optimised for the design of photonic crystal structures. It is based on
both FDTD and finite-elemen frequency-domain (FEFD) simulators and includes
a masque fil generator carefully optimised for planar photonic crystal structures.

– Optiwave is a suite of engineering design tools. Amongst these, there areOptiFDTD,
which is based on the FDTD algorithm with second-order numerical accuracy
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and the most advanced boundary condition – the uniaxial perfectly matched layer
(UPML) boundary condition, and OptiBPM, which is based on the BPM.

– RSoft’s Photonic Component Design Suite allows the design and the simulation of
both passive and active photonic devices for optical communications, optoelectron-
ics and semiconductor manufacturing. FullWAVE is a simulation tool for studying
the propagation of light in a wide variety of photonic structures, including inte-
grated and fibre-opti waveguide devices, as well as circuits and nanophotonic
devices, such as photonic crystals. The software employs the FDTD method for the
full-vector simulation of photonic structures. BandSOLVE is a design tool for the
calculation of photonic band structures for all photonic crystal (PC) devices which
employs the plane wave expansion (PWE) algorithm.

Indeed, commercial EM simulation programs available today provide powerful design
tools, however no single numerical method provides a universal solution, and commer-
cial codes often fail to accurately simulate high-end problems found in cutting-edge
research. Therefore, research in computational EM is still essential to keep up with
the increasing complexity of devices throughout the EM spectrum and has to develop
parallel to fabrication technologies to allow the full establishment of the new photonic
solutions in the market.
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2
Full-Vectorial Beam Propagation
Methods

2.1 Introduction
Numerical simulations play an important role for the design and modelling of guided-
wave optoelectronic devices. There are various modelling methods in which not
only a full-vector model, but also an approximate scalar model, are used. In this
chapter, an overview of beam propagation methods (BPMs) [1–4] is introduced. In
addition, the formulation of the wave equations in terms of the electric and magnetic
field is included. Moreover, this chapter includes an introduction to finite-elemen
analysis, followed by the derivation of the finite-elemen BPM. Also, the formulation
of the imaginary-distance full-vectorial finit element BPM scheme proposed in [5]
is extended further to fully treat the vectorial complex modes.

2.2 Overview of the Beam Propagation Methods
Analysis and simulation of electromagnetic wave propagation are essential in the
modelling and design of optical waveguide devices. The BPM [1–4] has been one of
the most popular techniques for modelling and simulation of such optical devices. The
major concept of the BPM is the development of a formula that permits the propagation
of an initial fiel distribution along the axial direction by steps of sufficientl small
length, as shown in Figure 2.1 [4].

Early publications were focused on the solution of the scalar paraxial wave equa-
tion by means of fast Fourier transform (FFT) [6]. However, the formulation of the
FFT-BPM is derived under the assumption that the refractive-index difference in the
transverse direction is very small, therefore the FFT-BPM cannot be applied to struc-
tures with large refractive-index discontinuities. In addition, the FFT-BPM can be

Computational Photonics Salah Obayya
C© 2011 John Wiley & Sons, Ltd
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x

Figure 2.1 Propagation of an initial fiel distribution along the axial direction.

only used to study the scalar wave propagation, therefore the vectorial properties of
the guided wave cannot be described.

The finite-di ference (FD) method was firs introduced by Hendow and Shakir [7]
to solve the paraxial scalar wave equation through a cylindrically symmetric struc-
ture. Then, Chung and Dagli [8] introduced the FD-BPM to the Cartesian coordinate
system. The scalar FD-BPM has advantages in terms of efficien y and broader appli-
cability [9, 10]. However, the most serious drawback of the scalar FD scheme is the
complete absence of the vector characteristics that are inherent in light propagation
through inhomogeneous and/or anisotropic media. This was partly removed by the
semi-vectorial BPM (SVBPM) that distinguishes two orthogonal, but otherwise com-
pletely uncoupled, states of polarisation (TE and TM) [2, 11]. The firs approach to
consider the vectorial nature of light was presented in [12] via a FD Crank–Nicolson
scheme. Even though the formulation framework was quite general, the applicability
was restricted only to planar straight waveguides. Since then, many full vectorial BPM
approaches based on the popular finite-di ference method (FDM) have been reported
[13–16]. Due to the inefficien discretisation associated with finit differences, the
FDBPM needs large computational resources, especially in simulating nonuniform
optical waveguides.

Due to its numerical efficien y and versatility, some full-vectorial BPM algo-
rithms have been formulated, based on the finite-elemen method (FEM) [17–21].
Polstyanko et al. [17] investigated the full vector finite-elemen BPM (FE-BPM)
with electric file formulation. However, Obayya et al. [21] formulated the vector
FE-BPM using the transverse magnetic fiel components. In [1], an efficien vector
FE-BPM for transverse anisotropic material was reported in terms of the transverse
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Figure 2.2 Schematic of three dimension optical waveguide.

magnetic-fiel components, with perfectly matched layer boundary conditions and
wide-angle approximation.

2.3 Maxwell’s Equations
Maxwell’s equations are a set of four partial differential equations which describe the
properties of the electric and magnetic field through the medium. In the frequency
domain, the propagation of electromagnetic waves through the waveguide, as shown
in Figure 2.2, is governed by Maxwell’s equations, which can be written as follows

∇ × E = − jωµH (2.1)
∇ × H = jω ¯̄εE (2.2)
∇.(¯̄εE) = 0 (2.3)
∇.µH = 0 (2.4)

where the vector quantities E and H are electric and magnetic fiel vectors, respec-
tively, ¯̄ε = ε0 ¯̄εr and µ = µ0µr. The quantities ¯̄ε and µ defin the electromagnetic
properties of the medium and are the permittivity tensor and the permeability of the
waveguide material, respectively. ε0 = 8.854 × 10−12 F/m is the permittivity of free
space and µ0 = 4π × 10−7 H/m is the permeability of free space. ¯̄εr and µr are the
relative permittivity tensor and permeability of the waveguide material. In the absence
of the magnetic material, µr is set to unity.

2.4 Magnetic-Field Formulation of the Wave Equation
The total electromagnetic fiel that is supported by a waveguide can be expressed in
terms of only the electric or magnetic fiel components to produce wave equations. In
order to express the wave equation in terms of the magnetic fiel only, the electric fiel
is removed from the derivation by taking the curl of Equation (2.2) and substituting
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using (2.1). The vector wave equation for the magnetic fiel vector, H, can be written
as

∇ × (
¯̄ε−1
r ∇ × H

) − k2
0H = 0 (2.5)

where k0 is the free space wave number k2
0 = ω2µ0ε0. The anisotropic material is

assumed to have one of its principal axes points in the direction of the waveguide.
Under this assumption [22], the permittivity tensor takes the form

¯̄ε = ε0 ¯̄εr = ε0

⎛

⎝
εxx εxy 0
εyx εyy 0
0 0 εzz

⎞

⎠ (2.6)

For isotropic waveguides, εxx = εyy = εzz and εxy = εyx = 0. Using the vector
notation (∇ × (ϕA) = ∇ϕ × A + ϕ∇ × A), the vector wave Equation (2.5) can be
rewritten as follows

∇2H + k2
0 ¯̄εr H = − ¯̄ε−1

r ∇ ¯̄εr × (∇ × H ) (2.7)

The transverse component of the vector wave Equation (2.7) can be obtained such
that

∇2Ht + k2
0 ¯̄εrtHt = − ¯̄ε−1

rt ∇t ¯̄εrt × (∇t × Ht ) (2.8)

where the subscript ‘t’ stands for the transverse components and ¯̄εrt is the transverse
component of the dielectric tensor and can be define such that

¯̄εrt =
(

εxx εxy
εyx εyy

)
(2.9)

2.5 Electric-Field Formulation of the Wave Equation
The wave equation can also be expressed only in terms of the electric field In this case,
the magnetic fiel is removed from the derivation by taking the curl of Equation (2.1)
and substituting using (2.2). The vector wave equation for the electric fiel vector, E,
can be written as [3]

∇2E + ¯̄εr k2
0E = ∇(∇.E) (2.10)
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The transverse component of (2.10) is given by

∇2Et + ¯̄εrtk2
o Et = ∇t

(
∇t .Et + ∂Ez

∂z

)
(2.11)

Using Gauss’ law ∇.(¯̄εr E) = 0, ∂Ez/∂z can be calculated as follows

∇t .(¯̄εrtEt ) + ∂εzz

∂z
Ez + εzz

∂Ez
∂z

= 0 (2.12)

If εzz is slowly variant in the z-direction, then ∂εzz
∂z Ez is much smaller than the other

two terms in (2.12) and therefore one can obtain

∂Ez
∂z

≈ −1
εzz

∇t .(¯̄εrtEt ) (2.13)

Using Equations (2.11) and (2.13), the electric-field-dependen wave equation can
be derived as

∇2Et + ¯̄εrtk2
0Et = ∇t

(
∇t .Et + −1

εzz
∇t .(¯̄εrtEt )

)
(2.14)

2.6 Perfectly Matched Layer
To create a practical solver, the effects of the simulation boundaries should be
considered. Basic BPM and FEM boundary conditions set the fiel just outside the
simulation area to zero, simulating a perfectly conducting metal box. The PML [23]
is an artificia absorbing layer for wave equations, commonly used to truncate com-
putational regions in numerical methods to simulate problems with open boundaries,
especially in the FDM and FEM methods. The key property of a PML that distin-
guishes it from an ordinary absorbing material is that it is designed so that the waves
incident upon the PML from a non-PML medium do not reflec at the interface. This
property allows the PML to strongly absorb outgoing waves from the interior of a
computational region without reflectin them back into the interior.

The PML was originally formulated by Berenger in 1994 [23] for use with
Maxwell’s equations, and since that time there have been several related reformula-
tions of PML for both Maxwell’s equations and for other wave equations. Berenger’s
original formulation is called a split-fiel PML, because it splits the electromagnetic
field into two unphysical field in the PML region. A later formulation that has
become more popular because of its simplicity and efficien y is called uniaxial PML
or UPML [24], in which the PML is described as an artificia anisotropic absorbing
material. Although both Berenger’s formulation and UPML were initially derived
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by manually constructing the conditions under which incident plane waves do not
reflec from the PML interface from a homogeneous medium, both formulations were
later shown to be equivalent to a much more elegant and general approach: stretched-
coordinate PML [25, 26]. This approach uses a coordinate transformation in which
one (or more) coordinate is mapped to a complex number which is actually an analytic
continuation of the wave equation into complex coordinates, replacing propagating
(oscillating) waves by exponentially decaying waves. This viewpoint allows PMLs
to be derived for inhomogeneous media such as waveguides, as well as for other
coordinate systems and wave equations.

The wave equation for the magnetic fiel can be modifie to include the parameters
for the PML layers as follows

∇ × (¯̄k∇ × H
) − k2

0H = 0 (2.15)

where ¯̄k = 1/ ¯̄εr and the del operator ∇ in this case is define as

∇ = ûxαx
∂

∂x
+ û yαy

∂

∂y
+ ûzαz

∂

∂z
= ∇T + ûzαz

∂

∂z
(2.16)

with ûx , û y and ûzare the unit vectors associated with the x-, y- and z-directions,
respectively, and αx, αy and αz are parameters associated with the PML boundary
conditions. Since the waves are assumed to propagate along the z-direction, the para-
meter αz is set to unity, while the other PML parameters have to be determined such
that the wave impedance of the PML layer placed around the computational domain
is exactly the same as that of the adjacent medium inside the computational domain.
Hence, the PML medium perfectly matches the computational domain medium, which
will allow the unwanted radiation to leave the computational domain freely without
any reflection The necessary condition can be derived as [19, 23]

αx,y = 1 − j
3λρ2

4πnd3 ln
(

1
R

)
(2.17)

where λ is the wavelength, d is the thickness of the PML (kept constant in all
directions), n is the refractive index of the adjacent medium, ρ is the distance from
the inner PML interface, R is the reflectio coefficien and c is the free-space speed
of light. The parameters αx and αy are set in different regions as follows. Inside
the orthodox computational domain, both αx and αy are set to unity, while for PML
regions normal to the x-direction, αx is set as indicated in (2.17), while αy is set to
unity, and the situation is reversed for PML regions normal to the y-direction. For
corners, both αx and αy are set as indicated in (2.17). With these PML arrangements
in different regions, any radiation wave will freely leave the computational domain
whatever the angle it hits the PML computational domain boundaries.
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2.7 Finite-Element Analysis
The finite-elemen method [27, 28] is a numerical technique for findin approximate
solution of partial differential equations and integral equations. It can be used for
modelling a wide class of problems by breaking up the computational domain into
elements of simple shapes. For this purpose, suitable shape functions are used to
approximate the unknown function within each element. The approximating functions
are define in terms of fiel variables of specifie points called nodes. Therefore, in
the finite-elemen analysis the unknowns are the fiel variables of the nodes. Once the
fiel variables of the nodes are found, the fiel variables at any point can be obtained
by using the shape functions.

2.7.1 Types of Elements
The elements [27, 28] can be classifie as 1D elements, 2D elements and 3D ele-
ments, as shown in Figure 2.3. The 1D and 2D elements are suitable for the analysis
of 1D and 2D problems, respectively. The three-noded triangular element is an im-
portant example of a 2D element, while the tetrahedron is the basic element for 3D
problems. The tetrahedron has four nodes, one at each corner, as shown in Figure 2.3(c)
[28].

In the finite-elemen analysis, the selected finit points at which basic unknowns
are to be determined are called nodes. The basic unknowns at any point inside the
element are determined by using approximating functions in terms of the nodal values
of the element. The nodes are either external or internal nodes. The nodes which occur
on the edge surfaces of an element are called external nodes, while internal nodes
occur inside an element. The nodes which occur at the ends of 1D elements or at the
corners in the 2D or 3D elements are also called primary elements. However, the nodes
which occur along the sides of an element, but not at the corners, are called secondary
nodes.

1 2

3

4

(b) (c)(a)

1 2

3

1 2

Figure 2.3 (a) 1D (b) 2D and (c) 3D elements.
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2.7.2 Shape Functions
The finite-elemen analysis is used to fin the fiel variables at the nodes. This can
be done by assuming that any point inside the element basic variable is a function
of values at nodal points of the element. The interpolation or approximating function
[28] is the one which relates the fiel variable at any point within the element to the
fiel variables of nodal points. This is also called shape function. Due to its simple
mathematical implementation, polynomial shape functions are commonly used. In
addition, any function can be well approximated by using polynomial shape functions.
The 1D polynomial shape function of nth order can be given by [28]

u(x) = α1 + α2x + α3x2 + · · · + αn+1xn (2.18)

However, a general form of the 2D polynomial shape function is given
by [28]

u(x, y) = α1 + α2x + α3y + α4x2 + α5xy + α6y2 + α7x3 + · · · + αm yn (2.19)
ν(x, y) = αm+1 + αm+2x + αm+3y + · · · + α2m yn (2.20)

It is worth noting that the higher the order of the approximating polynomial, the
lower the error in the fina solution. In addition, it is required to get expansion
polynomials that yield the highest order of approximation with a minimum number
of unknowns associated with the element shape.

2.7.3 Galerkin’s Procedure
Galerkin’s method [28] is used for solving a set of differential equations specifie over
a region with specifi boundary conditions and is briefl explained in this section.
Assuming that the governing differential equation of a specifie region V takes the
following form

L(u) = P (2.21)

where L is a differential operator on a basic unknown u, the required value of u should
satisfy specifie values on the boundary of the region. If ū is taken as approximate
solution, then the error E(x) at a point x is given by

E(x) = L(ū) − P (2.22)
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where E (x) is the residual at point x. In order to get the required solution, the residual
relative to weighting function wi is set to zero, that is

∮

v

wi (Lū − P)dV = 0 for i = 1 to n (2.23)

There are different approaches, depending upon the selection of the weighting
function. In Galerkin’s method [28], Equation (2.23) is taken as

∮

v

ψ(Lū − P) = 0 (2.24)

where ψ is also chosen from the basis function used for constructing the approximate
solution function ū. Let

ū =
n∑

i=1

QiGi (2.25)

where Qi is the basic unknown vector and Gi are basis functions. Gi are usually
polynomial in the space coordinates x, y and z. Then, in Galerkin’s method, the
weighting function φ is taken as

φ =
n∑

i=1

ψiGi (2.26)

In the above equation φi are arbitrary, except at the points where boundary condi-
tions are satisfied Since ψ is constructed similar to ū, Galerkin’s method leads to a
simplifie method. Thus, in Galerkin’s method, the basis function Gi is chosen and

φi is determined in ū =
n∑

i=1
QiGi to satisfy

∮

v

(Lū) − PdV = 0, where coefficien φi

are arbitrary except at specifie boundaries.

2.8 Derivation of BPM Equations
2.8.1 Slowly Varying Envelope Approximation
The slowly varying approximation assumes [15] that, since the simulation follows the
propagation of light in the structure, the optical fiel can be define in terms of its
envelope and rapid phase components, as shown in Figure 2.4 [4], that is

H (x, y, z) = h(x, y, z)e− jkonoz (2.27)
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Figure 2.4 Envelope and rapid phase of optical field

where h(x, y, z) = hT(x, y, z) + hz(x, y, z) is the magnetic field s envelope, hT and
hz are the magnetic field s transverse and axial components, which are given by
hT = hx ûx + hyû y and hz = hzûz , respectively. In addition, n0 is the reference index
which is used to satisfy the slowly varying envelope approximation.

Using the divergence relation ∇.H = 0 and the wave equation (2.15), one can
obtain, after some mathematical treatments, the following vectorial wave equation in
terms of the transverse component [1]

¯̄ka
∂2hT
∂z2 − 2γ ¯̄ka

∂hT
∂z

− ¯̄kb∇T (∇T .hT ) − ∇T × kzz∇T × hT + (¯̄kc + γ 2 ¯̄ka)hT

+ ∂ ¯̄ka
∂z

∂hT
∂z

+ γ −1 ∂ ¯̄ka
∂z

∇T
∂hz
∂z

= 0 (2.28)

where γ = jkono, ¯̄ka, ¯̄kb and ¯̄kc are the transverse tensors given by

¯̄ka =
[
kyy −kyx

−kxy kxx

]
(2.29)

¯̄kb = γ −1 ∂ ¯̄ka
∂z

− ¯̄ka (2.30)

¯̄kc = k2
o − γ −1 ∂ ¯̄ka

∂z
(2.31)

Using the slowly varying approximation
∥
∥
∥ ∂ ¯̄ka

∂z

∥
∥
∥ � ∥∥ ∂hT

∂z

∥∥ � ∥
∥ ∂hz

∂z

∥∥, (2.28) can be
simplifie to

¯̄ka
∂2hT
∂z2 − 2γ ¯̄ka

∂hT
∂z

− ¯̄kb∇T (∇T .hT ) − ∇T × kzz∇T × hT + (¯̄kc + γ 2 ¯̄ka)hT = 0
(2.32)
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2.8.2 Paraxial and Wide-Angle Approximations
As shown in Equation (2.32), there is a second-order derivative to be solved in the
x-, y- and z-directions. The calculation of the second derivative in the z-direction is
difficult therefore a Padé approximation is used. The simplest method is to assume
that ∂2

∂z ≈ 0, which is called the Padé approximation of order zero. This approximation
is accurate when the envelope of the electric fiel changes slowly in the z-direction.
In addition, it can be used for waveguides which are weakly guiding. However, this
approximation is not accurate in the case of structures which guide the light at a large
angle to the assumed propagation direction. Therefore, a higher order of ∂2

∂z is required,
which is called the higher-order Padé approximation (wide-angle situations).

In order to improve the accuracy of the calculation of the propagation of light at
large angles to the assumed propagation direction, an approximation of ∂2

∂z should be
taken into account. However, the memory requirement and computational time for
the simulation are increased.

2.8.3 Discretisation by the Finite-Element Method
The FEM is applied to the transverse variation of Equation (2.32) and the cross section
of the computational domain  is divided into N el triangles with unknowns Np over
the corresponding nodes. In addition, a set of Lagrangian polynomial basis functions
of firs or second order

{
ψ j

}
, j = 1, . . . , Np are introduced. Moreover, hT(x, y, z) is

defined such that [1]

hT (x, y, z) =
Npx∑

j=1

hx j (z)ψ j (x, y)ûx +
Np∑

j=Npx+1

hyj (z)ψ j (x, y)û y (2.33)

where the coefficient hxj and hyj are the unknown fiel values on the partition nodes.
Then Equation (2.32) can be rewritten in a matrix form, as follows

[M]
∂2{hT }

∂z2 − 2γ [M]
∂{hT }

∂z
+ ([K ] + γ 2[M]){hT } = {0} (2.34)

Where {hT} represents a column vector containing the unknowns hxj and hyj, {0}
is the null column vector and [M] and [K] are the global matrices, given by [1]

[M]i j =
∫



¯̄ka �ψ j . �ψi d (2.35)

[K ]i j = −
∫



(¯̄kzz∇T × �ψ j ).(∇T × �ψi )d +
∫



(∇T × �ψ j )∇T .(¯̄k
T
b

�ψi )d

−
∮

∂

(∇T . �ψ j )(¯̄k
T
b

�ψi ).n̂d� +
∫



¯̄kc �ψ j . �ψi d (2.36)
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where ( )T denotes the transpose operation, d introduces all boundaries over the
cross-sectional domain , n̂ is the outward normal unit vector linked to those bound-
aries and

�ψ j = �ψ j û (2.37)

where û = ûx , for j = 1, . . . , Npx , and û = û y, for j = Npx + 1, . . . , Np.
Matrices [M] and [K] can also be expressed as a summation of element matrices
linked to the x and y coordinates, over all elements e as follows [1]

[M] =
e∑

[
[Me

xx ]
[
Me
xy

]

[Me
yx ]

[
Me
yy

]

]

(2.38)

[K ] =
e∑

[
[Ke

xx ]
[
Ke
xy

]

[Ke
yx ]

[
Ke
yy

]

]

(2.39)

where

[
Me
xx

] = keyy
[
Se1

]
(2.40)

[
Me
xy

] = −keyx
[
Se1

]
(2.41)

[
Me
yx

] = −kexy
[
Se1

]
(2.42)

[
Me
yy

] = kexx
[
Se1

]
(2.43)

[
Ke
xx

] = −α2
yk
e
zz

[
Se3

] − α2
xk
e
bxx

[
Se2

] − αxαykebxy[S
e
4]

− αx (kebxxn
e
x + kebxyn

e
y)

[
Le1

] + kecxx [S
e
1] (2.44)

[
Ke
xy

] = −αxαykezz
[
Se4

] − αxαykebxx
[
Se4

]T − α2
yk
e
bxy

[
Se3

]

− αy
(
kebxxn

e
x + kebxyn

e
y
)[
Le2

] + kecxx
[
Se1

]
(2.45)

[
Ke
yx

] = −αxαykezz
[
Se4

]T − α2
xk
e
byx

[
Se2

] − αxαyk
e
byy

[
Se4

]

− αx
(
kebyxn

e
x + kebyyn

e
y
)[
Le1

] + kecyx
[
Se1

]
(2.46)

[
Ke
yy

] = −α2
xk
e
zz

[
Se2

] − αxαykebyx
[
Se4

]T − α2
yk
e
byy

[
Se3

]

− αy
(
kebyxn

e
x + kebyyn

e
y
)[
Le2

] + kecyy
[
Se1

]
(2.47)

where kezz, kers, and kelrs are the average values of the components kzz, krsandklrs ,
respectively over the element e. The sub-indexes (r, s) are the coordinate pair
(x, y) and sub-index l represents b or c. In addition, the auxiliary element matrices
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[Se1,2,3,4] and [Le1,2] are taken as

[
Se1

] =
∫

e

{ψe}{ψe}T d (2.48)

[
Se2

] =
∫

e

∂{ψe}
∂x

∂{ψe}T
∂x

d (2.49)

[
Se3

] =
∫

e

∂{ψe}
∂y

∂{ψe}T
∂y

d (2.50)

[
Se4

] =
∫

e

∂{ψe}
∂y

∂{ψe}T
∂x

d (2.51)

[
Le1

] =
∫

∂e

{ψe}∂{ψe}T
∂x

d� (2.52)

[
Le2

] =
∫

∂e

{ψe}∂{ψe}T
∂y

d� (2.53)

where {ψe} represents a column vector containing the corresponding shape functions.
In addition, e and ∂e are the element’s area and boundary respectively and nex and
ney are the x and y components of the outward normal unit vector, respectively, linked
to ∂e.

Assuming the Padé approximation, Equation (2.34) can be transformed into the
following matrix equation

[M̃]
d{hT }
dz

+ [K ]{hT } = {0} (2.54)

where

[M̃] = [M] − 1
4γ 2 ([K ] + γ 2[M]) (2.55)

The θ -finite-di ference equation can be obtained as

([M̃(z)] + θ�z[K (z)]){hT (z + �z)} = ([M̃(z)] − (1 − θ )�z[K (z)]){hT (z)} (2.56)

where �z is the step size along the propagation direction. Equation (2.56), for trans-
verse magnetic fields can be solved by an iterative procedure to get the required
magnetic fields At each iteration step, a matrix equation can be solved by employing
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the ORTHOMIN algorithm [29]. The parameter θ is introduced to control the scheme
used to solve the finit difference equations. This scheme is unconditionally stable if
θ ≥ 0.5.

2.9 Imaginary-Distance BPM: Mode Solver
For modal solution purposes, the imaginary-distance full-vectorial FE-BPM scheme
proposed in [5] is extended further to fully treat the vectorial complex modes, that is,
for the �th mode whose effective index and fiel distribution are assumed to be neff,�
and {ht,l}, respectively. By relaxing the derivative terms in Equation (2.34) to zero,
the following modal analysis matrix equation for the �th mode can be written as

[K ]{ht,l} = −γ 2[M]{ht,l} (2.57)

Following the kth propagation step, and using Equations (2.56) and (2.57), the fiel
distribution of the �th mode yields

{ht,l}k+1 = −2γ − 0.5�zk2
o
(
n2
eff,� − n2

o
)

−2γ + 0.5�zk2
o
(
n2
eff,� − n2

o
){ht,l}k (2.58)

Assuming that there exist m modes (including radiation modes) in the waveguide,
the propagating field {ht}k , at the kth propagation step can be written as

{ht}k =
m∑

�=1

C�,k{ht,l} (2.59)

where C�,k is the complex amplitude of the �th mode at the kth propagation step. If
the propagation step size, �z, is selected as

�z ≈ j
4no(

n2
eff,� − n2

o
)
ko

(2.60)

then, for a sufficientl large number of propagation steps, {ht}k will converge to the
�th mode eigenvector {ht,l}k and its effective index, neff,�, can be obtained using

n2
eff,�,k = {ht}∗k[K ]k{ht}k

k2
o{ht}∗k[M]k{ht}k (2.61)

at the kth propagation step, where the symbol ( )∗ denotes complex conjugate and
transpose. However, at the start of propagation the value of the effective index of the
desired mode is not known, this being required to determine the step size �z using
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Equation (2.60). So, at the beginning, �z is calculated with the effective index taken
as the largest index of refraction in the structure and, with the iterative adaptation
at each propagation step, the propagating fiel and the calculated effective index are
eventually seen to be converging to the desired mode. The value of the reference index
of refraction, n0, may be arbitrarily chosen. However, n0 is chosen as the smallest
index of refraction in the structure so as to make the imaginary part of the complex
step size always positive, and as a result, convergent propagation toward the desired
mode is achieved. Using the above procedure, an arbitrary starting field {ht}k , will
converge to the fundamental TE or TM mode depending on whether it is polarised
in the y- or x-directions, respectively. However, to calculate one of the higher-order
modes, such as the ith mode, all the lower-order modes (i – 1) should be filtere out
from the spectrum of the starting field to yield

{ht}1,new = {ht}1 −
i−1∑

�=1

{ht,l}∗[M]{ht}1

{ht,l}∗[M]{ht,l}{ht,l} (2.62)

Thus, using Equation (2.62) as a new starting field the propagating fiel will
converge to the desired ith-order mode without converging to any of the lower-order
modes.
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3
Assessment of the Full-Vectorial
Beam Propagation Method

3.1 Introduction
In this chapter, the numerical precision of the vectorial finite-elemen beam pro-
pagation method (VFEBPM) is demonstrated through the analysis of a single op-
tical waveguide [1], a rectangular directional coupler, an electro-optic modulator
and switches. In addition, a comparison between the VFEBPM and the Marcatili
analytical approach [2] is investigated thoroughly. The different modal properties
of the photonic crystal fibr (PCF) [3, 4] is also examined, using the imaginary-
distance full-vectorial finite-elemen beam propagation method (IDVFEBM) [4].
Moreover, the liquid-crystal PCF [5] and its application to polarisation rotator is
introduced.

3.2 Analysis of Rectangular Waveguide
3.2.1 Effect of Longitudinal Step Size
To assess the numerical precision of the proposed VFEBPM, it is firs applied to a
single rectangular guide [1] shown in the inset of Figure 3.1. The refractive index of
the core, ng, is taken as 3.26, while that of the substrate, ns, is f xed to 3.20 at the
operating wavelength of 1.3 µm. In all simulations, the width of the perfectly matched
layer (PML) is taken as 1.0 µm, the theoretical reflectio coefficient R, as 10−100, and
the reference refractive index, n0 as the mean value of the core and substrate indexes.
The rectangular waveguide cross section is represented by 7200 first-orde triangular
elements. The waveguide is launched with the fundamental transverse electric (TE) or
transverse magnetic (TM) modal fiel profile obtained from the vector finite-elemen

Computational Photonics Salah Obayya
C© 2011 John Wiley & Sons, Ltd
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Figure 3.1 Effect of the propagation step size on nonphysical power loss for both TE and
TM waves. The inset is a schematic diagram of the rectangular guide under consideration.
(Reproduced with permission from Obayya, S.S.A., Rahman, B.M.A. and El-Mikati, H.A.
(2000) New full vectorial numerically efficien propagation algorithm based on the finit
element method. IEEE J. Lightwave Technol., 18 (3), 409–415. © 2000 IEEE.)

method (VFEM) [6]. Figure 3.1 shows the effect of the propagation step size, �z,
on the level of numerical dissipation for the two polarised modes, TE and TM. The
time taken for each simulation point in Figure 3.1 is around 10 min using a SUN 4/85
Workstation. It is suspected that some stable numerical algorithms may not conserve
the propagating beam power. However, it is revealed from Figure 3.1 that for the
range �z< 2.0 µm, the nonphysical power loss is less than 0.000 02 dB/mm for both
polarised modes. Therefore, the proposed VFEBPM can be regarded as a stable and
power-conserving technique as well.

Next, the capability of the proposed VFEBPM as a ‘mode solver’ is investigated.
Initially, an arbitrary initial fiel is launched into the considered rectangular wave-
guide, and allowed to propagate along the imaginary axis. The fundamental TE or
TM mode is then evolved [7].

To test the accuracy of the solution, a simple rectangular spatial pulse with a sharp
step rise is launched into the waveguide. For TE excitation, the fiel profil of its
dominant Hy component at z = 50 µm is shown in Figure 3.2. This fiel profil
resembles the fundamental TE mode after propagating a relatively short distance of
50 µm. The variation of the effective indices, neff = β/k, where β is the mode
propagation constant, for both TE and TM modes with the imaginary propagation
distance are also calculated. The effective indices for the TE and TM modes are found
to be 3.241 25 and 3.241 21, respectively, after propagating a distance of around 40 µm
along the imaginary axis.
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Figure 3.2 The fundamental component Hy fiel profil for the quasi-TE mode at z =
50 µm. (Reproduced with permission from Obayya, S.S.A., Rahman, B.M.A. and El-Mikati,
H.A. (2000) New full vectorial numerically efficien propagation algorithm based on the finit
element method. IEEE J. Lightwave Technol., 18 (3), 409–415. © 2000 IEEE.)

The same fundamental TE and TM modes have also been rigorously solved by using
the VFEM [6] with 12 800 first-orde triangular elements to discretise the waveguide
cross section. The variation of the percentage errors in calculating the TE and TM
effective indices using the VFEBPM are shown in Figure 3.3. It is revealed from this
figur that the percentage errors were only 0.0012 and 0.0018% for the TE and TM
modes, respectively. This proves the accuracy of the proposed VFEBPM approach.
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Figure 3.3 Variation of the errors in the neff calculation of the fundamental TE and TM
modes with the longitudinal imaginary distance. (Reproduced with permission from Obayya,
S.S.A., Rahman, B.M.A. and El-Mikati, H.A. (2000) New full vectorial numerically efficien
propagation algorithm based on the finit element method. IEEE J. Lightwave Technol., 18
(3), 409–415. © 2000 IEEE.)
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Figure 3.4 Effect of the transverse mesh divisions on the coupling lengths of TE and TM
waves. The inset is a schematic diagram of the directional coupler under consideration. (Re-
produced with permission from Obayya, S.S.A., Rahman, B.M.A. and El-Mikati, H.A. (2000)
New full vectorial numerically efficien propagation algorithm based on the finit element
method. IEEE J. Lightwave Technol., 18 (3), 409–415. © 2000 IEEE.)

3.2.2 Analysis of Rectangular Directional Coupler
The inset of Figure 3.4 shows a simple rectangular directional coupler consisting
of two vertically coupled rectangular guides. The core index, ng, and the substrate
index, ns, of the directional coupler are taken as 3.26 and 3.20, respectively, and the
waveguide separation, S, is f xed at 0.8 µm. In addition, the operating wavelength
is equal to 1.3 µm. The effect of the transverse mesh divisions on the two polarised
modes, TE and TM, polarised waves is firs studied. Initially, one of the guides with its
isolated TE or TM fundamental modal fiel profil is launched. The coupling length
can be define as the minimum distance at which a maximum power transfer between
the guides occurs. The effect of transverse mesh divisions on the coupling length for
both TE and TM polarised waves is shown in Figure 3.4, where N is the number of
divisions in either the x- or y-directions. In this case, �z is taken as 0.5 µm. It is
evident from Figure 3.4 that for N > 45, the coupling lengths settle to 357 µm and
353 µm for TE and TM polarised waves, respectively. For N = 60, in both transverse
directions, the effect of �z on the coupling length for both TE and TM polarised
waves is shown in Figure 3.5. As shown from this figure the coupling lengths for the
two polarised waves are nearly constant for �z < 1.0 µm.

In order to test the accuracy of the VFEBPM in calculating the coupling length,
the same directional coupler structure has also been analysed using the VFEM
[6] with 12 800 first-orde triangular elements. The coupling length Lc can be
calculated using the propagation constants of the even and odd supermodes obtained by
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Figure 3.5 Effect of the propagation step size (�z) on the coupling lengths of the TE and TM
waves. (Reproduced with permission from Obayya, S.S.A., Rahman, B.M.A. and El-Mikati,
H.A. (2000) New full vectorial numerically efficien propagation algorithm based on the finit
element method. IEEE J. Lightwave Technol., 18 (3), 409–415. © 2000 IEEE.)

the VFEM, as follows

LC = π

βe − βo (3.1)

where βe and β◦ are the propagation constants of the even and odd supermodes,
respectively. For this coupler, the coupling lengths obtained by using the VFEM
are 356.2 and 354.2 µm for TE and TM polarisations, respectively. The percentage
difference between the coupling length results obtained using the VFEBPM and the
VFEM are 0.22 and 0.34% for TE and TM polarisations, respectively, which shows
the high numerical accuracy of the newly developed VFEBPM in calculating the
coupling length for both TE and TM polarisations.

3.2.3 Effect of Structure Geometrical Parameters
The effect of varying the waveguide separation, S, and the core index, ng, of the
rectangular directional coupler, shown in the inset of Figure 3.4, is also considered.
Figure 3.6 shows the variation of the coupling length of the two polarised modes
with the separation, S, at different core index values. In all cases, it may be noted
that the coupling lengths for TE and TM increase exponentially (linear for a semi-
log scale) with increasing S. For lower core indices, cases ‘a’, ng = 3.26 and ‘b’,
ng = 3.3, the polarisation effect on the coupling length is negligible. However, for case
‘c’, ng = 3.4, the coupling length for TM is relatively higher than its TE counterpart.
These features, related to the polarisation effect on the coupling length, cannot be
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Figure 3.6 Variation of TE and TM coupling lengths with the waveguide separation (S)
and the index difference (�n) as a parameter. (Reproduced with permission from Obayya,
S.S.A., Rahman, B.M.A. and El-Mikati, H.A. (2000) New full vectorial numerically efficien
propagation algorithm based on the finit element method. IEEE J. Lightwave Technol., 18
(3), 409–415. © 2000 IEEE.)

accurately predicted using less accurate scalar BPM algorithms. In all cases, the TE
and TM coupling lengths have been recalculated using the VFEM with 12 800 first
order triangular elements and the differences between these results and those obtained
using the VFEBPM are always less than 0.8%. It is worth noting that the accuracy of
the solutions may be improved by using a fine mesh discretisation.

3.2.4 FV-BPM Versus Analytical Marcatili’s Approach
The Marcatili [2] analytical approach is a simple method to calculate the effective
refractive index of a channel waveguide. In addition, it can be used for studying the
coupling coefficient of a simple channel directional coupler. Figure 3.7 shows a cross
section of the rectangular directional coupler studied by Marcatili [2]. The coupler
cross section is sub-divided into areas of refractive indices from n1 to n5. In the vth
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n3 n3 b

c aa

n1 n5 n1
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z

Figure 3.7 Coupler cross section sub-divided for analysis.
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medium (v = 1, 2, 3, 4, 5), the refractive index is nv and the propagation constants
kxv, kyv, kz are related by

k2
xν + k2

yν + k2
z = ω2εµn2

υ = k2
υ (3.2)

where kz is the axial propagation constant, while kxv and kyv are the transverse propa-
gation constants in medium v along x and y directions, respectively. The propagation
constant kv of a plane wave in a medium of refractive index nv can be computed by
kv = (2π /λ)nv. Marcatili [2] observed that most of the power travels in region 1, a
small part travels in regions 2, 3, 4 and 5, and even less travels in the six shaded
areas. Therefore, the refractive indices in the six shaded areas are not specified The
coupling length Lc can also be calculated from [2]

π

2LC
= 2

k2
x
kz

ξ5

a
exp(−c/ξ5)

1 + k2
xξ

2
3

(3.3)

where a is the width of the two cores of refractive index, n1, c is the distance between
the two cores and ξ 3 and ξ 5 measure the penetration depths of the fiel components
in media 3 and 5.

For the TM modes of the fundamental component, Eypq , where the sub-indexes p
and q indicate the number of extrema each component has within the guide, kx, ky, kz
can be given by [2]

kx = pπ
a

(
1 + A3 + A5

πa

)−1

(3.4)

ky = qπ
b

(
1 + n2

2A2 + n2
4A4

πn2
1b

)−1

(3.5)

kz =
(

k2
1 −

( pπ
a

)2
(

1 + A3 + A5

πa

)−2

−
(qπ
b

)2
(

1 + n2
2A2 + n2

4A4

πn2
1b

)−2)1/2

(3.6)

where A2,3,4,5 are define such that

A2,3,4,5 = λ

2
(
n2

1 − n2
2,3,4,5

)1/2 (3.7)

In addition, ξ 3,5 can be calculated by

ξ3,5 = A3,5

π

⎡

⎣1 −
[
pA3,5

a
1

1 + A3+A5
πa

]2
⎤

⎦

−1/2

(3.8)
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For the TE modes, Expq , kx, ky, kz can be given by [2]

kx = pπ
a

(
1 + n2

3A3 + n2
5A5

πn2
1a

)−1

(3.9)

ky = qπ
b

(
1 + A2 + A4

πb

)−1

(3.10)

kz =
(

k2
1 −

( pπ
a

)2
(

1 + n2
3A3 + n2

5A5

πn2
1a

)−2

−
(qπ
b

)2
(

1 + A2 + A4

πb

)−2
)1/2

(3.11)

In addition, ξ 3,5 are define such that

ξ3,5 = A3,5

π

⎡

⎢⎢⎢
⎣

1 −

⎡

⎢⎢⎢
⎣
pA3,5

a
1

1 + n2
3A3 + n2

5A5

πn2
1a

⎤

⎥⎥⎥
⎦

2⎤

⎥⎥⎥
⎦

−1/2

(3.12)

We will now compare the results of the VFEBPM and the Marcatili analytical ap-
proach [2] and those reported by Kumar et al. [8]. A more accurate analysis than the
Marcatili approach [2] has been made in [8], taking the effect of the corner regions
into account through first-orde perturbation theory. In the comparison, a simple rect-
angular directional coupler, as shown in the inset of Figure 3.8, is used. The coupling
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Figure 3.8 Variation of coupling length Lc as a function of wavelength for a rectangular core
directional coupler with a = b = c = 2.0 µm.
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length Lc for Ey11 is calculated with the parameters, n1 = 2.211, n2 = 1.0, n3 = n4 =
n5 = 2.2 and a = b = c = 2.0 µm. Figure 3.8 shows the variation of the coupling
length as a function of the wavelength. It is evident from this figur that the results
of Marcatili’s approach are larger than those reported by [8] and the VFEBPM. In
Marcatili’s approach [2], the powers in the shaded areas are neglected. In addition,
Kumar et al. [9] showed that Marcatili’s results for a rectangular directional cou-
pler can be improved by taking the effect of corner regions into account. Moreover,
they demonstrated that Marcatili’s approach is not accurate for small values of depth
of channel waveguides [8]. Also, Kuznetsov [10] reported that the expressions of
Marcatili overestimate the coupling coefficient especially in the weaker guiding
cases, by as much as a factor of 2.

3.3 Photonic Crystal Fibre
Figure 3.9 shows a schematic diagram of a photonic crystal fibr (PCF), consisting
of two rings of arrays of air holes arranged in a silica substrate whose refractive
index is taken as 1.45 at a wavelength of 1.55 µm, and where d is the hole diameter
and 
 is the hole pitch. Owing to the symmetry of the structure along both the x-
and y-directions, only one quarter of the structure has been represented using 16 200

Wy

W

x

Lx

Ly

silica

Λ
d

III II

II

III

IIIIII

II

air (n=1)

Figure 3.9 Schematic diagram of a two-ring PCF of 18 air holes. (Reproduced with per-
mission from Obayya, S.S.A., Rahman, B.M.A. and Grattan, K.T.V. (2005) Accurate finit
element modal solution of photonic crystal fibres Optoelectron. IET Proc., 152 (5), 241–246.
© 2005 IET.)
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first-orde triangular elements. In all the simulations, the computational window area
Lx/2 × Ly/2 has been taken to be 10 µm × 10 µm, and this has been terminated by
a PML whose width, W, is 1.0 µm and split into fi e divisions, where the theoretical
reflectio coefficient R, is set to 10−8. The parameters αx and αy are set in different
regions as follows. Inside the orthodox computational domain, both αx and αy are set
to unity, while for PML regions normal to the x-direction, αx is set, as indicated in
Equation (2.17), while αy is set to unity, and the situation is reversed for PML regions
normal to the y-direction. For corners, both αx and αy are set as indicated in Equation
(2.17). Only the fundamental Hy

11 mode has been considered, as it is degenerate with
the Hx

11 mode, owing to the rotational symmetry of the structure.

3.3.1 Effective Index of Modes
The variation of the real part of the complex effective index of a two-ring PCF with
the hole pitch, 
, at different d/
 ratios is shown in Figure 3.10 [4]. It is evident from
this figur that the effective index of the fundamental mode increases monotonically
with increasing hole pitch, 
, or decreasing d/
. Figure 3.11 shows the fiel profile
of the dominant Hy component of the fundamental Hy

11 mode for a hole pitch value of
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Figure 3.10 Variation of the effective index of a two-ring PCF with the hole pitch, 
, with
d/
 as a parameter. (Reproduced with permission from Obayya, S.S.A., Rahman, B.M.A.
and Grattan, K.T.V. (2005) Accurate finit element modal solution of photonic crystal fibres
Optoelectron. IET Proc., 152 (5), 241–246. © 2005 IET.)
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(a) (b)

Figure 3.11 The dominantHy fiel distributions of the fundamental TE mode for a hole pitch
value of 1.8 µm and two different values of d/
: (a) d/
 = 0.8 (b) d/
 = 0.6. (Reproduced
with permission from Obayya, S.S.A., Rahman, B.M.A. and Grattan, K.T.V. (2005) Accurate
finit element modal solution of photonic crystal fibres Optoelectron. IET Proc., 152 (5),
241–246. © 2005 IET.)

1.8 µm and two different values of the d/
 ratio, 0.6 and 0.8. It is revealed from this
figur that the dominant Hy fiel component is more confine in the core region at
d/
 = 0.8 than its counterpart at d/
 = 0.6. Such a confinemen feature of the mode
to the core region is directly linked to how much the mode is ‘leaking’ into the outer
air-hole region. This effect can be shown more clearly by inspecting quantitatively
the variation of the confinemen loss with the hole pitch for different values of the
d/
 ratio.

3.3.2 Losses
The confinemen loss of the fundamental mode can be computed from the imaginary
part of the complex effective index neff

Confinemen Loss (dB/m) = 8.686 × 106 × ko × Im(neff) (3.13)

where Im(neff) stands for the imaginary part. Figure 3.12 shows the variation of the
confinemen losses of a two-ring PCF with the hole pitch, 
, at different d/
 ratios. As
may be noted from Figure 3.12, the confinemen loss decreases rapidly with increasing
hole pitch 
 or the ratio d/
. At d/
 = 0.9, as the hole pitch 
 increases from 1.0
to 1.8 µm, the confinemen loss drops from a value of nearly 3100 to 0.023 dB/m,
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Figure 3.12 Variation of the confinemen losses of a two-ring PCF with the hole pitch, 
,
with d/
 as parameter. (Reproduced with permission from Obayya, S.S.A., Rahman, B.M.A.
and Grattan, K.T.V. (2005) Accurate finit element modal solution of photonic crystal fibres
Optoelectron. IET Proc., 152 (5), 241–246. © 2005 IET.)

respectively. Similarly when 
 = 1.8 µm, the confinemen loss reaches a peak of
nearly 221 dB/m as the ratio d/
 is decreased from 0.9 to 0.6.

Next, for three rings of 36 air holes and four rings of 60 air holes, the variations
of the confinemen loss with the hole pitch, 
, with the ratio d/
 as a parameter are
shown in Figures 3.13 and 3.14, respectively. It can be observed from these figure that
the confinemen loss can be improved by using a bigger hole pitch, 
, and/or a bigger
value of d/
 (i.e. wider air holes). In addition, the confinemen loss can be decreased
significantl by increasing the number of rings of air holes. In this case, by increasing
the number of air holes, the mode tends to become more confine to the core region.
It is also worth noting that the variations of the effective index with the hole pitch,

, with the ratio d/
 taken as a parameter are almost independent of the number
of rings. The confinemen loss results for two and three rings of air holes obtained
here using IDVFEBPM are in excellent agreement with their counterparts obtained
in [11], using the vector edge elements, and in [12], using the multipole method. The
difference between the confinemen loss results obtained using the IDVFEBPM and
both the multipole and edge-element methods is less than 0.1%. However, the present
IDVFEBPM is formulated in terms of only two transverse magnetic-fiel components.
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Figure 3.13 Variation of the confinemen losses of a three-ring PCF with the hole pitch, 
,
with d/
 as parameter. (Reproduced with permission from Obayya, S.S.A., Rahman, B.M.A.
and Grattan, K.T.V. (2005) Accurate finit element modal solution of photonic crystal fibres
Optoelectron. IET Proc., 152 (5), 241–246. © 2005 IET.)

Therefore, it should be more efficien numerically than the edge-element method that
employs three electric-fiel components [11].

3.3.3 Effective Mode Area
The effects of the hole pitch, 
, and the ratio d/
 on the effective mode area are now
studied. The effective mode area, Aeff, is related to the effective area of the fibr core
area, which is computed using [13]

Aeff =

(∫∫

�

|Ht |2 dx dy
)2

∫∫

�

|Ht |4 dx dy
(3.14)

where Ht is the transverse magnetic fiel vector and � is the area enclosed within
the computational window. Figure 3.15 shows the variation of the effective mode
area, Aeff, of a four-ring PCF with hole pitch, 
, at different d/
 ratios. It is quite
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Figure 3.14 Variation of the confinemen losses of a four-ring PCF with the hole pitch, 
,
with d/
 as parameter. (Reproduced with permission from Obayya, S.S.A., Rahman, B.M.A.
and Grattan, K.T.V. (2005) Accurate finit element modal solution of photonic crystal fibres
Optoelectron. IET Proc., 152 (5), 241–246. © 2005 IET.)

interesting to note that the effective mode area for a PCF can be tailored easily to suit
different applications. For example, a large mode area can be useful in high power
transmission with less fibr nonlinearity effects [14]. Alternatively, small mode areas
can suit applications where exploitation of enhanced fibr nonlinearity is needed. As
may be seen from Figure 3.15, there is a certain range of hole pitch, 
, for which the
effective mode area,Aeff, steadily increases with 
; for example, when the ratio d/
 =
0.6, the effective mode area steadily increases with tincreasing 
, when it is larger
than 1.0 µm. However, the effective mode area, Aeff, rapidly becomes large as the hole
pitch becomes slightly less than 1.0 µm. The same effect can also be observed with
d/
 = 0.7.

In order to explain this sudden expansion in Aeff, the ‘cutoff’ conditions of the fun-
damental mode require analysis. The fundamental mode reaches the cutoff line when
its effective index becomes equal to the cladding effective index of the fundamental
space-fillin mode (FSM) [15].

The FSM is define as the fundamental mode propagating in an infinitel periodic
array of air holes with no central defect. In this case, only one periodic cell with
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Figure 3.15 Variation of the mode effective area, Aeff, of a four-ring PCF with the hole
pitch, 
, at two different values of d/
 ratio, 0.6 and 0.7. (Reproduced with permission from
Obayya, S.S.A., Rahman, B.M.A. and Grattan, K.T.V. (2005) Accurate finit element modal
solution of photonic crystal fibres Optoelectron. IET Proc., 152 (5), 241–246. © 2005 IET.)

the appropriate electric and magnetic wall boundary conditions applied, as shown
in Figure 3.16, has been considered using the IDVFEBPM. Figure 3.17 shows the
variation of the effective indices of the fundamental mode propagating in our PCF,
neff, and the FSM (without central defect), nFSM, with the hole pitch, 
, for two
values of the ratio d/
. As may be noted from this figure the fundamental mode
reaches the cutoff when the hole pitch is below 1.0 and 0.8 µm for d/
 = 0.6 and 0.7,
respectively. Therefore, as the fundamental mode approaches the cutoff, its effective
mode area, Aeff, tends to extend to the outer regions of the air holes, which explains the
significan increase in Aeff in these ranges of the hole pitch, 
. For a curved PCF, it is
not recommended to a use large hole pitch, 
, to achieve a large mode effective area,
as the radiation losses increase in proportion to 
3 [15]. Therefore, it is particularly
interesting to exploit the behaviour of the effective mode area near the cutoff hole
pitch in the design of a curved PCF with a large Aeff and keep the radiation losses at
moderate levels.
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Figure 3.16 Schematic diagram of a unit cell of the infinitel periodic PCF considered in the
FSM mode calculation. (Reproduced with permission from Obayya, S.S.A., Rahman, B.M.A.
and Grattan, K.T.V. (2005) Accurate finit element modal solution of photonic crystal fibres
Optoelectron. IET Proc., 152 (5), 241–246. © 2005 IET.)
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Figure 3.17 Variation of the effective index of the fundamental mode, neff, and the FSM
mode, nFSM, of a four-ring PCF with the hole pitch, 
, and two values of d/
. (Reproduced
with permission from Obayya, S.S.A., Rahman, B.M.A. and Grattan, K.T.V. (2005) Accurate
finit element modal solution of photonic crystal fibres Optoelectron. IET Proc., 152 (5),
241–246. © 2005 IET.)
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3.3.4 Dispersion
Finally, the chromatic dispersion of the PCF is considered. The chromatic dispersion
D of a PCF may be calculated using

D = −λ

c
∂2[Re(neff)]

∂λ2 (3.15)

where Re stands for the real part and c is the speed of light in free space. The dispersion
is determined easily using the formula given in (3.15) once the dependence of the
effective index on the wavelength λ is determined. The second-order derivative in
(3.15) has been approximated using a central finit difference formula. Also, the silica
material dispersion, using the formulae given by Sellmeier in [16], has been included
in the computations. For four rings of 60 air holes, Figure 3.18 shows the wavelength
dependence of the refractive index of the silica material and also the effective index
of the fundamental mode for different values of d/
. It may be noted from this figur
that the effective index steadily decreases as the wavelength is increased. Therefore,
it is evident that at shorter wavelengths the mode tends to be more confined while at
longer wavelengths the mode becomes less confine to the core region.
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Figure 3.18 Variation of the effective index of a four-ring PCF with the wavelength when the
hole pitch, 
, is 1.0 µm, with d/
 as parameter. (Reproduced with permission from Obayya,
S.S.A., Rahman, B.M.A. and Grattan, K.T.V. (2005) Accurate finit element modal solution
of photonic crystal fibres Optoelectron. IET Proc., 152 (5), 241–246. © 2005 IET.)
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Figure 3.19 Variation of the chromatic dispersion of a four-ring PCF with the wavelength
when the hole pitch, 
, is 1.0 µm with d/
 as parameter. (Reproduced with permission from
Obayya, S.S.A., Rahman, B.M.A. and Grattan, K.T.V. (2005) Accurate finit element modal
solution of photonic crystal fibres Optoelectron. IET Proc., 152 (5), 241–246. © 2005 IET.)

Figure 3.19 shows the dispersion, D, for a four-ring PCF with 
 = 1.0 µm at
three different values of d/
. In addition, the dispersion, for a four-ring PCF with
d/
 = 0.9 at different values of the hole pitch, 
, is shown in Figure 3.20. As may
be observed from these figures the peak value of the dispersion strongly depends on
d/
 rather than the hole pitch, 
, itself. It can be also noted from these figure that
the zero dispersion point can be obtained at the desired wavelength by changing the
geometrical parameters of the PCF.

3.4 Liquid-Crystal-Based Photonic Crystal Fibre
3.4.1 Design
Figure 3.21 shows a cross section of a triangular lattice soft glass nematic liquid-
crystal-based PCF [5] (NLC-PCF) whose cladding holes have been infiltrate with a
nematic liquid crystal (NLC) of type E7. All the holes have the same diameter d and
are arranged with a hole pitch, 
. The NLCs used are anisotropic materials consisting
of rod-like molecules which are characterised by ordinary index no and extraordinary
index ne. Moreover, the local orientation of the NLCs, as shown in Figure 3.21, is
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Figure 3.20 Variation of the chromatic dispersion of a four-ring PCF with the wavelength
when the hole pitch, d/
, is 0.9 µm, with the hole pitch, 
, as parameter. (Reproduced with
permission from Obayya, S.S.A., Rahman, B.M.A. and Grattan, K.T.V. (2005) Accurate finit
element modal solution of photonic crystal fibres Optoelectron. IET Proc., 152 (5), 241–246.
© 2005 IET.)
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Figure 3.21 Cross section of an NLC-PCF sandwiched between two electrodes and sur-
rounded by silicone oil. The director of the NLC is shown at the right. (Reproduced with
permission from Hameed, M.F.O., Obayya, S.S.A. and Wiltshire, R.J. (2010) Beam propaga-
tion analysis of polarization rotation in soft glass nematic liquid crystal photonic crystal fibers
IEEE Photon. Technol. Lett., 22 (3), 188–190. © 2010 IEEE.)
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described by the director, which is a unit vector n along the direction of the average
orientation of the molecules.

Under the application of a static electric field the director’s orientation can be
controlled, since the liquid crystal molecules tend to align their axes according to the
applied field This can be achieved successfully with better fiel uniformity over the
fibre s cross section, as described by Haakestad et al. [17]. In [17], the fibr is placed
between two pairs of electrodes, allowing for the arbitrary control of the alignment
of the NLC director via an external voltage, as shown schematically in Figure 3.21.
In addition, two silica rods of appropriate diameter are used to control the spacing
between the electrodes, and the fibr is surrounded by silicone oil, which has higher
dielectric constant than air. Therefore, the external electric fiel will be uniform across
the fibr cross section, which results in good alignment of the director of the NLC.
In addition, the nonuniform electric-fiel region will be at the edges, away from the
core regions, thus having little effect on the performance of the proposed fibre Other
layouts, such as those described in [18, 19] can also be used to ensure better fiel
uniformity over the fibre s cross section.

The ordinary no and extraordinary ne indexes of the E7 material were measured by
Li et al. [20] at different visible wavelengths over a temperature range of 15 to 50 ◦C
with steps of 5 ◦C. Then the Cauchy model was used to fi the measured no and ne,
which can be described as follows [20]

ne = Ae + Be

λ2 + Ce

λ4 (3.16)

no = Ao + Bo

λ2 + Co

λ4 (3.17)

where Ae, Be, Ce, Ao, Bo and Co are the coefficient of the Cauchy model. The Cauchy
coefficient at T = 25 ◦C are Ae = 1.6933, Be = 0.0078 µm2, Ce = 0.0028 µm4,
Ao = 1.4994, Bo = 0.0070 µm2 and Co = 0.0004 µm4. The variation of no and ne of
the E7 material with wavelength at different temperatures T from 15 to 50 ◦C with
steps of 5 ◦C is shown in Figure 3.22. It is evident from this figur that ne is higher
than no at the measured temperature values within the reported wavelength range. In
the proposed design, the relative permittivity tensor εr of the E7 material is taken as
[21]

εr =
⎛

⎝
n2

o sin2 ϕ + n2
e cos2 ϕ (n2

e − n2
o) cos ϕ sin ϕ 0

(n2
e − n2

o) cos ϕ sin ϕ n2
o cos2 ϕ + n2

e sin2 ϕ 0
0 0 n2

o

⎞

⎠ (3.18)

where ϕ is the rotation angle of the director of the NLC, as shown in Figure 3.20.
The in-plane alignment of the NLC can be exhibited under the influenc

of appropriate homeotropic anchoring conditions [21, 22]. Haakestad et al. [17]
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Figure 3.22 Variation of no and ne of E7 material with wavelength at different temperatures,
T , from 15 to 50 ◦C with steps of 5 ◦C. The solid line with closed circles represents the
variation of the refractive index of SF57 material, nSF57, with the wavelength. (Reproduced
with permission from Hameed, M.F.O., Obayya, S.S.A. and Wiltshire, R.J. (2010) Beam
propagation analysis of polarization rotation in soft glass nematic liquid crystal photonic
crystal fibers IEEE Photon. Technol. Lett., 22 (3), 188–190. © 2010 IEEE.)

demonstrated experimentally that in a strong fiel limit, the NLC of type E7 is aligned
in plane in capillaries of diameter 5 µm. In addition, Alkeskjold and Bjarklev [23] pre-
sented experimentally in-plane alignment of the E7 material in PCF capillaries of dia-
meter 3 µm with three different rotation angles, 0◦, 45◦ and 90o using two sets of
electrodes.

The substrate of the nematic liquid-crystal PCF (NLC-PCF) is a soft glass of type
SF57 (lead silica). The wavelength-dependent refractive index of the SF57 material
is also shown in Figure 3.22. It can be seen from this figur that the refractive index
of the SF57 material is higher than no and ne of the E7 material which guarantees the
index guiding of the light through the high-index core NLC-PCF.

The Sellmeier equation for SF57-type soft glass [24] is given by

n2
SF57 = Ao + A1λ

2 + A2

λ2 + A3

λ4 + A4

λ6 + A5

λ8 (3.19)

where nSF57 is the refractive index of the SF57 material, Ao = 3.247 48, A1 =
−0.0096 µm−2, A2 = 0.0494 µm2, A3 = 0.00294 µm4, A4 = −1.4814 × 10−4 µm6,
and A5 = 2.7843 × 10−5 µm8 [24].

The practical techniques that have been used in manufacturing nonsilica PCFs are
capillary stacking [25], drilling [26], built-in casting [26] and extrusion [24, 28, 29].
Of these, extrusion offers a controlled and reproducible approach for fabricating
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complex-structured PCFs with a good surface quality. In addition, extrusion can be
used to produce structures that could not be created with capillary stacking approaches.
Therefore, most of the nonsilica PCFs in the literature are fabricated by extrusion.
The extrusion approach has been recently extended to soft glasses such as lead silicate
(SF57 glass) [24, 28, 29] and tellurite [30]. SF57-type soft glass has a low processing
temperature of ∼520 ◦C [31], while the softening temperature for silica glass is
1500–1600 ◦C. Therefore, it is possible to extrude the PCF directly from the bulk
glass. In addition, lead silicate glasses offer the highest thermal and crystallisation
stability, making them particularly attractive for PCF fabrication.

The fillin of PCFs with liquid or liquid-crystalline materials has already been
demonstrated in the literature [17, 19, 32–34]. Arc-fusion techniques have been
successfully implemented for the infiltratio of central defect cores [33], while
extensive control of the infiltratio process of either core or cladding capillaries can
be achieved by using UV-curable polymers [34]. In [17], all the cladding holes of a
silica PCF were fille with NLC by capillary forces and electrically tunable photonic
bandgap guidance was reported. In addition, a tunable light switch using silica PCF,
whose central defect and cladding holes were fille with NLC was studied by Fang
et al. [19].

3.4.2 Modal Hybridness
All the holes of the NLC-PCF have the same diameter d and are arranged with a hole
pitch 
 = 5 µm and a d/
 ratio of 0.7. In addition, no and ne of the E7 material are
fi ed at 1.5024 and 1.6970, respectively, at an operating wavelength λ = 1.55 µm and
a temperature of 25 ◦C. The rotational angle of the director of the NLC is taken as 45◦

and nSF57 is fi ed at 1.802 at λ = 1.55 µm. The dominantHy and nondominantHx fiel
profile of the quasi-TE mode are shown in Figure 3.23(a) and (b), respectively. It can
be observed that the fiel profile of the dominant and nondominant components of the
quasi-TE mode are very similar. The maximum value ofHx is 0.998, normalised to the
maximum value of the dominant Hy component. This means that the proposed NLC-
PCF supports highly hybrid modes, which is very useful in designing polarisation
conversion devices. To understand the effect of the infiltratio of the NLC, a soft glass
PCF with air holes will be considered. Figure 3.23(c) shows the dominant Hy fiel
components of the quasi-TE mode for a soft glass PCF with a hole pitch of 5 µm and
a d/
 ratio equal to 0.7. It can be observed from this figur that this fiel profil is
symmetric in nature, as the PCF structure itself is symmetric. The nondominant Hx
fiel components of the quasi-TE mode are shown in Figure 3.23(d), which is clearly
antisymmetric in nature and has a maximum magnitude of only 0.019, normalised to
the maximum value of Hy. The nondominant Hy fiel profil of the quasi-TM mode
is not shown here, but this profil is similar to the nondominant Hx fiel profil of the
quasi-TE mode. Therefore, it should be noted that the infiltratio of the NLC has a
great impact on the hybridness of the modes in the suggested NLC-PCF.
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Figure 3.23 Contour plot of the dominant Hy and nondominant Hx fiel profile of the
fundamental quasi-TE mode for (a and b) NLC-PCF and (c and d) soft glass PCF with air
holes. (Reproduced with permission from Hameed, M.F.O., Obayya, S.S.A. and Wiltshire,
R.J. (2010) Beam propagation analysis of polarization rotation in soft glass nematic liquid
crystal photonic crystal fibers IEEE Photon. Technol. Lett., 22 (3), 188–190. © 2010 IEEE.)

3.4.3 Effective Index
The soft glass NLC-PCF shown in Figure 3.21 has been analysed and studied
thoroughly. All the holes of the NLC-PCF have the same radius r and are arranged
with a hole pitch, 
, of 2.3 µm. In addition, no, ne and nSF57 are taken as 1.5024,
1.6970 and 1.802 respectively at λ = 1.55 µm. Moreover, the rotation angle and the
temperature are fi ed at 90◦ and 25 ◦C respectively. The variation of the real part of
the complex effective index of the quasi-TM mode with wavelength at different r, 0.6
µm, 0.7 µm, 0.8 µm and 0.9 µm, is shown in Figure 3.24. It is evident from this figur
that the effective index of the quasi-TM mode decreases with increasing wavelength
due to less confinemen of the mode through the core region at long wavelengths.
Moreover, the effective refractive index of the cladding region and hence the effective
index of the quasi-TM mode decreases with increasing radius of the infiltrate NLC
hole, as revealed in Figure 3.24.

3.4.4 Dispersion
Figure 3.25 shows the variation of the chromatic dispersion of the quasi-TE and TM
modes with wavelength at different r values. It is evident from this figur that the
dispersion of the quasi-TM modes is negative over all studied wavelength ranges,
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Figure 3.24 Variation of the real part of the complex effective index of the quasi-TM modes
of NLC-PCF with the wavelength at different values of hole radius, r.

which can be used for dispersion compensation. It should be noted that the negative
dispersion can be obtained using the conventional PCF [35]. However, the negative
dispersion of the proposed design can be tuned using the temperature or an external
electric field Figure 3.25 also reveals that the dispersion of the quasi-TM mode is
less than that of the quasi-TE mode. This can be explained by analysing the dominant
fiel components of the quasi-TE and TM modes, and the direction of the director of
the NLC. The dominant electric-fiel components of the quasi-TE and TM modes are
Ex and Ey, respectively. At ϕ = 90◦, εr of the E7 material the diagonal of [εxx, εyy, εzz],
where εxx = n2

o, εyy = n2
e and εzz = n2

o. It may be observed that εyy is greater than εxx,

Figure 3.25 Variation of the dispersion of the quasi-TE and TM modes with the wavelength
at different values of hole radius, r: 0.6 µm, 0.7 µm, 0.8 µm and 0.9 µm. (Reproduced
with permission from Hameed, M.F.O., Obayya, S.S.A., Al-Begain, K., et al. (2009) Modal
properties of an index guiding nematic liquid crystal based photonic crystal fibe . IEEE J.
Lightwave Technol., 27 (21), 4754–4762. © 2009 IEEE.
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therefore the effective refractive index of the cladding region of the quasi-TM mode
is greater than that of the quasi-TE mode. As a result, the effective index neff of the
quasi-TM mode is greater than that of the quasi-TE mode. In addition, the change of
the effective index neff of the quasi-TM mode over the reported wavelength range is
less than that of the quasi-TE mode. Consequently, the dispersion of the quasi-TM
mode is less than that of the quasi-TE mode. It can also be observed from Figure
3.25 that the slope of the quasi-TE dispersion can be adjusted until a fla dispersion is
obtained, by changing the radius of the infiltrate NLC cladding holes. It is found that
a fla dispersion of ±3 ps/nm.km is obtained over a wide wavelength range from 1.8
to 2.1 µm for the quasi-TE mode at r = 0.6 µm. However, there is a cross over in the
dispersion curve of the quasi-TM mode at r = 0.6 µm at long wavelengths; the mode
starts spreading into the cladding region, which increases the effective mode area. At
r = 0.6 µm, the quasi-TM mode spreads dramatically in the cladding region, which
might lead to an increase in the dispersion, as shown in Figure 3.25.

3.4.5 Tunable Liquid-Crystal-Based Photonic Crystal Fibre
Polarisation Converter

As shown in the inset of Figure 3.26, when a TE polarised mode obtained from a
soft glass PCF with air holes is launched directly into the NLC-PCF, the input power
excites two hybrid modes along the polarisation rotator (PR) waveguide. These two
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Figure 3.26 Evolution of the TM powers along the propagation direction at different rotation
angles of the director of the NLC. The solid black lines represent Px at ϕ = 10◦, 20◦, 30◦

and 45◦, while the values of Px at ϕ = 60◦, 70◦ and 80◦ are represented by dotted grey
lines. However, the hole pitch, 
, and d/
 ratio are taken as 5.0 µm and 0.7, respectively.
(Reproduced with permission from Hameed, M.F.O., Obayya, S.S.A. and Wiltshire, R.J.
(2010) Beam propagation analysis of polarization rotation in soft glass nematic liquid crystal
photonic crystal fibers IEEE Photon. Technol. Lett., 22 (3), 188–190. © 2010 IEEE.)
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modes become out of phase at a distance equal to Lπ from the beginning of the PR
section. Therefore, the Hy component will be cancelled, while the Hx component will
be added which produces a nearly pure TM mode. The calculated value of Lπ using the
FVFEBPM is 1072 µm, which is in excellent agreement with the 1071 µm calculated
by the VFEM [6]. The polarisation power factors, Py and Px, are define as the power
carried by the Hy and Hx fiel components, respectively, over the PR waveguide cross
section, normalised to the total power. Figure 3.26 shows the variation of the Px power
for the TE input along the axial direction, at different rotation angles of the director
of the NLC. It is evident from this figur that for TE excitation, initially Px is zero and
it slowly increases to a maximum value at z = Lπ ; if the PR section is not terminated
at this position the optical power Px starts decreasing. It should be noted that nearly
99.813% polarisation conversion can be obtained at z= 1072 µm when the rotational
angle is equal to 45◦. It is also evident from Figure 3.26 that the conversion ratio
increases with increasing rotational angle from 0 to 45◦ until complete conversion
occurs at ϕ = 45◦. The conversion ratio then decreases with increasing rotational
angle. In addition, the hybridness and hence the conversion ratios at ϕ = 10◦, 20◦ and
30◦ are approximately equal to the hybridness and hence the conversion ratios at ϕ =
80◦, 70◦ and 60◦, respectively, as shown in Figure 3.26.

3.5 Electro-Optical Modulators
High-speed integrated electro-optic modulators (EOMs) and switches are the basic
building blocks of modern wideband optical communication systems and the future
trend of ultrafast signal processing technology. Therefore, a great deal of research
effort has been devoted to developing low-loss, efficien broadband modulators in
which the RF signal is used to modulate the optical carrier frequency [36]. The
design of EOMs usually relies on the use of either directional couplers (DCs) [37] or
Mach–Zehnder (MZ) [38] arrangements. In DC-based EOMs, the externally applied
electric fiel affects the refractive index distribution in two coupled waveguides that
are used in such a way that this change is asymmetric, and this also affects the light
propagation in the two guides, the coupling length, the phase matching and hence the
power coupling transfer between them. However, in contrast, in MZ-based EOMs, the
two guides are relatively far apart from each other, with either one or both of the two
guides being affected by the applied field So, at the end of the device, the two waves
emerging from the two guides are either in phase or in anti-phase, and this gives rise
to output switching properties related to the applied electric field

3.5.1 Design of the Electro-Optical Modulator
For electro-optic semiconductor waveguides [39], the refractive-index distribu-
tion becomes a 3 × 3 tensor and depends on the potential distribution as
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follows

n̄(x, y) =
⎡

⎣
n(x, y) + �nxx (x, y) �nxy(x, y) 0

�nyx (x, y) n(x, y) + �nyy(x, y) 0
0 0 n(x, y) + �nzz(x, y)

⎤

⎦

(3.20)

where n(x, y) is the refractive-index distribution of the structure in the case of no
applied modulating fiel and �nxx, �nxy, �nyx and �nzz are the changes in the
refractive index occurring due to the electro-optic effect, and these are related to the
applied modulating electric field via

�nxx (x, y) = −�nzz = n3(x, y)
2

r41Ey(x, y), �nyy(x, y) = 0 (3.21)

�nxy(x, y) = �nyx (x, y) = n3(x, y)
2

r41Ex (x, y) (3.22)

where r41 is the electro-optic coefficien for selected semiconductor materials, such as
InP and GaAs, and this value has been taken as equal to 1.4 × 10−6 µm/V for GaAs
[40].

A schematic diagram of a deeply etched GaAs [41] EOM is shown in Figure 3.27.
As shown in this figure a 0.2 µm 10% AlGaAs layer, a thick GaAs core with height

GaAs Substrate

5% AlGaAs

10 % AlGaAs cladding, 0.2 µm

GaAs core, H (µm)

X1 % AlGaAs Buffer Layer, B (µm)

Wel

W (µm)

Figure 3.27 Schematic diagram of a deeply etched AlGaAs/GaAs semiconductor EOM.
(Reproduced with permission from Obayya, S.S.A., Haxha, S., Rahman, B.M.A. and Grattan,
K.T.V. (2003) Optimization of optical properties of a deeply-etched semiconductor optical
modulator. IEEE J. Lightw. Technol., 21 (8), 1813–1819. © 2003 IEEE.)
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H (µm) and a buffer AlGaAs layer with an aluminium concentration of x1% and
height B (µm) are all deposited on a 2 µm thick 5% AlGaAs spacer layer. The whole
structure is deposited on a very thick insulating GaAs substrate, as shown in Figure
3.27.

The ground electrode, with V = 0, is placed between the 10% AlGaAs layer and
the substrate, while the hot electrode V �= 0 is deposited on top of the buffer AlGaAs
layer. Several major manufacturers are developing high-speed GaAs EOMs using a
highly doped layer beneath the lower cladding layer as the lower electrode, which
may be connected to a ground metal electrode on the side. In this case a doping
density of 1018/cm3 has been considered for the 0.1 µm thick GaAs lower electrode
and the 2 µm thick lower spacer layer. The width of the waveguide is W (µm),
while the electrode width is Wel (µm) and the operating wavelength is 1.55 µm. As a
deeply etched waveguide structure suffers from lower bending loss, a more compact
system design is possible than for the shallow-etched counterparts. This waveguide
structure is theoretically multimoded when the waveguide width is greater than 2.5
µm. However, from a practical point of view, the use of a high-index GaAs substrate
leads to a situation where these higher-order modes suffer very high leakage radiation
losses into the substrate, while the fundamental mode shows virtually no leakage loss
[41, 42], and so effectively behaves like a single-moded guide.

Figure 3.28(a) and (b) show the contour plots of the horizontal Ex and vertical
Ey modulating electric-fiel components when the waveguide width is 5 µm, the
electrode width is 4.9 µm, the core height is 1.5 µm, the buffer thickness is 1.1 µm
and the buffer Al concentration is 30%. In this case, the applied voltage is 5 V. It

(a) (b)

Figure 3.28 Contour plot of the (a) horizontal modulating fiel component Ex, and (b) the
vertical modulating fiel Ey when W = 5 µm, Wel = 4.9 µm, B = 1.1 µm, H = 1.5 µm and
x1 = 30%. (Reproduced with permission from Obayya, S.S.A., Haxha, S., Rahman, B.M.A. and
Grattan, K.T.V. (2003) Optimization of optical properties of a deeply-etched semiconductor
optical modulator. IEEE J. Lightw. Technol., 21 (8), 1813–1819. © 2003 IEEE.)
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should be noted that the Ey fiel is symmetric and nearly uniform in the waveguide
core region, whereas the Ex profil is asymmetric and nearly zero in this region, with
its two maxima around the left and right corners of the upper electrode. The vector-
fiel profil would be nearly vertical, except near the left and right edges of the upper
electrode.

As can be deduced from Equations (3.20) to (3.22), theHy (or Ex) modes are mainly
affected by refractive-index changes in the x direction, namely �nxx, which are directly
proportional toEy, while theHx (orEy) modes are affected by refractive-index changes
in the y direction �nyy, which are zero. Therefore, the Hy modes (quasi-TE) will be
considered throughout the rest of the book. However, if an asymmetry has been
brought to the structure, the horizontal fiel component, Ex, will not be symmetric,
giving rise to a nonzero �nxy, an off-diagonal refractive-index component which can
cause a coupling between the two orthogonal TE and TM modal states.

3.5.2 The Effect of the Core Height
Figure 3.29 shows the variation of the half-wave voltage length product VπL with
the core height H when the buffer thickness, B, is 1.1 µm and the buffer layer Al

W=5mm, Wel=4.9mm
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Figure 3.29 Variation of VπL with the core height, H, for two different values of waveguide
width, W, and electrode width, Wel. (Reproduced with permission from Obayya, S.S.A.,
Haxha, S., Rahman, B.M.A. and Grattan, K.T.V. (2003) Optimization of optical properties of a
deeply-etched semiconductor optical modulator. IEEE J. Lightw. Technol., 21 (8), 1813–1819.
© 2003 IEEE.)
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concentration, x1, is 30%, for two cases of the waveguide width W and the electrode
width Wel. The refractive indexes considered here are 3.232, 3.377, 3.329 and 3.353
for the upper 30% AlGaAs cladding, the GaAs core, the 10% lower AlGaAs cladding
and the 5% AlGaAs substrate, respectively. The VπL quantity is a very important
parameter in designing EOMs and switches and for MZ [38] structures. It is define
as the product of the voltage at which the phase difference between the two branches
of the MZ structure is 180◦, and the length of the electrode. Assuming that the two
waveguide branches of the MZ arrangement are sufficientl separated not to have
coupling between their isolated guided modes, VπL can be calculated using

Vπ L = πV0

�β
, �β = β1 − β0 (3.23)

where V0 is the applied voltage, and β1 and β0 are the propagation constants of
the fundamental Hy

11 modes of the MZ arms with and without the applied voltage,
respectively. It may be observed from Figure 3.29, that as the core heightH increases,
VπL also increases. In particular, asH increases from 1.5 to 5.5 µm, the corresponding
value of VπL also increases from nearly 9 to 20.5 V.cm. These results are intuitive and
can be justifie simply, as follows. For a particular core height, it may be presumed
that a specifi modulating electric-fiel magnitude (or the applied voltage) is needed
to obtain a phase difference of 180◦ at the MZ output. However, if the core height is
increased, then it may be anticipated from a simple parallel-plate approximation that,
in order to maintain the same modulating electric-fiel strength in the core area, the
applied modulating voltage has to be increased. In addition, it can be observed from
Figure 3.29 that the variation of VπLwith the core height is almost independent of the
value of the waveguide width W, as long as the electrode width Wel is nearly equal
to the corresponding waveguide width, W. In addition, for a core height, H, of 1.5
µm, the total etch depth is 3.0 µm, and the corresponding VπL is 9.6 V.cm. However,
if the etching depth is reduced to only 2.6 µm, the value of VπL will increase by
3.6%. This shows that deeply etched waveguides are better than their shallow-etched
counterparts, not only due to better light confinement but also because of the reduced
VπL needed to work as modulators.

The variation of VπL with the core height H for three different values of Al
concentration x1 of the buffer AlGaAs layer are shown in Figure 3.30. In this case,
the waveguide width, W, is 5 µm, the electrode width,Wel, is 4.9 µm and the buffer
thickness B is 1.1 µm. As can be seen from this figure the value of VπL increases as
the core height, H, increases for the three different values of x1. On the other hand,
for a particular core height, H, VπL is found to increase slightly as the value of x1
increases from 10 to 30% and ultimately to 100%. These results can be explained
physically as the increase of x1 leads to an increase in the refractive-index difference
between the core and buffer layers in such a way that the optical fiel of the mode
Hy

11 will be pushed slightly downward and away from the hot electrode. This would
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Figure 3.30 Variation of VπL with the core height, H, for three different values of Al
concentration of the buffer layer, x1. (Reproduced with permission from Obayya, S.S.A.,
Haxha, S., Rahman, B.M.A. and Grattan, K.T.V. (2003) Optimization of optical properties of a
deeply-etched semiconductor optical modulator. IEEE J. Lightw. Technol., 21 (8), 1813–1819.
© 2003 IEEE.)

lead to slightly less interaction between the modulating electric fiel and the optical
field which would give rise to a slight increase in VπL as x1 increases.

3.5.3 The Effect of the Electrode Width
The variation of VπL with the electrode width, Wel, for different values of the wave-
guide width, W, and the core height, H, is shown in Figure 3.31. In these cases, the
buffer layer thickness, B, is 1.1 µm, and Al concentration, x1, is 30%. It can be noted
from this figur that for all the three combinations ofW and H, as the electrode width
is increased, the corresponding value is found to be monotonically reducing, and until
Wel approaches the value of the full waveguide width,W, the corresponding values of
VπL tend to converge to certain values. As a result, the electrode width should not be
narrower than the waveguide width, but rather it could be equal to the waveguide width
to improve the performance and also to facilitate its fabrication. When Wel is small
compared to W, the modulating electric-fiel profil spreads less in the horizontal
direction, compared with a greater value of Wel, giving a smaller overlap with the
optical fiel profile This is why the value of the VπL product will be higher in the
former case than in the latter. On the other hand, for the same waveguide and electrode
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Figure 3.31 Variation of VπL with the electrode width,Wel, for three different combinations
of waveguide width,W, and core height,H. (Reproduced with permission from Obayya, S.S.A.,
Haxha, S., Rahman, B.M.A. and Grattan, K.T.V. (2003) Optimization of optical properties of a
deeply-etched semiconductor optical modulator. IEEE J. Lightw. Technol., 21 (8), 1813–1819.
© 2003 IEEE.)

width values, Figure 3.31 illustrates the difference in the values of VπL when the core
height H is 3 µm compared with the case when H is only 1.5 µm. In particular, when
W = 5 µm and Wel = 4.9µm, the value of VπL is around 14 V.cm when H is 3 µm,
and this value reduces to only 9.5 V.cm whenH is 1.5 µm. This reduction in VπL asH
is reduced is a direct consequence of the increased electric-fiel intensity, and hence
lower modulating voltages are needed to keep the 180◦ phase difference condition at
the output ports of the MZ structure. It might be envisaged that VπL reduction can be
achieved by designing a waveguide with lower values of the core height H; however,
care should be taken in doing so, as the mode might reach cut off, or the scattering
loss due to roughness or fabrication imperfections around the sidewalls might increase
significantl if extremely low values of H are used. In addition, it can be seen from
this figur that for the same core height, H, the value of VπL tends to the same value
as long as the electrode width, Wel, and the waveguide width, W, are nearly similar,
irrespective of the value of the waveguide width itself.

3.5.4 The Effect of the Buffer Thickness
Figure 3.32 shows the variations of the VπL product with the buffer thickness, B, for
two different values of the core height, H. In this case, the width of the waveguide,
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Figure 3.32 Variation of VπL with the buffer thickness, B, for two different values of core
height,H. (Reproduced with permission from Obayya, S.S.A., Haxha, S., Rahman, B.M.A. and
Grattan, K.T.V. (2003) Optimization of optical properties of a deeply-etched semiconductor
optical modulator. IEEE J. Lightw. Technol., 21 (8), 1813–1819. © 2003 IEEE.)

W, the electrode width, Wel, and the Al concentration of the buffer layer x1 are 5 µm,
4.9 µm, and 30%, respectively. As can be seen from this figure the value of VπL
reduces as the buffer thickness, B, decreases. In this case, when the buffer thickness
is increased the interaction between the applied modulating fiel and the optical
fiel will be less, as the optical fiel is shifted downward and away from the peak
modulating fiel intensity. Hence, as the buffer thickness, B, is increased in order to
maintain the 180◦ phase difference between the two waveguide branches of the MZ,
the value of the applied voltage should be increased, leading to a linear increase of
the VπL, as shown in Figure 3.32. Also, when the core height is 1.5 µm and the buffer
thickness, B, lies in the region 0.5 to 0.4 µm, the value of VπL drops dramatically to
a level near 7.5 V.cm. Practically speaking, this is a good value for VπL; however, the
optical losses, as will be seen subsequently, may be large within this range of buffer
thickness.

On the other hand, the variation of VπL with the buffer thickness, B, for different
values of the Al concentration of the buffer layer x1 is shown in Figure 3.33, where
the value of the waveguide width, W, is 5 µm, the electrode width, Wel, is 4.9 µm
and the core height, H, is 1.5 µm. For a given buffer thickness, B, the value of VπL
is slightly increased as x1 increases from 30 to 50% and then to 100%. In particular,
when the buffer thickness, B, is 0.4 µm, VπL increases from 7.3 to 7.4 V.cm and then
to 7.7 V.cm, as x1 increases from 30 to 50% and then to 100%, respectively, which
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Figure 3.33 Variation of VπL with the buffer thickness, B, for three different values of Al
concentration of the buffer layer, x1. (Reproduced with permission from Obayya, S.S.A.,
Haxha, S., Rahman, B.M.A. and Grattan, K.T.V. (2003) Optimization of optical properties of a
deeply-etched semiconductor optical modulator. IEEE J. Lightw. Technol., 21 (8), 1813–1819.
© 2003 IEEE.)

indicates, at this stage, that the aluminium concentration of the buffer layer has only
a small influenc on the design of optical modulators.

Next, the effects of the buffer layer thickness, B, and the Al concentration x1 on the
optical losses will be thoroughly investigated. For this purpose, the top electrode has
been assumed to consist of two metal layers, gold (Au) and Titanium (Ti), each with
a thickness t of 0.1 µm. The perturbation technique combined with the vector H-fiel
finite-elemen modal solution [43] has been utilised to estimate the optical losses due
to this imperfectly conducting electrode. The variations of the optical losses with the
buffer thickness, B, for different values of the Al concentration x1 of the buffer layer
are shown in Figure 3.34. As may be noted from this figure the optical losses are
drastically reduced as either the buffer thickness or the Al concentration of the buffer
is increased, where in either case, the optical fiel will be more confine to the core
and a smaller portion of this fiel will be concentrated near the electrode region with
losses. In particular, for a buffer thickness of 0.5 µm and an Al concentration of 30%,
the optical loss has been estimated to be 12 dB/cm, while if the buffer thickness is
increased to 1.0 µm, the optical loss is greatly reduced to nearly 1 dB/cm. On the other
hand, instead of increasing the buffer thickness (from B = 0.5 µm), if the aluminium
concentration is increased from 30 to 100%, the optical loss decreases significantl
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Figure 3.34 Variation of the optical loss, α, in decibels per centimetre with the buffer thick-
ness for three different values of Al concentration of the buffer layer, x1. (Reproduced with
permission from Obayya, S.S.A., Haxha, S., Rahman, B.M.A. and Grattan, K.T.V. (2003)
Optimization of optical properties of a deeply-etched semiconductor optical modulator. IEEE
J. Lightw. Technol., 21 (8), 1813–1819. © 2003 IEEE.)

from 12 to 0.8 dB/cm. It should be noted that the overall optical loss plays a dominant
role in determining the bandwidth of the modulator.

The variation of the microwave index, nm, and of the microwave characteristic
impedance, Zc, with the buffer thickness, B, for two different values of the core
height, H, is given in Figure 3.35. In this case, the waveguide width, W, the electrode
width, Wel, the Al concentration of the buffer layer x1 and the electrode thickness t
are 5 µm, 4.9 µm, 30% and 0.1 µm, respectively. Although the present model can
deal with electrodes of finit conductivities, as a reasonable approximation, however,
the doped semiconductor ground lower electrode has been considered as a perfectly
conducting metal electrode in order to simplify the calculations. As shown in this
figure the microwave index, nm, reduces linearly, while the microwave characteristic
impedance, Zc, increases linearly with increasing buffer thickness, for both values
of the core height, H. For velocity matching between the microwave and optical
signals, the value of nm should be equal to the value of the effective index of the
optical fundamental mode Hy

11, (neff), while for impedance matching purposes, the
microwave characteristic impedance should equal to 50 �. If the velocity matching
is examined, it can be deduced easily from Figure 3.35 that it is not possible to fin
a range of values of the buffer thickness, B, for which nm is within the range of neff,
for both values of the core height, H. It should be noted that if the electrode thickness
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Figure 3.35 Variation of the microwave index, nm, and the microwave characteristic
impedance, Zc, with buffer thickness, B, for two different values of core height, H. (Re-
produced with permission from Obayya, S.S.A., Haxha, S., Rahman, B.M.A. and Grattan,
K.T.V. (2003) Optimization of optical properties of a deeply-etched semiconductor optical
modulator. IEEE J. Lightw. Technol., 21 (8), 1813–1819. © 2003 IEEE.)

is increased, then the conductor loss reduces; however, the phase matching between
the microwave and optical waves would deteriorate. To investigate this further, an
additional study of segmented electrodes and/or the use of material such as Ta2O5,
which has a high dielectric constant (εr = 27) at microwave frequencies and a low
refractive index (n = 2.03) at optical frequencies, may be considered [44]. However,
it is only for H = 3.0 µm that values of B higher than 0.9 µm can give reasonably
good matching values for Zc.

3.5.5 The Effect of the Al Concentration of the Buffer Layer
Next, for a waveguide width, W, of 5 µm, an electrode width, Wel, of 4.9 µm and
a core height, H, of 1.5 µm, Figure 3.36 shows the variation of VπL and the buffer
thickness, B, with the Al concentration of the buffer layer, x1, when the electrode
optical losses are fi ed at either 0.2 or 0.5 dB/cm. For each value of x1, an iteration
loop has been implemented into the modal solution program in order to fin the buffer
thickness needed to get the desired level of optical losses. Once the required buffer
thickness is obtained, the corresponding value of VπL is then calculated. As may be
observed from this figure for x1 = 40% and for a fi ed level of optical loss of 0.5
dB/cm, the required buffer thickness, B, is equal to 0.82 µm and the corresponding
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Figure 3.36 Variation of the required buffer thickness, B, and the corresponding VπL with
Al concentration of the buffer layer, x1, when the optical loss, α, is fi ed to 0.2 dB/cm or 0.5
dB/cm. (Reproduced with permission from Obayya, S.S.A., Haxha, S., Rahman, B.M.A. and
Grattan, K.T.V. (2003) Optimization of optical properties of a deeply-etched semiconductor
optical modulator. IEEE J. Lightw. Technol., 21 (8), 1813–1819. © 2003 IEEE.)

VπL product is 8.7 V.cm. However, for the same value of x1, if the accepted level
of losses is reduced to 0.2 dB/cm, the design value of the buffer thickness required
would be 0.94 µm and the corresponding value of VπL would increase slightly to 9.0
V.cm. It can be observed that by increasing x1, the overall VπL can be reduced for a
given total optical loss.

3.6 Switches
Finally, as an example of a nonidentical directional coupler, an electro-optic LiNbO3
channel coupler modulator [1], shown in the inset of Figure 3.37, is simulated at a
wavelength of 0.85 µm. Without any applied modulating signal, the refractive index
of both LiNbO3 guides, ng, is taken as 2.3, while that of the cladding, ns, is 2.29.
With appropriate electrode design, for nonzero modulating potential, it is assumed
that the index in one guide increases, while the other guide decreases by the same
amount, �n/2, and the cladding index remains constant. The effect of the electro-
optically induced index difference, �n, on the TE coupling length is shown in Figure
3.37, where the results obtained using the VFEBPM and VFEM [45] are in close
agreement.
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Figure 3.37 Effect of electro-optically induced index difference on the coupling length. The
inset is a schematic diagram of the electro-optic LiNbO channel coupler modulator under
consideration. (Reproduced with permission from Obayya, S.S.A., Rahman, B.M.A. and El-
Mikati, H.A. (2000) New full vectorial numerically efficien propagation algorithm based on
the finit element method. IEEE J. Lightwave Technol., 18 (3), 409–415. © 2000 IEEE.)

Without applied modulating potential, �n = 0, the two guides are phase-matched,
giving rise to a peak coupling length, 1010 µm, which monotonically reduces with
increasing �n as the two guides continue to lose their synchronicity. When the input
power is launched into guide ‘b’, the power evolution in the two guides in the axial
direction, z, is shown in Figure 3.38 for two values of �n. For, �n = 0, full power
transfer from guide ‘b’ to guide ‘a’ can be observed at around 1010 µm, while for
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Figure 3.38 The evolution of optical power in the two guides along the axial direction.
(Reproduced with permission from Obayya, S.S.A., Rahman, B.M.A. and El-Mikati, H.A.
(2000) New full vectorial numerically efficien propagation algorithm based on the finit
element method. IEEE J. Lightwave Technol., 18 (3), 409–415. © 2000 IEEE.)
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optically induced index difference. (Reproduced with permission from Obayya, S.S.A., Rah-
man, B.M.A. and El-Mikati, H.A. (2000) New full vectorial numerically efficien propagation
algorithm based on the finit element method. IEEE J. Lightwave Technol., 18 (3), 409–415.
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�n = 0.000 92, a fraction of the guide ‘b’ power is initially transferred to guide ‘a’
due to their phase mismatch; this power is then returned to guide ‘b’ with virtually
no overall power is transferred to guide ‘a’. It can be noted that, the coupling length,
Lc, is equal to 505.0 µm, half of the value for �n = 0. In this case, at z = Lc, the
optical power couples back to guide ‘b’, as shown in Figure 3.38. With guide ‘a’ as
an output port, the variation of the maximum and output powers, Pmax and Po, with
�n are shown in Figure 3.39. The maximum power, Pmax, is the power transferred to
guide ‘a’ at a device length equal to the coupling length at concerned particular value
of �n, while the output power, Po, denotes the power transferred to guide ‘a’ at a fi ed
device length equal to the peak coupling length, Lco = 1010 µm. The power transfer
results obtained using the VFEBPM are in excellent agreement with those obtained
using the least-squares boundary residual (LSBR) method [45]. As shown in Figure
3.39, the output power is minimum for �n values at which Lco is an even multiple
of the coupling length, while for �n values at which Lco is an odd multiple of the
coupling length, the output power reaches a maximum value, but not the unity peak,
as the two guides are strongly phase-mismatched and hence, the full power transfer
is inhibited.
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4
Bidirectional Beam Propagation
Method

4.1 Introduction
In this chapter, the formulation of the finite-elemen solution for optical waveguide
discontinuity problems is presented [1]. The validity and the numerical precision
of the proposed method are evaluated through the analysis of three discontinuity
problems, including a junction between two different waveguide sections, a laser–air
interface and a laser angled facet. In addition, a numerically efficien scalar analysis
of optical fibr facet problems based on the finite-elemen scheme is included [2] and
the simulation results of dealing with various numerical uncoated and coated optical
fibr facet problems will be detailed.

4.2 Optical Waveguide Discontinuity Problem
Optical waveguide discontinuities play a very important role in the design of optical
communication systems, and are quite often faced in situations such as butt-coupled
waveguides, waveguide ends, laser facets and antireflectio coatings [3–5]. Therefore,
an accurate and efficien method for the solution of optical waveguide discontinuities
is highly desirable. There are a number of methods proposed in the literature for
the analysis of optical waveguide discontinuity problems. These methods can be
classified according to their solution strategy, into two groups. In the firs group, the
total fiel on either side of the discontinuity is made up as a weighted summation
of all guided and radiation modes. Then, the continuity of the tangential electric
and magnetic field at the discontinuity plane is enforced using, for example, the
least squares boundary residual (LSBR) [6], a combination of the finit elements
and method of lines (FE-MoL) [7], the finite-elemen method (FEM) with analytical
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techniques [8] or the free-space radiation mode (FSRM) method [9], to solve for the
reflectio and transmission coefficients In this class of methods, the solution accuracy
is enhanced as more guided and radiation modes are included in the fiel summation.
This would be very time-consuming, especially in the case of 3D optical waveguide
problems, where approximating the radiation modes with a continuous spectrum
turns out to be tremendously complicated. Alternatively, in the second group of
discontinuity analyses, the Pade approximations, in the context of the finite-di ference
method, are used to efficientl approximate the square root of the characteristic
matrix of both discontinuity sides [5, 10, 11]. In this group of analyses, although the
numerically intensive modal solution stage on each side is totally avoided, the use
of higher-order Pade approximations requires matrix inversion that would be very
demanding in terms of computer resources, especially in dealing with 3D problems.

In this chapter, a formulation of the finite-elemen solution for the optical waveguide
discontinuity problems [1] is proposed. By ‘lumping’ the mass matrix entries into the
diagonal locations [12–14], this matrix renders itself diagonal, and hence, its inversion
and multiplication with the original characteristic matrix will result in a modifie
characteristic matrix as sparse as the original one. Then, upon the application of a
Taylor’s series expansion to represent the square root of the modifie characteristic
matrix, and satisfying the interface boundary condition at the discontinuity plane,
both the reflecte and transmitted field can be efficientl solved for. Therefore, the
presented FEM not only avoids the modal solution stage, but also does not require any
matrix inversion to approximate the square root operator of the characteristic matrix
using higher-order Taylor’s series expansions.

4.3 Finite-Element Analysis of Discontinuity Problems
Consider a 2D optical waveguide discontinuity problem whose schematic diagram is
depicted in Figure 4.1. The transverse and propagation directions are assumed to be
y and z, respectively, and the discontinuity plane is located at z = 0. Supposing that
there is no variation in the x-direction, the following 2D Helmholtz equation for both
sides 1 and 2 can be written as [15]

∂

∂y

(
pi
si

∂ψi

∂y

)
+ si

∂

∂z

(
pi

∂ψi

∂z

)
+ k2

0qi siψi = 0 (4.1)

with

ψi = Exi , pi = 1, qi = n2
i for TE modes (4.2a)

ψi = Hxi , pi = 1/n2
i , qi = 1 for TM modes (4.2b)
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Figure 4.1 Schematic diagram of a discontinuity between two sides, each with an arbitrary
refractive index distribution ni (x). (Reproduced with permission from Obayya, S.S.A. (2004)
Novel finit element analysis of optical waveguide discontinuity problems. IEEE J. Lightwave
Technol., 22 (5), 1420–1425. © 2004 IEEE.)

si = 1 − j
3λ

4πnid

(ρ

d

)2
ln

(
1
Rt

)
, in PML region (4.3a)

si = 1, in non − PML region (4.3b)

where the subscript i is 1 or 2 and corresponds to the quantities in the ith side, Ex
and Hx are the x-component of the electric and magnetic fields respectively, k0 is
the free space wavenumber, n is the refractive index distribution, λ is the operating
wavelength, s is the PML parameter, ρ is the distance inside the PML region from
the beginning of the PML and Rt is the theoretical reflectio coefficien placed at the
boundary between the PML region and the computational window.

Dividing the cross section into a number of first-orde linear elements and applying
the standard Galerkin’s finite-elemen procedure results in [15]

[M]i
d2{ψ}i
dz2 + [K ]i {ψ}i = {0} (4.4)

where {ψ}i is the nodal fiel vector, {0} is the null vector, and [M]i and [K]i are the
global mass and characteristic matrices whose expressions are

[M]i =
∑

e

∫

e

pi si {N }{N }T dy (4.5a)

[K ]i =
∑

e

∫

e

[
k2
oqi si {N }{N }T − pi

si
d{N }

dy
d{N }T

dy

]
dy (4.5b)
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In Equation (4.5) {N} represent the shape function vectors over each element, T is
the transpose and the summation

∑

e
is performed over all the elements.

4.4 Derivation of Finite-Element Matrices
Conventionally, both the guided and radiation modes of each side are found using a
modal solution technique for Equation (4.4), and then, upon matching the transverse
electric and magnetic fiel components across the discontinuity plane, the solutions for
both the reflecte and transmitted field are obtained [7]. However, the modal solution
analysis is very time consuming and is complicated in dealing with radiation modes
with a continuous spectrum. Alternatively, a finite-elemen procedure completely
avoiding the modal solution stage is presented as follows. The global mass matrix of
each side is lumped into a diagonal matrix using the row sum procedure [12–14]. In
this procedure, the diagonal entry of the new lumped mass matrix at a particular row
‘ir’ is the sum of all the entries in that row of the original mass matrix as

M̃ir,ir =
∑

jc

Mir, jc (4.6)

where M̃ir,ir is the diagonal entry of the new lumped mass matrix at the irth row,
and the summation in Equation (4.6) is performed over all entries M̃ir, jc in that row.
Having lumped the mass matrix, its inverse is merely the reciprocals of its diagonal
elements. So, multiplying both sides of Equation (4.4) with the inverse of the ‘lumped’
mass matrix leads to

d2{ψ}i
dz2 + [A]i {ψ}i = {0} (4.7)

with

[A]i = [M̃]−1
i [K ]i (4.8)

It should be noted that the numerical advantages of lumping the mass matrix is the
elimination of the need for any matrix inversion and also keeping the new characteristic
matrix [A]i as sparse as the original matrix [K]i. This would lead to massive savings
in the use of computer resources, especially in dealing with 3D problems. The formal
solution of Equation (4.7) on each side can be written as

{ψ}i (z) = exp
(
− j

√
[A]i z

)
{ψ+}i + exp

(
j
√

[A]i z
)

{ψ−}i (4.9)
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where {ψ+}i , and {ψ−}i are the forward and backward propagating field in each side
at the discontinuity plane z= 0. Assume that the incident fiel is launched from side 1
and applying the interface boundary conditions of the continuity of transverse electric
and magnetic field at z = 0 results in

(
p1

√
[A]1 − p2

√
[A]2

)
{ψ+}1 =

(
p1

√
[A]1 + p2

√
[A]2

)
{ψ−}1 (4.10)

(
2p1

√
[A]1

)
{ψ+}1 =

(
p1

√
[A]1 + p2

√
[A]2

)
{ψ+}2 (4.11)

where {ψ+}1, {ψ−}1 and {ψ+}2 are the incident, reflecte and transmitted fields
respectively. So, upon the solution of the linear system of equations in (4.10) and
(4.11), quantities such as the reflectio and transmission coefficient can be determined
once the incident fiel is known.

4.5 Application of Taylor’s Series Expansion
Usually, the square root of the characteristic matrix is evaluated using a Pade
approximation, which is numerically very accurate and efficien [5, 10, 11]. How-
ever, the use of higher-order Pade approximations requires matrix inversion, which
may be computationally intensive, especially in dealing with 3D problems. On the
other hand, the Taylor’s series expansion of the square root of the characteristic ma-
trix around a reference wavenumber β i has been employed here, and its mth-order
approximation is given as

√
[A]1 = βi

⎛

⎝[I ] +
m∑

j=1

a j
j!

(
[A]i − β2

i [I ]
β2
i

) j
⎞

⎠ (4.12)

with a j = I I j−1
k=0 (n − k), j ≥ 1, n = 1/2 and [I] is the identity unity matrix.

As may be seen from Equation (4.12), the use of the Taylor’s series expansion of
the square root of the characteristic matrix turns out to be merely a series of matrix
multiplications that can be efficientl performed by exploiting the matrix sparisty. In
order to properly deal with the ‘evanescent’ modes generated at the interface between
the two sides, the reference wavenumber has to be a complex valued [11] which can
be straightforwardly implemented if a phasor term has been included so that

βi = βoi e j� (4.13)

where β0 is the original real-value reference wavenumber normally taken as the
propagation constant of the fundamental mode, and � is a phase angle in the range
0◦ < � < 90◦. This approach is equivalent to the use of the Pade approximation with



P1: OTA/XYZ P2: ABC
c04 BLBK325-Obayya August 4, 2010 19:43 Printer Name: Yet to Come

72 Computational Photonics

Figure 4.2 Schematic diagram of a junction between two waveguides. (Reproduced with
permission from Obayya, S.S.A. (2004) Novel finit element analysis of optical waveguide
discontinuity problems. IEEE J. Lightwave Technol., 22 (5), 1420–1425. © 2004 IEEE.)

real coefficient and the branch cut of the square root of the characteristic matrix [10].
It will be shown in the following section that introducing � is mandatory to ensure
the satisfaction of the power balance condition, however it has a very little effect on
the accuracy of the solution.

4.6 Computation of Reflected Transmitted and Radiation Waves
4.6.1 Junction Between Two Optical Waveguides
The firs example considered [1] is a junction between two optical waveguides shown
in Figure 4.2. For the range of waveguide heights considered, both waveguides are
monomoded. The same structure has been considered in [6, 8]. In this example, the
operating wavelength, λ, is 1.0 µm, the waveguide height of side 1, H1, is f xed at
0.6 µm, while the waveguide height of side 2, H2, is taken as 0.4 µm.

4.6.1.1 Effect of the Phasor Angle

For an incident mode TM0, Figure 4.3 shows the variation of the total power, Ptot,
normalised to the incident power, with the phasor angle, �. The total power is cal-
culated as the sum of both the reflecte and transmitted powers. As may be observed
from Figure 4.3, the power balance condition is fulfille for � > 1◦, either for second-
or third-order Taylor’s approximations. On the other hand, Figure 4.4 illustrates the
effect of the phasor angle � on the values of the reflecte |R|2 and transmitted |T|2
powers of the fundamental mode on sides 1 and 2, respectively. It may be noted from
Figure 4.4 that for � > 1◦, both |R|2 and |T|2 are almost unchanged with �, and they
converge to values of 0.16 and 0.61, respectively, which are in excellent agreement
with the results obtained in [6], using the LSBR method employing an expansion of
25 modes on each side.
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Figure 4.3 Variation of the total power, Ptot, with the phasor angle, �, for a launched
TM0 mode with H2 = 0.4 µm. (Reproduced with permission from Obayya, S.S.A. (2004)
Novel finit element analysis of optical waveguide discontinuity problems. IEEE J. Lightwave
Technol., 22 (5), 1420–1425. © 2004 IEEE.)
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Figure 4.4 Variation of the transmitted power |T|2 and the reflecte power |R|2 of the fun-
damental TM0 modes on sides 2 and 1, respectively, with the phasor angle, �, for H2 =
0.4 µm. (Reproduced with permission from Obayya, S.S.A. (2004) Novel finit element
analysis of optical waveguide discontinuity problems. IEEE J. Lightwave Technol., 22 (5),
1420–1425. © 2004 IEEE.)
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Figure 4.5 Variation of the transmitted power |T|2 the reflecte power |R|2 of the fundamental
TM0 modes in sides 2 and 1, respectively, and the radiated power Prad with the waveguide
height in side 2, H2. (Reproduced with permission from Obayya, S.S.A. (2004) Novel finit
element analysis of optical waveguide discontinuity problems. IEEE J. Lightwave Technol.,
22 (5), 1420–1425. © 2004 IEEE.)

4.6.1.2 Effect of Waveguide Height

Next, the effect of varying the waveguide height in side 2, H2, on the reflected |R|2
and transmitted |T|2 powers of the fundamental mode in sides 1 and 2, respectively,
and also the radiated power Prad is shown in Figure 4.5. As may be observed from
Figure 4.5, the transmitted power of the fundamental TM mode in side 2 increases
with H2 and reaches its peak value of 0.755 when H2 is 1.2 µm. Consequently, as
the transmission efficien y is enhanced with increasing H2, the radiated power Prad
is continuously reducing and settles down to a value of nearly 0.1 as H2 > 1.0 µm.
On the other hand, the reflecte power of the fundamental mode of side 1 is almost
constant with the change in H2.

The results shown in Figure 4.5 have been obtained using a third-order Taylor’s
expansion and they are almost indistinguishable from those obtained using the LSBR
method [6]. For a TE0 excitation from side 1, Figure 4.6 shows the variation of the
reflecte power |R|2 and transmitted power |T|2 of the fundamental modes in sides
1 and 2, respectively, and the radiation power Prad with the waveguide height in side
2, H2. As may be seen from Figure 4.6, the behaviour of |R|2, |T|2 and Prad is quite
similar to the TM excitation case, except that the maximum transmission efficien y
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Figure 4.6 Variation of the transmitted power |T|2 the reflecte power |R|2 of the fundamental
TE0 modes in sides 2 and 1, respectively, and the radiated powerPrad with the waveguide height
in side 2, H2. (Reproduced with permission from Obayya, S.S.A. (2004) Novel finit element
analysis of optical waveguide discontinuity problems. IEEE J. Lightwave Technol., 22 (5),
1420–1425. © 2004 IEEE.)

is slightly enhanced to 0.776, while the minimum radiated power drops to 0.079. In
all examples considered here, the computational window is enclosed by two PML
regions each of width 1.0 µm, with eight elements and a value of the theoretical
reflectio coefficien at the interface between the PML and the computational window
Rt of 10−8.

In this example, a computational window of 10.0 µm is nonuniformly represented
by 200 line elements. With this discretisation, it took less than 0.5 s to calculate the
reflecte and transmitted power pair on a PC (Pentium IV, 2.66 GHz). On the other
hand, the LSBR with the FEM method [6] employing 25 modes for each side would
require 25 times the execution time and storage requirement compared to the proposed
method.

4.6.2 Laser–Air Facet
The more challenging discontinuity problem of a laser–air facet is also considered [1].
The schematic diagram of the structure is shown in Figure 4.7. The refractive indexes
of the core and substrate are 3.60 and 3.42, respectively, and the operating wavelength
is taken as 0.86 µm. For a TE0 mode launched, the variation of the reflecte power
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Figure 4.7 Schematic diagram of a laser–air facet. (Reproduced with permission from
Obayya, S.S.A. (2004) Novel finit element analysis of optical waveguide discontinuity prob-
lems. IEEE J. Lightwave Technol., 22 (5), 1420–1425. © 2004 IEEE.)

of the fundamental TE0 mode with the waveguide height, H, is shown in Figure 4.8.
It may be observed from this figur that the results of this approach converge very
rapidly with those obtained using the FSRM [9].

As the index difference between the two discontinuity sides is large, it can be
seen from Figure 4.8 that the first-orde Taylor’s expansion, which is equivalent to
the paraxial approximation, is underestimating the values of the reflecte power.
On the other hand, the results obtained using the third-order Taylor’s expansion are
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Figure 4.8 Variation of the fundamental TE0 mode reflecte power with the waveguide
height,H, using the present finite-elemen approach with first- second- and third-order Taylor’s
series expansions, and the FSRM. (Reproduced with permission from Obayya, S.S.A. (2004)
Novel finit element analysis of optical waveguide discontinuity problems. IEEE J. Lightwave
Technol., 22 (5), 1420–1425. © 2004 IEEE.)
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Figure 4.9 Variation of the fundamental TM0 mode reflecte power with the waveguide
height,H, using the present finite-elemen approach with first- second- and third-order Taylor’s
series expansions, and the FSRM. (Reproduced with permission from Obayya, S.S.A. (2004)
Novel finit element analysis of optical waveguide discontinuity problems. IEEE J. Lightwave
Technol., 22 (5), 1420–1425. © 2004 IEEE.)

in excellent agreement with those obtained using the FSRM [9]. For a TM0 mode
excitation, the variation of the reflecte power of the fundamental TM0 mode with H
obtained using the present finite-elemen approach employing the first- second- and
third-order Taylor’s expansions and the FSRM [9] are shown in Figure 4.9. Again,
this figur shows clearly that the use of the finite-elemen approach with a third-order
Taylor’s expansion gives reflecte power results that are almost indistinguishable
from those obtained using the FSRM [9]. In this example, a computational window of
6.0 µm is nonuniformly represented by 180 line elements.

4.6.3 Laser–Air Facet with a Tilt Angle
The design of a laser–air facet with a tilt angle to minimise the reflecte power will also
be considered [1] using the present finite-elemen approach. The schematic diagram
of the structure is shown in Figure 4.10, where the wavelength and other parameters
are the same as in the previous example. In order to apply the finite-elemen approach,
a virtual interface perpendicular to the waveguide cross section replaces the original
tilted interface, as shown in Figure 4.10. Equation (4.10) is solved for the reflecte
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Figure 4.10 Schematic diagram of a laser–air facet with facet angle, θ . (Reproduced with
permission from Obayya, S.S.A. (2004) Novel finit element analysis of optical waveguide
discontinuity problems. IEEE J. Lightwave Technol., 22 (5), 1420–1425. © 2004 IEEE.)

fiel at the normal ‘virtual’ interface, and then its phase front is modifie to be 2β01
sin θ (y − y0), where β01 is the real-value propagation constant of the launched
fundamental mode, θ is the facet angle and y0 is the centre y-coordinate of the
waveguide core, in order to obtain the reflecte fiel at the real tilted interface. Then,
as in the previous examples, the reflecte power is calculated as the power carried by
the fundamental mode normalised to the incident mode power.

For a waveguide height, H, of 0.4 µm, Figure 4.11 shows the variation of the
reflecte power of the fundamental mode, in decibels, with the facet angle, θ , for both
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Figure 4.11 Variation of the fundamental TE0 and TM0 mode reflecte powers, in decibels,
with the facet angle θ using the present finite-elemen approach and the BBPM. The waveguide
height, H, is 0.4 µm. (Reproduced with permission from Obayya, S.S.A. (2004) Novel finit
element analysis of optical waveguide discontinuity problems. IEEE J. Lightwave Technol.,
22 (5), 1420–1425. © 2004 IEEE.)
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TE and TM excitations. As may be noted from this figure an increase in the facet
angle has a significan effect on reducing the reflecte power. In particular, for TE
excitation, the reflecte power is reduced from −4.1 to −11.9 dB as the facet angle θ

increases from 0 to 12◦. Also, for TM excitation, a reduction in the reflecte power
from −5.95 to −14dB occurs as θ increases from 0 to 12◦. As may be observed also
from Figure 4.11, the results obtained using the present finite-elemen approach with
a third-order Taylor’s expansion are in close proximity to those obtained using the
bidirectional beam propagation method (BBPM) [16].

Next, the variation of the TE0 reflecte power, in decibels, with the waveguide
height, H, with the facet angle, θ , as a parameter is shown in Figure 4.12. It can be
noted from this figur that for θ > 10◦, a significan reduction in the reflecte power
occurs for the whole range of the waveguide heights considered. In particular, for
H = 0.7 µm and θ = 15◦, reflecte power as low as −30 dB can be obtained.
Similarly, Figure 4.13 shows that the TM reflecte power behaves in a very similar
way to the TE case, for example, the TM reflecte power for H = 0.7 µm and θ =
15◦ is nearly −34 dB.
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Figure 4.12 Variation of the fundamental TE0 mode reflecte powers, in decibels, with the
waveguide height, H, and the facet angle, θ , as a parameter. (Reproduced with permission
from Obayya, S.S.A. (2004) Novel finit element analysis of optical waveguide discontinuity
problems. IEEE J. Lightwave Technol., 22 (5), 1420–1425. © 2004 IEEE.)
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Figure 4.13 Variation of the fundamental TM0 mode reflecte powers, in decibels, with the
waveguide height, H, and the facet angle, θ , as a parameter. (Reproduced with permission
from Obayya, S.S.A. (2004) Novel finit element analysis of optical waveguide discontinuity
problems. IEEE J. Lightwave Technol., 22 (5), 1420–1425. © 2004 IEEE.)

4.7 Optical Fibre Facet Problem
The problems of light scattering at the discontinuity planes of various optical wave-
guides have been considered in the literature using various numerical techniques, for
example [1,4,6,11]. However, the treatment of the optical fibr facet problem has been
dealt with in a relatively few publications. Based on the method of lines (MoL), a rigor-
ous numerical approach has been suggested in [17] to account for the diffraction of the
scalar LP modes of abruptly terminated optical fibers Although accurate, the analysis
has been restricted to the case of uncoated optical fibers Further, the time-consuming
modal-solution process to fin both the guided and radiation modes of both discontinu-
ity sides is inevitable prior to the calculation of the scattered fields On the other hand,
the finite-di ference time domain (FDTD) has been successfully applied to study the
propagation characteristics of optical fiber using an approach that adopts cylindrical
coordinates [18]. However, the FDTD is known to be computationally expensive in
terms of both the time and memory requirements compared to frequency-domain
techniques. The semi-analytical free-space radiation mode (FSRM) method [19]
has been shown to give a very accurate and yet numerically efficien full-vectorial
treatment of both uncoated and coated optical fibr facet problems [19]. The approach
is mainly based on the assumption that the fibr radiation modes are propagating in
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a uniform refractive index region. This assumption has proven valid for transverse
index variation up to 10%, which is the case in most optical fibr situations.

In the next section, an alternative scalar finite-elemen approach [2] is introduced.
Through the application of Galerkin’s finite-elemen procedure, the characteristic
matrix is generated for each side of the discontinuity plane. Conventionally, a lengthy
and tedious modal-solution approach would be followed to fin the guided and
radiation modes by performing an eigenvalue analysis on these matrices. Instead,
the mass matrix is lumped into a diagonal matrix, and its inverse is multiplied with
the original characteristic matrix to produce a new characteristic matrix as sparse
as the original one [1]. Then, the square-root operator of this matrix is approximated
using the Taylor’s series expansion, and through the enforcement of the boundary
conditions at the discontinuity plane, the reflecte and transmitted field can be found
numerically [1]. The numerical advantage of using the Taylor’s series expansion is
the avoidance of matrix inversion to represent high-order approximations as in Pade
approximation analysis [11]. Although the present finite-elemen approach is scalar,
it may be more fl xible than the FRSM method [19] in dealing with situations such as
coated angled fibr facets, where small angles would have a significan influenc on the
performance of the antireflectio (AR) coating, as will be seen later from the results.

4.8 Finite-Element Analysis of Optical Fibre Facets
4.8.1 Formulation
The schematic diagrams of the coated optical fibr facet problem and the 3D view are
shown in Figure 4.14. As may be noted from this figure the diameter of the fibr core
isD and the refractive indexes of the core and cladding are ncore and nclad, respectively.
The fibr facet can be either abruptly terminated by air or coated with an AR layer
of thickness dAR and refractive index nAR. These parameters are to be chosen in order
to minimise the reflectio to the fibr from the air. First, the problem of scattering of
the scalar LP01 mode from the uncoated fibr facet, as shown in Figure 4.15, will be
considered.

As shown from Figure 4.15, cylindrical coordinates are adopted and the disconti-
nuity plane is located at z = 0. For circularly symmetric structures, such as the one
in hand, and starting from Maxwell’s equations, the scalar wave equation governing
the propagation of the LP0m modes on each side of the discontinuity can be derived
as [17]

∂2Ei
∂z2 + 1

αi

∂

∂r

(
1
αi

∂Ei
∂r

)
+ 1

α2
i

1
r

∂Ei
∂r

+ k2
on

2
i Ei = 0 (4.14)

where i refers to the quantities in the ith side, ni is the refractive-index distribution, k0
is the free-space wavenumber and Ei is the electric field The parameter αi is related
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Figure 4.14 Schematic diagram of the coated optical fibr facet problem. (Reproduced with
permission from Obayya, S.S.A. (2006) Scalar finite-elemen analysis of optical-fibe facets.
IEEE J. Lightwave Technol., 24 (5), 2115–2121. © 2006 IEEE.)
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to the perfectly matched layer (PML) boundary condition, and is assumed to follow

α =
⎧
⎨

⎩

1 inside computational window

1 − j
σmax

ωεoεr

(
r − L
W

)2

inside PML
(4.15)

where ω is the frequency (= 2πc/λ), σ max is the maximum conductivity inside the
PML region,W is the width of the PML region and L is the width of the computational
window, as shown in Figure 4.15. Then, by dividing the radial cross section into a
number of first-orde line elements and applying Galerkin’s procedure to Equation
(4.14) leads to

[M]i
d2{E}i

dz2 + [k]i {E}i = {0} (4.16)

where {E}i is the electric fiel vector, {0} is the null vector, [M]i and [K]i are the
global mass and characteristic matrices of which the expressions are given as

[M]i =
∑

e

∫
[N ][N ]Tdr (4.17)

[K ]i =
∑

e

∫ (
k2
on

2
i [N ][N ]T − 1

α2
i r

[N ][N ]T − 1
α2
i

∂

∂r
[N ]

∂

∂r
[N ]T

)
dr (4.18)

In Equations (4.17) and (4.18), [N] represent the shape function vectors over
each element, T is the transpose and the summation

∑

e
is carried out over all the

elements. Equation (4.18) gives a proper representation of the characteristic matrix
as long as the singularity caused by r = 0 is avoided. However, as may be noted
from Figure 4.15, the firs element contains the singularity point, r = 0. In this
case, to avoid the singularity, the L’Hopital rule can be used to represent the term
(1/α2

i )(1/r )(∂Ei/∂r ) as Limr→0(1/r)(∂Ei/∂r) = (∂2Ei/∂r2). Therefore, for the firs
element only, the characteristic matrix will read

[K ]i =
∫ (

k2
0n

2
i [N ][N ]T − 2

α2
i

∂

∂r
[N ]

∂

∂r
[N ]T

)
dr (4.19)

4.8.2 Derivation of Finite-Element Matrices
In the MoL analysis [17], both guided and radiation modes of both discontinuity
sides are firs obtained, and then, by enforcing the continuity of the transverse
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electromagnetic field at the discontinuity plane, both reflecte and transmitted field
can be calculated. However, to avoid the lengthy and complicated process of per-
forming the modal analysis, an alternative approach is adopted [1]. As explained in
Section 4.4, the global mass matrix, [M], is firs converted into a diagonal matrix by
simply using the ‘lumping’ rule [1, 12] in Equation (4.6) (M̃ir,ir = ∑

jc
Mir, jc), where

the diagonal entry of the new lumped mass matrix M̃ at a particular row ‘ir’ is the sum
of all entries in that particular row of the original mass matrix, M. The summation
in Equation (4.6) is performed over all columns ‘jc’ of the original matrix where
nonzero entries exist. Then, the inverse of the lumped matrix would lend itself to be
simply another diagonal matrix of which the entries are the reciprocals of the lumped
mass matrix. Then, multiplying both sides of Equation (4.16) with the inverse of the
lumped mass matrix results in

d2{E}i
dz2 + [L]i {E}i = {0} with [L]i = [M̃]−1

i [K ]i (4.20)

It should be emphasised that the new characteristic matrix [L] is as sparse as the
original matrix [K], thanks to the lumping of the mass matrix into a diagonal matrix.
The formal solution of Equation (4.20) would be written on each side as

{E}i (z) = exp
(
− j

√
[L]i z

)
{E+}i + exp

(
j
√

[L]i z
)

{E−}i (4.21)

where {E+}i , and {E−}i are the forward and backward propagating field on each
side at the discontinuity plane z = 0. Assuming an LP0m mode is incident from the
fibr on side 1, as shown in Figure 4.15, and applying the continuity of the transverse
electric and magnetic field at z = 0 leads to

(√
[L]1 +

√
[L]2

)
E ref =

(√
[L]1 −

√
[L]2

)
E inc (4.22)

(
2
√

[L]1

)
E inc =

(√
[L]1 +

√
[L]2

)
E trans (4.23)

where Einc, Eref and Etrans denote the incident, reflecte and transmitted fields respec-
tively. The solution of the linear system of equations given in (4.22) and (4.23) yields
the reflecte and transmitted field once the incident fiel is known.

4.8.3 Application of Taylor’s Series Expansion
The square-root operator of the characteristic matrix can be evaluated accurately and
efficientl using Pade approximations [11]. However, the calculation of high-order
Pade approximations may be computationally intensive, as it requires the inversion of
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the matrix. Alternatively, Taylor’s series expansion is used here instead to represent
the square-root operator of the characteristic matrix around a reference wavenumber,
β, and the nth order approximation is given by [1]

√
L = β

⎛

⎝[I ] +
n∑

j=1

a j
j!

(
[L] − β2[I ]

β2

) j
⎞

⎠ (4.24)

where the expansion coefficient are given by a j = I I j−1
k=0 (n − k), j ≥ 1, n = 1/2 and

[I] is the identity matrix. As explained in Section 4.5, the reference wavenumber has
to be chosen as a complex number to truly represent both the guided and evanescent
modes generated at the discontinuity plane and, in turn, to satisfy the power-balance
condition. Therefore, the reference wavenumber is represented as β = β0ejϕ , where β0
is the real-value reference wavenumber and ϕ is taken in the range from 1 to 10◦ [1,11].

4.9 Iterative Analysis of Multiple Discontinuities
The fibr facet as schematically shown in Figure 4.14 can be either abruptly terminated
by air or coated with an AR layer of thickness dAR and refractive index nAR. These
parameters are to be chosen in order to minimise the reflectio to the fibr from the
air. As may be noted from Figure 4.14, the diameter of the fibr core is D and the
refractive indexes of the core and cladding are ncore and nclad, respectively.

In order to numerically simulate the wave propagation in the fibr facet termi-
nated by AR layer, an iterative bidirectional beam-propagation algorithm has been
implemented, based on the picture of the wave propagation given in Figure 4.16. The

Figure 4.16 Picture depicting the wave propagation in coated optical-fibr facet, where n is
the propagation trip number. (Reproduced with permission from Obayya, S.S.A. (2006) Scalar
finite-elemen analysis of optical-fibe facets. IEEE J. Lightwave Technol., 24 (5), 2115–2121.
© 2006 IEEE.)
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incident wave is the scalar LP01 mode from the optical-fibr side, and the discontinu-
ity analysis is performed at the interface separating the fibr and the AR coating to
fin the reflected and transmitted-fiel pair. The transmitted fiel is now allowed to
propagate forward inside the AR coating until it reaches the other discontinuity end
separating the AR coating and the air. This forward propagation is performed using
the conventional paraxial BPM. Upon performing the forward propagation in the AR
coating, a discontinuity analysis is carried out at the interface between the AR coating
and the air. As a result, the reflecte fiel is allowed to propagate backward in the AR
coating until it reaches the other end separating the AR coating and the fibre where
the discontinuity analysis is carried out to fin the total reflecte and transmitted
fields On the fibr and air sides, the total reflecte and transmitted field are updated
at the end of each propagation trip by appropriately adding up the contributions from
the scattered fields as shown in Figure 4.16. This process is repeated until a certain
convergence criterion is met. In this work, it has been chosen to stop the propagation
when the difference between the reflect vities calculated in the last two iterations is
less than 0.001 dB.

4.10 Numerical Assessment
4.10.1 Uncoated Fibre Facet
The problem of scattering of the scalar LP01 mode from the uncoated fibr facet [2],
as shown in Figure 4.15 will be investigated first In this study, the core and cladding
indexes of the optical fibr are taken as 1.4516 and 1.4473, respectively, and abruptly
terminated by air. At a wavelength of 1.55 µm, the fibr is excited with the scalar
LP01 mode of which the reflect vity against the core diameter is shown in Figure 4.17.
In all fibr facet examples presented here, the fibr cross section is enclosed in a
15 µm computational window represented by a nonuniform mesh of 500 line elements
and terminated by a PML layer of 1 µm width divided into fi e line elements with a
maximum conductivity σ max of 10.

The reflect vity of the LP01 mode is calculated by using

Reflect vity of LP01 mode =

∫
r E inc,∗E ref dr

∫
r
∣∣E inc∣∣2 dr

(4.25)

where ∗ denotes the complex conjugate, and Einc, Eref and Etrans denote the incident,
reflecte and transmitted fields as shown in Figure 4.15. Also, in all simulations, a
third-order Taylor’s series expansion was used as it gives accurate results. As may
be noted from Figure 4.17, the reflect vity of the scalar LP01 mode increases mono-
tonically with increasing the core diameter. Also, it is interesting to note that these
scalar finite-elemen results are in very good agreement with their scalar counterparts
obtained using the FSRM and reported in [19].
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Figure 4.17 Variation of the scalar LP01 mode reflect vity with the core diameter of an
uncoated optical fibre (Reproduced with permission from Obayya, S.S.A. (2006) Scalar
finite-elemen analysis of optical-fibe facets. IEEE J. Lightwave Technol., 24 (5), 2115–2121.
© 2006 IEEE.)

Also, shown in Figure 4.18 is the variation of the total reflecte and total transmitted
powers, normalised to the incident power, with the core diameter. The incident, total
transmitted and total reflecte powers are calculated by using

Incident power = Re
(∫

E inc
(√

[L]1E inc
)∗
r dr

)
(4.26)

Reflecte power = Re
(∫

E ref
(√

[L]1E ref
)∗
r dr

)
(4.27)

Incident power = Re
(∫

E trans
(√

[L]2E trans
)∗
r dr

)
(4.28)

As may be observed from Figure 4.18, the total power (reflecte + transmitted) is
balanced to the incident power within less than 0.05%, which clearly shows that the
power-balance condition is satisfied thanks to the proper treatment of the evanescent
modes generated at the discontinuity plane by using the concept of the complex-value
reference wavenumber.
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Figure 4.18 Variation of the total reflecte (Pref) and total transmitted (Ptrans) powers with
the core diameter of an uncoated optical fibr (power balance). (Reproduced with permission
from Obayya, S.S.A. (2006) Scalar finite-elemen analysis of optical-fibe facets. IEEE J.
Lightwave Technol., 24 (5), 2115–2121. © 2006 IEEE.)

For a specifi value of the core diameter of 8.7 µm, the spectral variation of the
scalar LP01 mode reflect vity in the wavelength range from 1 to 3 µm is shown in
Figure 4.19. It could be noted from this figur that the scalar LP01 mode reflect vity
is monotonically decreasing as the wavelength is increased. These results can be
explained by adopting the simple, but less accurate, Fresnel’s formula for predicting
the reflect vity by using

Reflect vity = (neff − 1)
(neff + 1)

(4.29)

where neff is the effective index of the scalar LP01 mode. As the wavelength is
increased, the fundamental LP01 mode becomes less confine to the core and more
spread into the cladding, giving rise to lower values of the effective index neff, and
hence to lower values of the reflect vity, as predicted by Equation (4.29). Once again,
there is an excellent agreement between the results obtained using this finite-elemen
approach and its scalar counterparts reported in [19] using the FSRM method.

4.10.2 Single Antireflectio Layer
The next example, shown in Figure 4.14, is an optical fibr with the same refractive-
index distribution and with a core diameter of 8.7 µm, and the facet is coated with
a single quarter-wavelength AR coating [2] with a refractive index of (neff)0.5 and a
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Figure 4.19 Spectral variation of the scalar LP01 mode reflect vity from an uncoated optical-
fibr facet. (Reproduced with permission from Obayya, S.S.A. (2006) Scalar finite-elemen
analysis of optical-fibe facets. IEEE J. Lightwave Technol., 24 (5), 2115–2121. © 2006
IEEE.)

thickness dAR of 1.3/(4n0.5
eff ), where neff is the effective index of the LP01 mode at the

central design wavelength, taken here as 1.3 µm. In order to numerically simulate
the wave propagation in the fibr facet terminated by the AR layer, the iterative
bidirectional beam-propagation algorithm has been used, as shown in Figure 4.16.
At a wavelength of 1.3 µm, Figure 4.20 shows the convergence of the calculated
reflect vity of the coated optical fibr with the number of propagation trips using the
presented iterative bidirectional BPM algorithm. As maybe noticed, less than fi e
propagation trips are enough to achieve convergence.

Figure 4.21 shows the variation of the LP01 mode reflect vity with the wavelength
in the case of an AR coated optical fibre As may be seen here, the reflect vity at the
central design wavelength, 1.3 µm, is about −63 dB, thanks to the proper selection of a
quarter-wavelength AR coating. The fact that the reflect vity at the central wavelength
is quite small is also quite evident from the reflecte fiel distribution inside the fibre
with and without the AR coating, as shown in Figure 4.22. It may also be noticed
that the results obtained using the finite-element-base bidirectional BPM are in very
good agreement with their scalar counterparts obtained using the FSRM method and
reported in [19], as shown in Figure 4.21, and also as evident from Table 4.1. It
should be mentioned that each of the simulation points for the uncoated and coated
fibr facets, represented by a nonuniform 500 line elements, takes about 20 and 30 s,
respectively, on a PC (Pentium IV, 2.66 GHz).
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Figure 4.20 Numerical convergence of the reflect vity from a coated optical-fibr facet with
the number of propagation trips in the bidirectional BPM. (Reproduced with permission from
Obayya, S.S.A. (2006) Scalar finite-elemen analysis of optical-fibe facets. IEEE J. Lightwave
Technol., 24 (5), 2115–2121. © 2006 IEEE.)
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(Reproduced with permission from Obayya, S.S.A. (2006) Scalar finite-elemen analysis of
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Table 4.1 Values of the reflect vity of the fundamental LP01 mode at different wavelengths
for an optical fibe with an AR coating (the same as shown in Figure 4.21), obtained using
the present finite-elemen approach (column 2), and their scalar counterparts reported in [19]
using the FSRM method (column 3). (Reproduced with permission from Obayya, S.S.A.
(2006) Scalar finite-elemen analysis of optical-fibe facets. IEEE J. Lightwave Technol., 24
(5), 2115–2121. © 2006 IEEE.)

Wavelength, λ (µm)
Reflect vity (dB),

Present FE Approach
Reflect vity (dB),

FRSM [19]

1.100 −25.547 −25.60
1.250 −38.562 −38.60
1.275 −44.697 −44.70
1.290 −52.385 −52.40
1.300 −62.152 −63.00
1.325 −45.003 −45.00
1.350 −39.218 −39.20
1.400 −33.549 −33.60
1.500 −28.188 −28.20
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of the uncoated fibr facet. (Reproduced with permission from Obayya, S.S.A. (2006) Scalar
finite-elemen analysis of optical-fibe facets. IEEE J. Lightwave Technol., 24 (5), 2115–2121.
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4.10.3 Slanted Interfaces
The case of an uncoated multimode fibr with angled facet [2], as shown in the inset of
Figure 4.23, is also considered using the present scalar finite-elemen approach. At a
wavelength of 1.3 µm, the fibr is selected to have a core diameter of 30 µm, and core
and cladding refractive indexes of 1.4516 and 1.44, respectively, to be multimoded. In
order to apply the present finite-elemen approach, a virtual interface perpendicular
to the fibr cross section replaces the original angled facet, as shown in the inset of
Figure 4.23. Then, after performing the discontinuity analysis on this perpendicular
‘virtual’ interface, the phase front of the calculated reflecte fiel is modifie to be
2nkor sin θ , where n is the refractive-index distribution of the fibre and θ is the
tilt angle, in order to obtain the reflecte fiel at the real angled interface [1]. The
incident fiel is the LP01 mode, and due to mode coupling, the reflecte fiel spectrum
includes both the fundamental and higher-order modes. The reflect vities of the firs
four LP0m modes are calculated, and their variations with the tilt angle θ are shown in
Figure 4.23. Those reflect vities are calculated by simply performing overlap integrals
of the reflecte fiel and the normalised electric-fiel profile of the firs four LP0m
modes using expressions similar to (4.24). As can be observed from this figure the
reflect vity of the LP01 mode is monotonically decreasing as the tilt angle θ increases.
On the other hand, it can be observed from Figure 4.23 that the reflect vity of any
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the angled-facet fibr coated with an AR coating. (Reproduced with permission from Obayya,
S.S.A. (2006) Scalar finite-elemen analysis of optical-fibe facets. IEEE J. Lightwave Technol.,
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higher-order LP0m mode reaches a peak value at a particular tilt angle, and then starts
to monotonically decrease as the tilt angle increases. Also, it can be noted that the
peak value of the reflect vity of any higher-order LP0m mode decreases asm increases,
and its tilt angle tends to increase.

Finally, the case of an angled-facet fibr with an AR coating is investigated. The
parameters of the structure, shown as an inset in Figure 4.24, are the same as those
considered in Figure 4.21. At the central design wavelength of 1.3 µm, the variation
of the reflect vity of the fundamental LP01 mode with the tilt angle θ is shown in
Figure 4.24. It can be noticed from Figure 4.24 that the reflect vity of the LP01 mode
has drastically changed from −63 to about −21 dB for a tilt angle of only ±1◦. These
results show clearly that even small tilt angles of the fibr interface can lead to a
deterioration of the performance of the AR coating.
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5
Complex-Envelope
Alternating-Direction-Implicit
Finite-Difference Time-Domain
Method

5.1 Introduction
In this chapter, emphasis will be put on the finite-di ference time-domain technique,
taking into account its advantages and its main drawbacks. In particular, a detailed
description of how those drawbacks have been solved with the advent of the
alternating-direction implicit FDTD (ADI-FDTD) technique and the complex-
envelope ADI-FDTD (CE-ADI-FDTD) technique is given. Also, a comprehensive
analysis of the perfectly matched layer (PML) boundary conditions will be also
given, putting more emphasis on the new formulation of the uniaxial PML (UPML)
boundary conditions for the CE-ADI-FDTD. At the end of the chapter, numerous ex-
amples will be given in order to assess the effectiveness of the new formulation of the
UPML boundary conditions for the CE-ADI-FDTD in the context of photonic crystal
devices. The great improvement in the absorption properties of the proposed boundary
conditions will be shown to be positively reflecte in the excellent enhancement of
the stability properties of the numerical code. In this way, larger time-step sizes can
be employed with negligible impact on the numerical accuracy of the numerical code
and with consequent huge savings in computational resources.
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5.2 Maxwell’s Equations
All electromagnetics problems can be solved by considering Maxwell’s equations
with appropriate boundary conditions. In their differential form, Maxwell’s equations
are expressed by

∇ × Ē = −∂ B̄
∂t

(5.1)

∇ × H̄ = J̄ + ∂ D̄
∂t

(5.2)

∇ · D̄ = ρ (5.3)
∇ · B̄ = 0 (5.4)

where Ē is the electric field D̄ is the electric flu density, H̄ is the magnetic field B̄ is
the magnetic flu density, ρ is the electric charge density and J̄ is the current density.
At firs sight, it can be said that for a given electric charge distribution, ρ and a current
density, J̄ , solving Equations (5.1)–(5.4) can determine the solution of any given
electromagnetic problem. However, this is not the case because Equations (5.1)–(5.4)
do not form a well-posed problem. It can be easily demonstrated that Equations
(5.1) and (5.4) are not independent, as well as Equations (5.2) and (5.3). In order to
overcome this problem two more vectorial relationships need to be introduced, and
these two relationships are represented by the constitutive relations, written as

D̄ = ε Ē (5.5)
B̄ = µH̄ (5.6)

where ε represents the permittivity and µ represents the permeability of the medium.
It has to be mentioned that Equations (5.5)–(5.6) are valid for a linear, isotropic,
homogeneous medium which implies ε and µ are scalar quantities.

5.3 Brief History of the Finite-Difference Time-Domain
(FDTD) Method

The finite-di ference time domain (FDTD) method is one of the most popular com-
putational techniques employed in the research environment for a wide variety of
applications covering many different areas. The FDTD method was firs proposed by
Yee in 1966 [1] and it represented a simple and accurate yet efficien way to discretise
Maxwell’s equations. However, computer technology was not mature enough to fully
exploit the potential of the method at the time. With the increase in computational
power and its decreasing costs, the FDTD method started to become more and more
attractive and its popularity has grown exponentially since. Tafl ve was one of the
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firs to give a boost to the FDTD method [2] with a rigorous analysis of the numeri-
cal dispersion and anisotropy errors of the method. A couple of years later, the firs
application of the FDTD in the context of electromagnetic analysis was presented by
Holland [3]. In 1981, the firs second-order and numerically stable absorbing boundary
conditions (ABCs) were introduced by Mur [4]. The performance of these new ABCs,
in terms of the absorption of the incoming waves at the boundaries of the compu-
tational domain, was very good when compared with the, at the time, widely used
radiating conditions, with a consequent reduction in the computational domain size
and the computational burden. A few years later, the FDTD method was also used for
the firs time for the simulation of waveguide structures by Choi [5]. In that work, the
efficien y, in terms of CPU time and memory allocation compared to the transmission
line matrix (TLM) method, was shown. In 1990 in work published by Kashiwa and
Fukay [6], the FDTD was for the firs time applied for the modelling of dispersive
media, optimised by Joseph et al. [7] in 1991, and successively extended to the sim-
ulation of nonlinear media by Goorijan and Tafl ve [8]. In similar work conducted
by Ziolkowsky and Judkins [9], the self-focusing phenomenon was analysed with the
use of FDTD and was later extended to the analysis of active materials by Toland
et al. [10]. In innovative work published in 1994, Berenger [11] developed a novel
class of ABCs, the perfectly matched layers (PMLs), an artificia medium surround-
ing the computational domain which acts as absorber of the impinging waves. The
approach developed by Berenger has been shown to be robust and with absorbing
performances much better than any other boundary conditions established at the time.
In 1995, Sacks et al. [12] and Gedney [13] developed the uniaxial perfectly matched
layer (UPML) ABC which represented a physically realisable version of the PML.
Recently, in work published by Chang and Tafl ve [14], the FDTD has been also
extended to the simulation of quantum-mechanical effects with a model of lasing in a
four-level, two-electron atomic system.

5.4 Finite-Difference Time-Domain (FDTD) Method
The FDTD method is a quite general method for the simulation of electromagnetic
devices for all range of frequencies from the microwave to the optical regime. The
power of the method lies in its simple formulation in which no restrictive assumptions
are made in order to preserve its applicability to a wide range of problems. Considering
a 3D space with no electric or magnetic current sources, but with materials that present
electric and magnetic conductivity, Maxwell’s equations are then written as

∇ × Ē = −µ0µr
∂ H̄
∂t

− σ ∗ H̄ (5.7)

∇ × H̄ = ε0εr
∂ Ē
∂t

+ σ Ē (5.8)
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where Ē = (
Ex x̄ Ey ȳ Ez z̄

)T is the electric field H̄ = (
Hx x̄ Hy ȳ Hz z̄

)T is the mag-
netic fiel and where T represents the matrix transpose, ε0 and µ0 are the permittivity
and permeability of the free space, respectively, εr and µr are the relative permittivity
and the relative permeability of the medium, respectively, and σ and σ ∗ are the elec-
tric and magnetic conductivity of the medium, respectively. Equations (5.7) and (5.8)
represent Maxwell’s equations written in differential form and the electric fiel Ē
and the magnetic fiel H̄ are vector quantities. Each of the two previous equations
represents three scalar equations, one for each electromagnetic fiel component, so
that vectorial Equations (5.7) and (5.8) can be written in the following six scalar
equations:

∂Ez
∂y

− ∂Ey
∂z

= −µ0µr
∂Hx
∂t

− σ ∗Hx (5.9)

∂Ex
∂z

− ∂Ez
∂x

= −µ0µr
∂Hy
∂t

− σ ∗Hy (5.10)

∂Ey
∂x

− ∂Ex
∂y

= −µ0µr
∂Hz
∂t

− σ ∗Hz (5.11)

∂Hz
∂y

− ∂Hy
∂z

= ε0εr
∂Ex
∂t

+ σ Ex (5.12)

∂Hx
∂z

− ∂Hz
∂x

= ε0εr
∂Ey
∂t

+ σ Ey (5.13)

∂Hy
∂x

− ∂Hx
∂y

= ε0εr
∂Ez
∂t

+ σ Ez (5.14)

Equations (5.9)–(5.14) can be used for the solution of any electromagnetic problem
once the appropriate boundary conditions are given. But for a numerical analysis
Equations (5.9)–(5.14) are of no use in the present form. In order to store the equations
on a computer memory, a process of discretisation in time and in space needs to be
applied to switch from infinit and continuous domains to finit and discretised
domains.

5.4.1 Discretisation in Space and Time: The Yee’s Algorithm and the
Leapfrog Scheme

The basic idea of Yee’s algorithm is to position the electromagnetic fiel components
in specifie places in a unit 3D cell in order to construct a finite-di ference notation
of Maxwell’s equations capable of calculating the time and space derivative with
second-order accuracy [15]. The electric and magnetic fiel components are placed as
shown in Figure 5.1. The position of the electromagnetic fiel components as shown
in Figure 5.1 leads to a series of advantages:
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Figure 5.1 Arrangement of the six electromagnetic fiel components on the Yee cell for a
3D case.

� The update of the electric and magnetic fiel components is made considering the
coupled set of Maxwell’s equations instead of evaluating them considering only the
electric or magnetic fiel as happens for the wave equation.

� The electric, Ē , and magnetic, H̄ , components are placed in such a way that each
single component of a fiel is surrounded by four components of the other field

� The continuity relation of the tangential components at the interface between two
different materials is held in a natural and straightforward manner if this interface
is parallel to one of the directions of the unit 3D cell, so that no further relations for
the electromagnetic fiel components have to be forced.

� The electric and magnetic fiel components are also placed in an alternate manner
in the discretised time domain in a way that in order to update the electric fiel
components the magnetic fiel components calculated in the previous step are
used, and the updated electric fiel components obtained are then used to update
the magnetic fiel components. This is shown in Figure 5.2, where a 1D case
is considered. This update process is called time-stepping and the electric and
magnetic fiel components are placed in time with a scheme called leapfrog [15].
This scheme permits the numerical wave to propagate in the computational domain
as the simulation is running without any artificia decay due to the time-stepping
process.

Figure 5.2 Arrangement of the electric- and magnetic-fiel components with the leapfrog
scheme for a 1D case.



P1: OTA/XYZ P2: ABC
c05 BLBK325-Obayya August 4, 2010 19:26 Printer Name: Yet to Come

100 Computational Photonics

The collocation of the electromagnetic fiel components described by the Yee cell
in space and by the leapfrog scheme in time permits second-order accuracy to be
achieved in the calculation of space and time derivatives of Maxwell’s equations.

5.4.2 Finite-Difference Notation of Maxwell’s Equations
The finite-di ference notation of Maxwell’s equations is obtained by applying Yee’s
algorithm to Equations (5.9)–(5.14). Starting from Equation (5.9) the finite-di ferent
notation is obtained as follows. First, Equation (5.9) needs to be rewritten in such a
way that the time derivative is be put on the LHS of the equation itself, while the rest
of the equation should be on the RHS

∂Hx
∂t

= − 1
µ0µr

(
∂Ez
∂y

− ∂Ey
∂z

+ σ ∗Hx
)

(5.15)

Following the notation in [15], Equation (5.15) is then dicretised following the
leapfrog scheme for the time derivative and the Yee cell to discretise the space
derivatives

Hx |n+1
i−1/2, j+1,k+1 − Hx |ni−1/2, j+1,k+1

�t
= − 1

µ0µr|i−1/2, j+1,k+1
⎛

⎜⎜
⎝

Ez|n+1/2
i−1/2, j+3/2,k+1 − Ez|n+1/2

i−1/2, j+1/2,k+1

�y
−
Ey|n+1/2

i−1/2, j+1,k+3/2 − Ey|n+1/2
i−1/2, j+1,k+1/2

�z

+σ ∗|i−1/2, j+1,k+1Hx |n+1/2
i−1/2, j+1,k+1

⎞

⎟⎟
⎠

(5.16)

where �t is the time increment or time step, and �y and �z are the space increments
along the y- and z-axes, respectively. As can be seen from Equation (5.16), the Hx
component on the RHS of the equation is evaluated at the time step n + 1

/
2, which

implies that this magnetic-fiel component is collocated in time with the electric-
fiel components, in clear violation of the leapfrog scheme (see Figure 5.2). In order
to solve this problem, the Hx component on the RHS is calculated using a linear
approximation

Hx |n+1/2
i−1/2, j+1,k+1 =

Hx |ni−1/2, j+1,k+1 + Hx |n+1
i−1/2, j+1,k+1

2
(5.17)
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The substitution of Equation (5.17) into Equation (5.16) yields

Hx |n+1
i−1/2, j+1,k+1 − Hx |ni−1/2, j+1,k+1

�t
= − 1

µ0µr|i−1/2, j+1,k+1⎛

⎜⎜⎜⎜
⎝

Ez|n+1/2
i−1/2, j+3/2,k+1 − Ez|n+1/2

i−1/2, j+1/2,k+1

�y
−
Ey|n+1/2

i−1/2, j+1,k+3/2 − Ey|n+1/2
i−1/2, j+1,k+1/2

�z

+σ ∗|i−1/2, j+1,k+1
Hx |n+1

i−1/2, j+1,k+1 − Hx |ni−1/2, j+1,k+1

2

⎞

⎟⎟⎟⎟
⎠

(5.18)

and then isolating Hx at the time step n + 1, the following equation is obtained

Hx |n+1
i−1/2, j+1,k+1

=

⎛

⎜⎜
⎝

1 − σ ∗|i−1/2, j+1,k+1�t
2µ0µr|i−1/2, j+1,k+1

1 + σ ∗|i−1/2, j+1,k+1�t
2µ0µr|i−1/2, j+1,k+1

⎞

⎟⎟
⎠ Hx |ni−1/2, j+1,k+1 −

⎛

⎜⎜
⎝

�t
µ0µr|i−1/2, j+1,k+1

1 + σ ∗|i−1/2, j+1,k+1�t
2µ0µr|i−1/2, j+1,k+1

⎞

⎟⎟
⎠

⎛

⎝
Ez|n+1/2

i−1/2, j+3/2,k+1 − Ez|n+1/2
i−1/2, j+1/2,k+1

�y
−
Ey|n+1/2

i−1/2, j+1,k+3/2 − Ey|n+1/2
i−1/2, j+1,k+1/2

�z

⎞

⎠

(5.19)

Equation (5.19) is the finit difference form of Equation (5.15). Applying the same
procedure followed for Equation (5.9) to Equations (5.10)–(5.14), the following set
of discretised equations is obtained

Hy|n+1
i, j+1/2,k+1

=

⎛

⎜
⎜
⎝

1 − σ ∗|i, j+1/2,k+1�t
2µ0µr|i, j+1/2,k+1

1 + σ ∗|i, j+1/2,k+1�t
2µ0µr|i, j+1/2,k+1

⎞

⎟⎟
⎠ Hy|ni, j+1/2,k+1 −

⎛

⎜
⎜
⎝

�t
µ0µr|i, j+1/2,k+1

1 + σ ∗|i, j+1/2,k+1�t
2µ0µr|i, j+1/2,k+1

⎞

⎟⎟
⎠

⎛

⎝
Ex |n+1/2

i, j+1/2,k+3/2 − Ex |n+1/2
i, j+1/2,k+1/2

�z
−
Ez|n+1/2

i+1/2, j+1/2,k+1 − Ez|n+1/2
i−1/2, j+1/2,k+1

�x

⎞

⎠

(5.20)
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Hz|n+1
i, j+1,k+1/2

=

⎛

⎜⎜
⎝

1 − σ ∗|i, j+1,k+1/2�t
2µ0µr|i, j+1,k+1/2

1 + σ ∗|i, j+1,k+1/2�t
2µ0µr|i, j+1,k+1/2

⎞

⎟⎟
⎠ Hz|ni, j+1,k+1/2 −

⎛

⎜⎜
⎝

�t
µ0µr|i, j+1,k+1/2

1 + σ ∗|i, j+1,k+1/2�t
2µ0µr|i, j+1,k+1/2

⎞

⎟⎟
⎠

⎛

⎝
Ey|n+1/2

i+1/2, j+1,k+1/2 − Ey|n+1/2
i−1/2, j+1,k+1/2

�x
−
Ex |n+1/2

i, j+3/2,k+1/2 − Ex |n+1/2
i, j+1/2,k+1/2

�y

⎞

⎠

(5.21)
Ex |n+1/2

i, j+1/2,k+1/2

=

⎛

⎜⎜
⎝

1 − σ |i, j+1/2,k+1/2�t
2ε0εr|i, j+1/2,k+1/2

1 + σ |i, j+1/2,k+1/2�t
2ε0εr|i, j+1/2,k+1/2

⎞

⎟⎟
⎠ Ex |n−1/2

i, j+1/2,k+1/2 −

⎛

⎜⎜
⎝

�t
ε0εr|i, j+1/2,k+1/2

1 + σ |i, j+1/2,k+1/2�t
2µ0µr|i, j+1/2,k+1/2

⎞

⎟⎟
⎠

(
Hz|ni, j+1,k+1/2 − Hz|ni, j,k+1/2

�y
−
Hy|ni, j+1/2,k+1 − Hy|ni, j+1/2,k

�z

)

(5.22)
Ey|n+1/2

i−1/2, j+1,k+1/2

=

⎛

⎜⎜
⎝

1 − σ |i−1/2, j+1,k+1/2�t
2ε0εr|i−1/2, j+1,k+1/2

1 + σ |i−1/2, j+1,k+1/2�t
2ε0εr|i−1/2, j+1,k+1/2

⎞

⎟⎟
⎠ Ey|n−1/2

i−1/2, j+1,k+1/2 −

⎛

⎜⎜
⎝

�t
ε0εr|i−1/2, j+1,k+1/2

1 + σ |i−1/2, j+1,k+1/2�t
2ε0εr|i−1/2, j+1,k+1/2

⎞

⎟⎟
⎠

(
Hx |ni−1/2, j+1,k+1 − Hx |ni−1/2, j+1,k

�z
−
Hz|ni, j+1,k+1/2 − Hz|ni−1, j+1,k+1/2

�x

)

(5.23)
Ez|n+1/2

i−1/2, j+1/2,k+1

=

⎛

⎜⎜
⎝

1 − σ |i−1/2, j+1/2,k+1�t
2ε0εr|i−1/2, j+1/2,k+1

1 + σ |i−1/2, j+1/2,k+1�t
2ε0εr|i−1/2, j+1/2,k+1

⎞

⎟
⎟
⎠ Ez|n−1/2

i−1/2, j+1/2,k+1 −

⎛

⎜⎜
⎝

�t
ε0εr|i−1/2, j+1/2,k+1

1 + σ |i−1/2, j+1/2,k+1�t
2ε0εr|i−1/2, j+1/2,k+1

⎞

⎟
⎟
⎠

(
Hy|ni, j+1/2,k+1 − Hy|ni, j+1/2,k+1

�x
−
Hx |ni−1/2, j+1,k+1 − Hx |ni−1/2, j,k+1

�y

)

(5.24)
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The updating process of Equations (5.19)–(5.24) starts with the calculation of the
electric-fiel components at the time step n + 1

/
2 using the electric-fiel components

at the time step n − 1
/

2 and the magnetic-fiel components at the time step n.
Following, the update of the magnetic fiel components at the time step n + 1 is
performed using the magnetic-fiel components at the time step n and the electric-
fiel components just calculated at the time step n + 1

/
2. This procedure is then

repeated for each time step until a steady state is reached or the fi ed maximum
number of time steps is reached.

5.4.3 Numerical Stability
The choice of the time increment and the space increments with which the compu-
tational domain is discretised can affect the velocity of propagation of the numerical
waves in the computational domain with consequences for the numerical accuracy of
the FDTD scheme [15]. Particular attention needs to be paid in the choice of the time
step �t in order to avoid the accumulation of numerical error during the process of
time-stepping, which can increase without limit leading to instability of the FDTD
scheme. The analysis of the numerical stability can be performed in two different
ways:

� With the Courant, Friedrich, Levy and Von Neumann criterion which basically
studies the stability relative to the spatial derivatives of the wave equation and the
stability relative to the time derivative of the same equation separately. This implies
a split of the stability analysis into two relatively simple problems to be solved. As a
necessary condition, it is required that the eigenspace of the spatial derivatives must
be a subset of the eigenspace of the stable solutions of the time derivative [15].

� With complex-frequency analysis, in which complex solutions of the dispersion
relation for the FDTD grid are considered [15, 16].

Both analyses lead to a relationship which links the time increment, the time step, to
the space increments, the space steps, which also guarantees the numerical stability
of the FDTD scheme. In order to guarantee the stability of the FDTD scheme, it is
sufficien that

2

√
1

�x2 + 1
�y2 + 1

�z2 ≤ 2
�t

(5.25)

where �x , �y and �z are the space steps along the x-, y- and z-axes, respectively, and
�t is the time step. It needs to be mentioned that the previous relationship has been
normalised to the speed of light, c, in the medium considered in the computational
domain. With simple algebraic manipulation and considering a generic medium inside
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the computational domain, the relationship is finall obtained that bounds the time
step of the FDTD scheme in order to ensure the stability of the numerical method

�t ≤ 1

c
√

1
�x2 + 1

�y2 + 1
�z2

(5.26)

Equation (5.26) is also known as the Courant–Friedrich–Levy stability criterion. As
an example of the application of Equation (5.26), if the Yee cell considered for the
discretisation of the computational domain is cubic with �x = �y = �z = �, from
Equation (5.26)

�t ≤ 1

c
√

1
�2 + 1

�2 + 1
�2

= 1

c
√

3
�2

= �

c
√

3
(5.27)

It needs to be mentioned that the previous relationships have been calculated by
considering a computational domain fille with a homogeneous medium. Neverthe-
less, the validity of Equation (5.26) still holds, even if the computational domain is
fille with a nonhomogeneous medium, because it simply represents the worst-case
scenario in the choice of the time step, �t. For this reason, the validity of Equation
(5.26) is sufficien to ensure the stability of the numerical scheme for an indefinit
number of time steps. On the other hand, it has to be noted that the stability of the
FDTD scheme is not only affected by the validity of Equation (5.26). Other factors,
such as the boundary conditions (BCs) applied to the computational domain, the
employment of nonuniform meshes for the discretisation of the computational do-
main, dispersive media, nonlinear media and media with loss can affect the stability of
the FDTD method. Nevertheless, huge numbers of simulations run for these cases in
the research environment have shown that the FDTD method can be usefully applied
because the stability of the scheme, even though not for an indefinit number of time
steps, is ensured for thousands of time steps, or at least for the number of time steps
necessary to extract all the essential information from the simulation [15].

5.4.4 Numerical Dispersion
In simulations carried out with the FDTD method it is possible to note that the phase
velocity of the propagating waves involved in the updating of the numerical scheme
can travel in the computational domain with different velocities for each wavelength.
This phenomenon is known as numerical dispersion and it is due to different factors,
such as the wavelength of the travelling wave, the direction of propagation of the
wave inside the computational domain and the resolution of the mesh chosen for the
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discretisation of the computational domain. This is a nonphysical phenomenon and it
is undesirable because it can add delays or phase errors to the propagating wave, which
can lead, as fina results, to pseudo-refraction, nonphysical anisotropy and increased
pulse width [17,18]. Unfortunately, this phenomenon is due to the discretised nature of
the scheme, it is intrinsically related to the Yee cell and it cannot be totally eliminated.
It is important then to understand how this phenomenon can affect the accuracy of the
results obtained with the FDTD method and how it is possible to minimise the effects
of this source of error. The numerical dispersion of the FDTD method is analysed by
comparing the equation for the numerical dispersion obtained for the Yee cell with
the equation for the numerical dispersion for the continuous case [15]. From this
comparison it is possible to get information on how to set the discretisation steps in
space in order to minimise the effects of the numerical dispersion. The equation for
the numerical dispersion for a discretised computational domain is [15]

[
1

�x
sin

(
kx�x

2

)]2

+
[

1
�y

sin
(
ky�y

2

)]2

+
[

1
�z

sin
(
kz�z

2

)]2

=
[

1
c�t

sin
(

ω�t
2

)]2

(5.28)

where �x, �y and �z are the space steps along the x-, y- and z-axes, respectively,
�t is the time step, c is the velocity of light, ω is the angular frequency, and kx, ky
and kz are the wave-vector components. For a travelling plane wave in a 3D lossless
medium, the dispersion equation is

ω2

c2 = k2
x + k2

y + k2
z (5.29)

Taking into account the following well-known limit

lim
x→0

sin x
x

= 1 (5.30)

it is straightforward to see that Equation (5.28) is equal to Equation (5.29), when at
the same time �x→ 0, �y→ 0, �z→ 0 and �t→ 0. This means that the only way
to reduce the effects of the numerical dispersion is to employ very fin meshes and a
very small time step at the same time. But in order to have a quantitative analysis on
how small the space increments have to be in order to limit the dispersion error on
the results obtained by means of the FDTD method, a 2D example will be analysed.
Considering a 2D computational domain discretised using a square Yee cell (�x =
�y = �), and supposing a plane wave propagating in this 2D space forms an angle,
α, with the positive direction of the x-axis (kx = k cos (α), and ky = k sin (α)), the
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Figure 5.3 Variation of the normalised phase velocity of a plane wave propagating in a 2D
computational domain with the angle of propagation for three different mesh resolutions.

equation for the numerical dispersion can be rewritten as

sin2
(
k cos (α) �

2

)
+ sin2

(
k sin (α) �

2

)
=

(
�

c�t

)
sin2

(
ω�t

2

)
(5.31)

From Equation (5.31) it is possible to evaluate the wave vector, k, for each direction
of propagation, α, using, for instance, an iterative method [15]. The result of the
procedure is shown in Figure 5.3 for three different resolutions of the mesh used to
discretise the computational domain. From Figure 5.3 it is possible to note that the
phase velocity of the propagating wave is always less than the velocity of the light
and it has two minima for the directions of propagation α = 0◦ and α = 90◦ while it
possesses a maximum for α = 45◦. This variation of the phase velocity with the angle
of propagation of the wave doesn’t depend on the grid resolution, which confirm
that this numerical dispersion is intrinsic to the Yee lattice. Even though this variation
cannot be eliminated, it is possible to reduce it by simply choosing an appropriate
grid resolution for the computational domain. From Figure 5.3 it can be seen that
with a grid resolution of � = λ / 20, the variation of the normalised phase velocity is
reduced to 0.3%, which can be considered as a lower bound in order to get accurate
results.

Different solutions to the numerical dispersion problem of the FDTD scheme have
been proposed in the literature. In a work proposed by K. Suzuki et al. [19] a further
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reduction of the numerical dispersion has been reached by employing an anisotropic
velocity of light which compensates the anisotropy introduced by the Yee lattice. J.S.
Juntunen et al. [18] have proposed the compensation of the anisotropy of the phase
velocity by acting directly in the dielectric properties of the simulated material inside
the computational domain. Both solutions reach the goal of a further reduction in
the anisotropy of the phase velocity introduced by the Yee cell without increasing the
need for the computational resources of the FDTD method. But the main disadvantage
of both solutions is that this reduction is effectively reached for a single frequency
signal, while for signals with a broad spectrum of frequencies their effectiveness is
slightly compromised.

To overcome this problem, high-order schemes have been applied to the FDTD
method [17, 20, 21]. These high-order schemes also effectively reduce the numerical
dispersion for coarser meshes and furthermore this reduction, even though the analysis
has been formulated for a single frequency signal, has been proven to be effective for
signals with a broader spectrum of frequencies. The main disadvantage of these high-
order schemes is their need for computational resources, which makes them suitable
for problems that require the analysis of relatively big structures, such as electrically
elongated domains for waveguide problems [21].

5.5 Alternating-Direction-Implicit FDTD (ADI-FDTD): Beyond the
Courant Limit

The simple formulation of the FDTD method and its ability to simulate a wide variety
of devices for a large range of frequencies, from the microwave to the optical regime,
have made this method one of the most popular in the research environment. But for
classes of problems such as resonant cavities with very high quality factors, Q, and
structures with geometrical features very small compared to the shortest wavelength
involved, the requirement for computational resources of the FDTD method can be
prohibitive. This is quite intuitive, taking into account that the time steps employed
in FDTD simulations are bounded by Equation (5.26). For this reason, research effort
has been put into findin a way to make the FDTD more efficien for such classes of
problems. These efforts have given birth to the alternating-direction-implicit finite
difference time-domain (ADI-FDTD) method [22−26]. The main advantage of the
ADI-FDTD method over conventional FDTD is that the time-step size that can be
employed is not bounded by the CFL criterion expressed by Equation (5.26). This
property allows a great reduction in the number of time steps necessary to complete
a single simulation with a direct impact on computational resources. However as
a drawback, the time-step size also has effects on the numerical accuracy of the
ADI-FDTD method which, as a matter of fact, puts a limit on larger time-step sizes
[23, 24].
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In this method, the electromagnetic-fiel components are still placed in space
following the Yee cell arrangement, as shown in Figure 5.1, but in time do not follow
the leapfrog arrangement. In particular, a single time step is divided in two halves in
which the electromagnetic-fiel components are collocated and not staggered, as in
the conventional FDTD method. Following a similar procedure for the discretisation
process of the Maxwell’s equations, the following set of equations is obtained from
Equations (5.9)–(5.14) for the firs half time step:

Ex |n+1/2
i+1/2, j,k = Ex |ni+1/2, j,k + �t

2ε�y

(
Hz|n+1/2

i+1/2, j+1/2,k − Hz|n+1/2
i+1/2, j−1/2,k

)

− �t
2ε�z

(
Hy

∣∣n
i+1/2, j,k+1/2 − Hy

∣∣n
i+1/2, j,k−1/2

)
(5.32)

Ey
∣∣n+1/2
i, j+1/2,k = Ey

∣∣n
i, j+1/2,k + �t

2ε�z

(
Hx |n+1/2

i, j+1/2,k+1/2 − Hx |n+1/2
i, j+1/2,k−1/2

)

− �t
2ε�x

(
Hz|ni+1/2, j+1/2,k − Hz|ni−1/2, j+1/2,k

)
(5.33)

Ez|n+1/2
i, j,k+1/2 = Ez|ni, j,k+1/2 + �t

2ε�x

(
Hy

∣∣n+1/2
i+1/2, j,k+1/2 − Hy

∣∣n+1/2
i−1/2, j,k+1/2

)

− �t
2ε�y

(
Hx |ni, j+1/2,k+1/2 − Hx |ni, j−1/2,k+1/2

)
(5.34)

Hx |n+1/2
i, j+1/2,k+1/2 = Hx |ni, j+1/2,k+1/2 + �t

2µ�z

(
Ey

∣∣n+1/2
i, j+1/2,k+1 − Ey

∣∣n+1/2
i, j+1/2,k

)

− �t
2ε�y

(
Ez|ni, j+1,k+1/2 − Ez|ni, j,k+1/2

)
(5.35)

Hy
∣∣n+1/2
i+1/2, j,k+1/2 = Hx |ni+1/2, j,k+1/2 + �t

2µ�x

(
Ez|n+1/2

i+1, j,k+1/2 − Ez|n+1/2
i, j,k+1/2

)

− �t
2ε�z

(
Ex |ni+1/2, j,k+1 − Ex |ni+1/2, j,k

)
(5.36)

Hz|n+1/2
i+1/2, j+1/2,k = Hx |ni+1/2, j+1/2,k + �t

2µ�y

(
Ex |n+1/2

i+1/2, j+1,k − Ex |n+1/2
i+1/2, j,k

)

− �t
2ε�x

(
Ey

∣∣n
i+1, j+1/2,k − Ey

∣∣n
i, j+1/2,k

)
(5.37)

As can be seen from the previous set of equations, some electric- and magnetic-
fiel components are collocated in time and for this reason Equations (5.32)–(5.37)
cannot be explicitly updated. After some algebraic manipulations, for each electric-
or magnetic-fiel component, a tri-diagonal system of equations is obtained, which
can be simply solved with a small overhead of computational resources. After the tri-
diagonal system being solved, the remaining magnetic- or electric-fiel components
are explicitly updated. For the second half time step, the equations that need to be
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solved are the following

Ex |n+1
i+1/2, j,k = Ex |n+1/2

i+1/2, j,k + �t
2ε�y

(
Hz|n+1/2

i+1/2, j+1/2,k − Hz|n+1/2
i+1/2, j−1/2,k

)

− �t
2ε�y

(
Hy

∣∣n+1
i+1/2, j,k+1/2 − Hy

∣∣n+1
i+1/2, j,k−1/2

)
(5.38)

Ey
∣∣n+1
i, j+1/2,k = Ey

∣∣n+1/2
i, j+1/2,k + �t

2ε�z
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Hx |n+1/2
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)
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)
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)
(5.41)

Hy
∣∣n+1
i+1/2, j,k+1/2 = Hx |n+1/2
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)
(5.43)

For this set of equations, a similar procedure to that employed for the firs half time
step is followed. The time-stepping for the ADI-FDTD is given by the repetition of
the two previous procedures in time.

The semi-explicit nature of the ADI-FDTD algorithm is the key factor in its
unconditional stability [22,25,26], which makes it possible to employ time-step sizes
larger than the limit imposed by Equation (5.26) for the FDTD method. However, the
main drawback of this method is that the numerical accuracy of the results is seriously
affected by the time-step size: the larger the time-step size employed, the larger the
numerical dispersion [23, 24]. This drawback puts a limit on the time-step size that
it is possible to employ in this method, which is finall dictated by the degree of
the modelling accuracy of the algorithm. Nevertheless, with the ADI-FDTD it is still
possible to reduce the computational resources needed by using a time-step size up to
eight times larger than the Courant criterion with a good level of accuracy of the results
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[23, 24]. For applications regarding resonant structure in which the frequency band-
width of the signal involved is quite narrow, this limit can be extended up to 400 times
the Courant criterion, with a huge saving in terms of computational resources [27].

5.6 Complex-Envelope ADI-FDTD (CE-ADI-FDTD)
With the ADI-FDTD the capabilities of the FDTD method have been extended
beyond the Courant limit with consequent savings in computational resources, making
it suitable for classes of problems involving signals with a relatively narrow band-
width, which, with the conventional FDTD, require quite a large number of time steps
and hence a huge computational burden. However, the huge potential of the ADI-
FDTD is restricted by the large numerical errors obtained when large time-step sizes
are used. For this reason, some research efforts have been spent in order to circumvent
the restriction posed by the numerical dispersion of the ADI-FDTD. One solution that
has proven to be very attractive, especially for the simulation of photonic structure,
has been proposed in [28] in the context of optical device analysis. In this work, a
technique called the complex-envelope alternating-direction-implicit finite-di ference
time-domain (CE-ADI-FDTD) method has been proposed to greatly reduce the
numerical dispersion, even for large time-step sizes. The simple, yet ingenuous, idea
behind this technique is to split the total electromagnetic fiel into fast and the slow
temporal variation components, as shown in Figure 5.4.

The fast temporal variation component is then absorbed into the equations so as to
consider only the solution of the slow temporal variation. Applying this concept to all
six electromagnetic fiel components yields

Ex (x, y, z, t) = Exa (x, y, z, t) e jwct (5.44)
Ey (x, y, z, t) = Eya (x, y, z, t) e jwct (5.45)
Ez (x, y, z, t) = Eza (x, y, z, t) e jwct (5.46)
Hx (x, y, z, t) = Hxa (x, y, z, t) e jwct (5.47)

φ (x, y, z, t)=φenv (x, y, z, t)e–jwct 

Figure 5.4 Example of the split of the total temporal variation fiel in its slow and fast
temporal variations.
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Hy (x, y, z, t) = Hya (x, y, z, t) e jwct (5.48)
Hz (x, y, z, t) = Hza (x, y, z, t) e jwct (5.49)

where 	k (x, y, z, t) is the electromagnetic fiel component, 	ka (x, y, z, t) is the
envelope of the electromagnetic fiel component, with 	 = E, Hand k = x, y, z,
and e jwct is the fast temporal variation. Substituting Equation (5.44)–(5.49) into
Maxwell’s equations, and after some simple algebraic manipulation, the following set
of equations is obtained

∂Hxa
∂t

+ jωcHxa = − 1
µ0µr

(
∂Eza
∂y

− ∂Eya
∂z

)
(5.50)

∂Hya
∂t

+ jωcHya = − 1
µ0µr

(
∂Exa
∂z

− ∂Eza
∂x

)
(5.51)

∂Hza
∂t

+ jωcHza = − 1
µ0µr

(
∂Eya
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− ∂Exa
∂y

)
(5.52)

∂Exa
∂t

+ jωcExa = 1
ε0εr

(
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∂y
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∂z

)
(5.53)

∂Eya
∂t
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ε0εr

(
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− ∂Hza
∂x

)
(5.54)

∂Eza
∂t

+ jωcEza = 1
ε0εr

(
∂Hya
∂x

− ∂Hxa
∂y

)
(5.55)

Applying the ADI-FDTD discretisation scheme to Equations (5.50)–(5.55) for the
firs half time step yields

Hxa|n+1/2
i, j+1/2,k+1/2 = 4 − jωc�t
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Exa|n+1/2
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As can be seen from the previous set of equations, the electric- and magnetic-fiel
components cannot be explicitly updated. After some algebraic manipulations, for
each electric- or magnetic-fiel component a tri-diagonal system of equations is ob-
tained which can be simply solved with a small overhead of computational resources.
After the tri-diagonal has been solved, the remaining magnetic- or electric-fiel com-
ponents are explicitly updated. For the second half time step similar equations are
obtained and are solved with a similar procedure. In order to better show how the
tri-diagonal system is set, a 2D formulation of the CE-ADI-FDTD method is fully
derived here for a transverse electric polarisation case with the z-axis as the normal
axis (TEz). With respect to this coordinate system and under the scalar approximation,
the following 2D equations can be derived from Maxwell’s equations considered for
a linear, isotropic, lossless medium

∂Hx
∂t

= 1
µrµ0

(
−∂Ez

∂y

)
(5.62)

∂Hy
∂t

= 1
µrµ0

(
∂Ez
∂x

)
(5.63)

∂Ez
∂t

= 1
εrε0

(
∂Hy
∂x

− ∂Hx
∂y

)
(5.64)
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Figure 5.5 Example of a nonuniform 2D grid and, enlarged, electric- and magnetic-fiel
components placed in a 2D nonuniform Yee unit cell.

The substitution of Equations (5.46)–(5.48) into Equations (5.62)–(5.64) yields [28]

∂Hxa
∂t

+ jωcHxa = 1
µrµ0

(
−∂Eza

∂y

)
(5.65)

∂Hya
∂t

+ jωcHya = 1
µrµ0

(
∂Eza
∂x

)
(5.66)

∂Eza
∂t

+ jωcEza = 1
εrε0

(
∂Hya
∂x

− ∂Hxa
∂y

)
(5.67)

The discretisation in space is based on the unit cell of the Yee space lattice allowing
the grid to be nonuniform, as shown in Figure 5.5. Discretisation in time is obtained
by following the ADI scheme. The space cells are nonuniform so as to allow a more
accurate and fl xible representation of the photonic device to be simulated.

Applying the ADI scheme to Equations (5.65)–(5.67), the following set of equations
for the firs half time step are derived

Hxa|n+1/2
i, j+1/2 = αxh|i, j+1/2Hxa|ni, j+1/2 − βxh|i, j+1/2

(
Eza|ni, j+1 − Eza|ni, j

)
(5.68)

Hya|n+1/2
i+1/2, j = αyh|i+1/2, j Hya|ni+1/2, j + βyh|i+1/2, j

(
Eza|n+1/2

i+1, j − Eza|n+1/2
i, j

)
(5.69)

Eza|n+1/2
i, j = αe|i, j Eza|ni, j + βxe|i, j

(
Hya|n+1/2

i+1/2, j − Hya|n+1/2
i−1/2, j

)
+

− βye|i, j
(
Hxa|ni, j+1/2 − Hxa|ni, j−1/2

)
(5.70)
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while for the second half time step, the following set of equations are obtained

Hxa|n+1
i, j+1/2 = αxh|i, j+1/2Hxa|n+1/2

i, j+1/2 − βxh|i, j+1/2

(
Eza|n+1

i, j+1 − Eza|n+1
i, j

)
(5.71)

Hya|n+1
i+1/2, j = αyh|i+1/2, j Hya|n+1/2

i+1/2, j + βyh|i+1/2, j

(
Eza|n+1/2

i+1, j − Eza|n+1/2
i, j

)
(5.72)

Eza|n+1
i, j = αe|i, j Eza|n+1/2

i, j + βxe|i, j
(
Hya|n+1/2

i+1/2, j − Hya|n+1/2
i−1/2, j

)
+

− βye|i, j
(
Hxa|n+1

i, j+1/2 − Hxa|n+1
i, j−1/2

)
(5.73)

where the coefficient of Equations (5.68)–(5.73) are expressed as

αxh|i, j+1/2 = αyh|i+1/2, j = αe|i, j = 4 − jωc�t
4 + jωc�t

(5.74a)

βxh|i, j+1/2 = 2�t
(4 + jωc�t) µrµ0�y j

(5.74b)

βyh|i+1/2, j = 2�t
(4 + jωc�t) µrµ0�xi

(5.74c)

βxe|i, j = 2�t
(4 + jωc�t) εrε0hxi

(5.74d)

βye|i, j = 2�t
(4 + jωc�t) εrε0hyj

(5.74e)

where �t is the time step, �xi and �y j are the discretisation steps along the x- and
y-directions, respectively, and hxi and, hyj , as also shown in Figure 5.5, are define as

hxi = �xi + �xi−1

2
i = 2, 3, . . . , Nx (5.75a)

hyj = �y j + �y j−1

2
j = 2, 3, . . . , Ny (5.75b)

where Nx and Ny are the total number of cells of the computational domain along
the x- and y-directions, respectively. The updating process of the firs half time step
starts with the explicit update of Equation (5.68) in order to obtain the new values
of the magnetic-fiel component Hxa . Equation (5.69) cannot be explicitly solved
because the electric-fiel component Eza is collocated in time with the magnetic-fiel
component Hya , hence still unknown. Substituting Equation (5.70) into Equation
(5.69) and solving the derived equation for Hya , the following equation is obtained

−βxe|i+1, j Hya|n+1/2
i+3/2, j +

(
1

βyh|i+1/2, j
+ βxe|i+1, j + βxe|i, j

)
Hya|n+1/2

i+1/2, j
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−βxe|i, j Hya|n+1/2
i−1/2, j = αyh|i+1/2, j

βyh|i+1/2, j
Hya|ni+1/2, j + αe|i+1, j Eza|ni+1, j − βye|i+1, j

(
Hxa|ni+1, j+1/2 − Hxa|ni+1, j−1/2

) − αe|i, j Eza|ni, j + βye|i, j
(
Hxa|ni, j+1/2 − Hxa|ni, j−1/2

)

(5.76)

As can be seen from the LHS of Equation (5.76), three different values of the com-
ponent Hya in three different positions of the computational domain need to be
calculated, and this calculation needs to be done for every value of j. In this way, a
system of equations is derived whose coefficient form a tri-diagonal matrix, which
can be efficientl solved in order to obtain the new values of the magnetic-fiel com-
ponent Hya inside the computational domain. Once the magnetic-fiel component Hya
has been calculated, the electric-fiel component Eza can be explicitly updated using
Equation (5.70).

A similar procedure needs to be followed for the second half time step. Substituting
Equation (5.73) into Equation (5.71), the following equation is obtained

−βye|i, j+1Hxa|n+1
i, j+3/2 +

(
1

βxh|i, j+1/2
+ βye|i, j+1 + βye|i, j

)
Hxa|n+1

i, j+1/2

−βye|i, j Hxa|n+1
i, j−1/2 = αxh|i, j+1/2

βxh|i, j+1/2
Hxa|n+1

i, j+1/2 − αe|i, j+1Eza|n+1/2
i, j+1 − βxe|i, j+1

(
Hya|n+1/2

i+1/2, j+1 − Hya|n+1/2
i−1/2, j+1

)
+ αe|i, j Eza|n+1/2

i, j + βxe|i, j
(
Hya|n+1/2

i+1/2, j − Hya|n+1/2
i−1/2, j

)
(5.77)

As can be seen from the LHS of Equation (5.77), three different values of the compo-
nent Hxa in three different positions of the computational domain need to be calculated,
and this calculation needs to be done for every value of i. In this way, a system of
equations is derived whose coefficient form a tri-diagonal matrix, which can be effi
ciently solved in order to obtain the new values of the magnetic-fiel component Hxa
inside the computational domain. Once the magnetic-fiel component Hxa has been
calculated, the magnetic-fiel component Hya , and the electric-fiel component Eza
can be explicitly updated using Equations (5.72) and (5.73), respectively.

5.7 Perfectly Matched Layer (PML) Boundary Conditions
The analysis of scattering problems of electromagnetic waves propagating in optical
waveguides is a problem usually studied in infinitel extended regions. Because the
FDTD method relies in the finite-di ference expression of Maxwell’s equations, it can
operate only in a finit number of points which represent the computational domain.
This introduces a problem for allocation of computational resources for simulation
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of scattering problems because only a finit amount of points of the computational
domain can be stored in a computer memory. Much effort has been diverted in the
research environment to searching for a way to simulate an infinitel extended space
in a computer memory, and all these efforts have led to the determination of different
types of boundary conditions (BCs). These BCs can be grouped into two distinct
types, analytical boundary conditions [29−33] and absorbing boundary conditions
[11]. Amongst the analytical boundary conditions, the scheme proposed by Mur [4]
has been mainly utilised because of its accuracy in the simulation of the propagation
of outgoing waves from the computational domain. Amongst the absorbing boundary
conditions, the scheme proposed by Berenger [11] is the most employed [34–38].

The innovative idea proposed by Berenger is the introduction of a nonphysical
absorbing layer to terminate the FDTD computational domain which absorbs all elec-
tromagnetic waves impinging on it. This nonphysical medium is capable of absorbing
all electromagnetic waves on a wide range of frequencies, with any polarisation and
for all angles of incidence. For these matching properties this medium is called a
‘perfectly matched layer’ (PML). The formulation derived by Berenger for the PML
relies on the splitting of the electromagnetic-fiel components of Maxwell’s equations
in such a way that each component is split into two sub-components that are orthog-
onal to each other. In this way it is possible to assign an appropriate loss parameter
to each of these components. A brief mathematical treatment of the derivation of the
properties of this nonphysical medium is discussed here. In order to do so, a 2D space
is considered whose schematic is represented in Figure 5.6.

This 2D space is divided in two half-spaces: free space for x < 0, indicated as
medium 1 and a medium with losses for x > 0 indicated as medium 2. A uniform
plane wave with TEz polarisation is considered and it is propagating from medium
1 (free space) towards medium 2 (lossy medium), as shown also in Figure 5.6. The
electric permittivity and magnetic permeability of medium 1 are ε1 = ε0 and µ1 =
µ0, respectively, while the electric permittivity, magnetic permeability, electric and

incident wave

reflected wave

x = 0

x

y

ε1 = ε0 ε2 µ2 σ2 σ∗
2µ1 = µ0

free space
medium 1

lossy medium
medium 2

transmitted wave

Figure 5.6 Schematic diagram of a 2D TEz polarised plane wave impinging on a medium
with loss.
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magnetic conductivity for the medium 2 are ε2, µ2, σ and σ
∗ , respectively. With

respect to the geometry shown in Figure 5.6, the incident TEz polarised plane wave
is described as

�Hinc = H0e−( jβ ix x+ jβ iy y)�uz (5.78)

where �Hinc is the incident magnetic field H0 is the amplitude of the magnetic field
β ix and β iy are the propagation constant components of the plane wave along the x- and
y-directions, respectively, and �uz is the unit normal vector of the z-axis. Considering
that at the interface between the two media the plane wave is partially reflecte back
to region 1 and partially transmitted in region 2, the total electromagnetic fiel in
region 1 (x < 0) is

�H1 = H0

(
1 + �e j2β ix

)
e−( jβ ix x+ jβ iy y)�uz (5.79)

�E1 =
[

− β iy

ωε1

(
1 + �e j2β ix

)
�ux + β ix

ωε1

(
1 − �e j2β ix

)
�uy

]

H0e−( jβ ix x+ jβ iy y) (5.80)

where �E1 is the electric field ω is the frequency of the plane wave, � is the reflectio
coefficient and �ux and �uy are the unit normal vectors of the x- and y-axes, respectively.
Maxwell’s equations in a sinusoidal regime for a TEz polarised plane wave propagating
in medium 2 can be expressed as

jωε2

(
1 + σ

jωε0

)
Ex = ∂Hz

∂y
(5.81)

jωε2

(
1 + σ

jωε0

)
Ey = −∂Hz

∂x
(5.82)

jωµ2

(
1 + σ ∗

jωµ0

)
Hz = ∂Ex

∂y
− ∂Ey

∂x
(5.83)

where the electric and magnetic conductivities, σ and σ ∗, are normalised with respect
to the electric permittivity ε0 and the magnetic permeability µ0, respectively. Equa-
tions (5.81)–(5.83) are then rewritten considering the splitting of the magnetic-fiel
component,Hz

Hz = Hzx + Hzy (5.84)



P1: OTA/XYZ P2: ABC
c05 BLBK325-Obayya August 4, 2010 19:26 Printer Name: Yet to Come

118 Computational Photonics

and with the use of the following variables

si = 1 + σi

jωε0
(5.85a)

s∗i = 1 + σ ∗
i

jωµ0
(5.85b)

with i = x, y obtaining

jωε2sy Ex = ∂
(
Hzx + Hzy

)

∂y
(5.86)

jωε2sx Ey = −∂
(
Hzx + Hzy

)

∂x
(5.87)

jωµ2s∗x Hzx = −∂Ey
∂x

(5.88)

jωµ2s∗y Hzy = ∂Ex
∂y

(5.89)

The next step is to determine a solution for Maxwell’s equations for the electromag-
netic wave propagating inside the medium with loss. Differentiating Equation (5.86)
with respect to y and Equation (5.87) with respect to x and substituting into Equations
(5.88) and (5.89), respectively, the following two equations are obtained

−ω2µ2ε2Hzx = − 1
s∗x

∂

∂x
1
sx

∂

∂x
(
Hzx + Hzy

)
(5.90)

−ω2µ2ε2Hzy = − 1
s∗y

∂

∂y
1
sy

∂

∂y
(
Hzx + Hzy

)
(5.91)

The summation of Equations (5.90)−(5.91) leads to the following wave equation

1
s∗x

∂

∂x
1
sx

∂

∂x
Hz + 1

s∗y

∂

∂y
1
sy

∂

∂y
Hz + ω2µ2ε2Hz = 0 (5.92)

Equation (5.92) has the following solution

Hz = H0T e−( j
√
sx s∗xβx x+ j

√
sys∗yβy y) (5.93)

with the dispersion relation given by (βx )2 + (
βy

)2 = (k2)2. The substitution of Equa-
tion (5.93) into Equations (5.86)–(5.87) leads to the following equations for the
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electric-fiel components

Ex = H0T
βy

ωε2

√
s∗y
sy
e−( j

√
sx s∗xβx x+ j

√
sys∗yβy y) (5.94)

Ey = H0T
βx

ωε2

√
s∗x
sx
e−( j

√
sx s∗xβx x+ j

√
sys∗yβy y) (5.95)

The reflectio and transmission coefficient can be obtained by imposing the conti-
nuity of the tangential components of the electromagnetic fiel at the interface

� =

β ix
ωε1

− βx

ωε2

√
s∗x
sx

β ix
ωε1

+ βx

ωε2

√
s∗x
sx

(5.96)

with βy = β iy = k1 sin θi , and sy = s∗y = 1. The aim is to determine the characteristics
ofsx , s∗x , sy and s∗y in order to eliminate all reflectio at the interface of the absorbing
medium. From Equation (5.96) it can be noted that if ε1 = ε2 and sx = s∗x then
βx = β ix , which implies that the reflectio coefficien � = 0 and, consequently, the
transmission coefficien T = 1, and these relations stand for all angles of incidence
θi . It should be noted from the definitio of the variables sx and s∗x that the relationship
sx = s∗x implies σx

/
ε0 = σ ∗

x
/
µ0. The transmitted fiel in medium 2 is then

Hz = H0e−( jsxβ ix x+ jsβ iy y) = H0e−( jβ ix x+ jsβ iy y)e−ση1ε1 cos(θi )x (5.97)
Ex = H0η1 sin (θi ) e−( jβ ix x+ jsβ iy y)e−ση1ε1 cos(θi )x (5.98)
Ey = H0η1 cos (θi ) e−( jβ ix x+ jsβ iy y)e−ση1ε1 cos(θi )x (5.99)

From Equations (5.97)–(5.99) it is possible to see that the transmitted fiel is propa-
gating inside the medium with loss with the same phase velocity of the incident field
while it is attenuating along the normal direction with a factor of ση1 cos (θi ) and
these properties are satisfie for every angle of incidence θi .

A similar procedure can be repeated for TMz polarised plane waves. In this case
the splitting of the electromagnetic fiel components is applied to the electric fiel
Ez = Ezx + Ezy . In this way, applying the matching condition µ1 = µ2 and sx = s∗x ,
which implies σx

/
ε0 = σ ∗

x
/
µ0, the condition βx = β ix is satisfie and consequently

� = 0 and T = 1. It should be noted that all these relations still stand for all angles
of incidence θi .

In conclusion, a medium with loss that satisfie the properties previously described
and σx

/
ε0 = σ ∗

x
/
µ0, with the conditions ε1 = ε2 for TEz polarised waves and µ1 =
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Figure 5.7 Schematic diagram of a 2D computational domain surrounded by four layers of
PML boundary conditions.

µ2 for TMz polarised waves, is a medium perfectly matched and perfectly absorbing
for all electromagnetic waves impinging in its interface, in a way that no reflection
can be generated at its interface. Furthermore, from Equations (5.97)–(5.99) it can
be noted that the transmitted wave in the PML propagates with same speed of the
incident wave while attenuating during propagation along the normal direction (the
x-axis in the geometry considered in Figure 5.6). With these considerations, the FDTD
grid can be surrounded by layers of this nonphysical and absorbing medium (PML)
with the absorbing properties previously described and perfect electrical conductor
(PEC) walls to terminate the whole computational domain, as shown in Figure 5.7
for a 2D case. In a general 3D case, six layers of PML are needed to truncate
the computational domain, and all the electromagnetic-fiel components need to be
treated with the splitting technique obtaining a set of 12 equations

(
ε0εr

∂

∂t
+ σyεr

)
Exy = ∂

∂y
(
Hzx + Hzy

)
(5.100)

(
ε0εr

∂

∂t
+ σzεr

)
Exz = − ∂

∂z
(
Hyx + Hyz

)
(5.101)

(
ε0εr

∂

∂t
+ σzεr

)
Eyz = ∂

∂z
(
Hxy + Hxz

)
(5.102)

(
ε0εr

∂

∂t
+ σxεr

)
Eyx = − ∂

∂x
(
Hzx + Hzy

)
(5.103)

(
ε0εr

∂

∂t
+ σxεr

)
Ezx = ∂

∂x
(
Hyx + Hyz

)
(5.104)
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(
ε0εr

∂

∂t
+ σyεr

)
Ezy = − ∂

∂y
(
Hxy + Hxz

)
(5.105)

(
µ0µr

∂

∂t
+ σ ∗

yµr

)
Hxy = − ∂

∂y
(
Ezx + Ezy

)
(5.106)

(
µ0µr

∂

∂t
+ σ ∗

z µr

)
Hxz = ∂

∂z
(
Eyx + Eyz

)
(5.107)

(
µ0µr

∂

∂t
+ σ ∗

z µr

)
Hyz = − ∂

∂z
(
Exy + Exz

)
(5.108)

(
µ0µr

∂

∂t
+ σ ∗

x µr

)
Hyx = ∂

∂x
(
Ezx + Ezy

)
(5.109)

(
µ0µr

∂

∂t
+ σ ∗

x µr

)
Hzx = − ∂

∂x
(
Eyx + Eyz

)
(5.110)

(
µ0µr

∂

∂t
+ σ ∗

yµr

)
Hzy = ∂

∂y
(
Exy + Exz

)
(5.111)

The matching conditions are similar to those previously derived and in particular
σi

/
ε0 = σ ∗

i
/
µ0, with i = x, y, z, ε1 = ε2 for TEz polarised waves (where the sub-

script 2 stands for the PML and the subscript 1 stands for the medium adjacent the
PML) and µ1 = µ2 for TMz polarised waves.

5.8 Uniaxial Perfectly Matched Layer (UPML) Absorbing Boundary
Condition

The formulation introduced by Berenger employing the splitting technique for the
electromagnetic-fiel component permits the definitio of a mathematical model for
a nonphysical medium with well-define electric and magnetic properties that is
perfectly matched for all waves impinging in its interface. The way in which its loss
terms are define makes this medium an anisotropic medium, if such a medium could
physically exist. Based on this consideration, it is then possible to defin a medium
that is anisotropic and uniaxial which is characterised by well-define tensors for the
electric permittivity and magnetic permeability. This new approach leads to a different
formulation for an absorbing layer to be used with FDTD grids for simulations in
open regions. The absorbing layer obtained with this approach is called a uniaxial
perfectly matched layer (UPML). The formulation for the UPML is different from the
formulation for the PML, even if it relies on a basic concept similar to the concept
used for the PML formulation. The main advantage of the UPML formulation is that
it doesn’t need any splitting of the electromagnetic-fiel component, even though the
absorbing properties remain unchanged. Referring to the geometry of Figure 5.6, a
TEz polarised plane wave is propagating in free space towards an uniaxial medium
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whose interface is at x = 0 and whose electric and magnetic tensors are given by [15]
ε = ε2s, µ = µ2s with

s =
⎡

⎣
s−1
x 0 0
0 sx 0
0 0 sx

⎤

⎦ (5.112)

where sx is define as in Equation (5.85), and ε2 and µ2 are the electric permittivity
and the magnetic permeability, respectively, of the uniaxial medium. The plane wave
is completely transmitted in the uniaxial medium without any reflectio generated at
the interface, regardless its frequency and its angle of incidence. Such a medium is
basically identical to the PML medium introduced by Berenger and it is define as a
UPML because of its uniaxial anisotropy. For the TEz polarised plane wave considered
here, the reflectio coefficien is � = 0 and the transmission coefficien is T = 1 so
that the expressions for the transmitted electromagnetic-fiel components are

Hz = H0e−( jsxβ ix x+ jsβ iy y) = H0e−( jβ ix x+ jβ iy y)e−ση1ε1 cos(θi )x (5.113)
Ex = −H0sxη1 sin (θi ) e−( jβ ix x+ jsβ iy y)e−ση1ε1 cos(θi )x (5.114)
Ey = H0η1 cos (θi ) e−( jβ ix x+ jsβ iy y)e−ση1ε1 cos(θi )x (5.115)

where θi is the angle of incidence relative to the x-axis. From Equations
(5.113)–(5.115), it can be noted that the transmitted fiel is propagating with the
same phase velocity inside the absorbing medium, while attenuating along the
direction normal to the interface with a factor of σε1 cos (θi ). It can be seen that
this characteristic is similar to that described for the PML. By comparison of Equa-
tions (5.113)–(5.115) with Equations (5.97)–(5.99), it can be seen that the propagation
characteristics of the two electromagnetic field are identical. In particular, it can be
noted that the tangential electric- and magnetic-fiel components, Hz and Ey, are
identical in the two approaches while the normal components, Ex, differ by a factor
sx . Comparing the normal components of the transmitted fiel obtained from the two
different approaches with the respective incident fiel components, it can be seen that
in the PML formulation, the Ex component is continuous at the interface x = 0, while
in the UPML formulation Ex is discontinuous with Dx = εs−1

x Excontinuous. This can
be explained by considering that the two formulations use two different formulations
of the divergence theorem. Although different, these two formulations guarantee the
same matching and absorbing properties for the transmitted waves.

Each side of the FDTD grid can be bounded with a layer of UPML. But there are
regions in which the UPML itself is not uniaxial in the strict sense of the definition
These regions are the corner regions, as shown in Figure 5.7 for a 2D case and in
Figure 5.8 for a 3D case. From this figure it can be seen that in the corner regions there
is superposition of different UPML layers. In this case the expression of the tensor
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Figure 5.8 Detail of the PML boundary conditions applied for a 3D computational domain.

that multiplies the electric permittivity and magnetic permeability for this medium is
given by

s =
⎡

⎣
s−1
x 0 0
0 sx 0
0 0 sx

⎤

⎦ ·
⎡

⎣
sy 0 0
0 s−1

y 0
0 0 sy

⎤

⎦ =
⎡

⎣
s−1
x sy 0 0
0 sxs−1

y 0
0 0 sxsy

⎤

⎦ (5.116)

with sx and sy define as in Equation (5.85), while for the 3D case, the tensor at the
corner region is define as

s =
⎡

⎣
s−1
x 0 0
0 sx 0
0 0 sx

⎤

⎦ ·
⎡

⎣
sy 0 0
0 s−1

y 0
0 0 sy

⎤

⎦ ·
⎡

⎣
sz 0 0
0 sz 0
0 0 s−1

z

⎤

⎦ =

⎡

⎢⎢
⎢⎢
⎣

sysz
sx

0 0

0
sxsz
sy

0

0 0
sxsy
sz

⎤

⎥
⎥⎥
⎥
⎦

(5.117)

5.9 PML Parameters
The performance of the PML absorbing boundary conditions can be influence by
the parameters which fi the absorption rate of the wave that is propagating inside
the PML itself. These parameters are identifie with the electric and magnetic con-
ductivity σ and σ ∗, respectively. The performance of the PML has also been derived
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by Berenger [11], applying the transmission-line concept to the PML formulation. In
this formulation, each layer of PML is terminated by a layer of PEC and the reflec
tion coefficien R has been calculated considering that, upon reaching the PEC layer,
the propagating wave is reflecte back to the computational domain, affecting the
accuracy of the results of the simulation. The reflectio coefficien has been derived
as

R (θ ) = e−2σηεr d cos(θ ) (5.118)

where θ is the angle of incidence of the wave on the PML, d is the width of the
PML layer, and η and σ are the impedance and the electric conductivity of the PML
layer, respectively. As can be seen from Equation (5.118), the reflectio from the
PML is exponentially reduced as the width, d, and the conductivity, σ , increase. It
is obvious that for increasing width, d, of the PML layer the computational burden
increases and for this reason it is clear that the choice of the conductivity, σ , is crucial
in order to obtain good performance of the PML in terms of low reflection For this
reason, choosing really high values for the electric and magnetic conductivities σ

and σ ∗ inside the PML layer seems to be a good choice in terms of good absorption.
Nevertheless, it has to be taken into account that high values of the electric and
magnetic conductivity for the PML layer introduce a high discontinuity at the interface
between the computational domain and the PML layer. This discontinuity is indeed
a source of reflection which affect the accuracy of the simulation results. A solution
to this problem has been proposed in [11, 15] in which a variation of the electric and
magnetic conductivity profile along the transverse direction has been adopted. As
an example, geometrical scaling of the electric conductivity σ along the transverse
direction x is obtained by the following formula

σ (x) = σ0gx/�x (5.119)

where σ0 is the electric conductivity at the interface between the computational domain
and the PML layer, g is the scaling factor and �x is the space discretisation. Modifying
Equation (5.118) in order to take into account the variation of σ along the transverse
direction, x, it is possible to calculate the reflectio error

R (θ ) = e−2ησ0�x(gN−1)cos(θ )/ln(g) (5.120)

where N is the number of cells of the PML layer. From Equation (5.120) it is possible
to derive a relationship for the value of the electric conductivity at the interface
between the PML and the computational domain σ0

σ0 = − ln (R (0)) ln (g)
2ηεr�x

(
gN − 1

) (5.121)
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In practical applications, the values of the maximum reflectio error at normal
incidence, R (0), and the scaling factor, g, need to be fi ed in order to calculate
the value σ0. Once σ0 is calculated then the scaling of the electric conductivity σ is
performed inside the PML layer using Equation (5.119).

5.10 PML Boundary Conditions for CE-ADI-FDTD
In conventional FDTD, PMLs have been extensively used because of their excellent
absorption properties that give a robust way to terminate the computational domain.
PMLs have been also incorporated into the CE-ADI-FDTD method, which has been
used to simulate integrated photonic devices. However, problems with the numerical
stability of the CE-ADI-FDTD algorithm have been reported due to the accumulation
of reflectio coming from the PML in the computational domain [28]. Here, a different
PML approach will be considered which has been previously proposed in [39] in
the context of the ADI-FDTD algorithm. Considering Equations (5.9)–(5.14) and
applying a 2D case for TEz polarisation, the following 2D Maxwell’s equations are
obtained

µ0µr
∂Hx
∂t

+ σ ∗Hx = −∂Ez
∂y

(5.122)

µ0µr
∂Hy
∂t

+ σ ∗Hy = ∂Ez
∂x

(5.123)

ε0εr
∂Ez
∂t

+ σ Ez = ∂Hy
∂x

− ∂Hx
∂y

(5.124)

Applying the CE formulation to Equations (5.122)–(5.124) yields

µ0µr
∂Hxa
∂t

+ (
σ ∗ + jωcµ0µr

)
Hxa = −∂Eza

∂y
(5.125)

µ0µr
∂Hya
∂t

+ (
σ ∗ + jωcµ0µr

)
Hya = ∂Eza

∂x
(5.126)

ε0εr
∂Eza
∂t

+ (σ + jωcε0εr) Eza = ∂Hya
∂x

− ∂Hxa
∂y

(5.127)

Next step is to apply the PML formulation to Equations (5.125)–(5.127) in which the
envelope of the electric fiel Eza is split in two sub-components as follows

Eza = Ezax + Ezay (5.128)
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The substitution of Equation (5.128) into Equations (5.125)–(5.127) yields

µ0µr
∂Hxa
∂t

+ (
σ ∗
y + jωcµ0µr

)
Hxa = −∂Eza

∂y
(5.129)

µ0µr
∂Hya
∂t

+ (
σ ∗
x + jωcµ0µr

)
Hya = ∂Eza

∂x
(5.130)

ε0εr
∂Ezax

∂t
+ (σx + jωcε0εr) Ezax = ∂Hya

∂x
(5.131)

ε0εr
∂Ezay

∂t
+ (

σy + jωcε0εr
)
Ezay = −∂Hxa

∂y
(5.132)

Applying the ADI-FDTD discretisation scheme to Equations (5.129)–(5.132), the
following set of equations can be obtained for the firs half time step

Hxa|n+1/2
i, j+1/2 = αxh|i, j+1/2Hxa|ni, j+1/2 − βxh|i, j+1/2

(
Eza|ni, j+1 − Eza|ni, j

)
(5.133a)

Hya|n+1/2
i+1/2, j = αyh|i+1/2, j Hya|ni+1/2, j + βyh|i+1/2, j

(
Eza|n+1/2

i+1, j − Eza|n+1/2
i, j

)
(5.133b)

Ezxa|n+1/2
i, j = αxe|i, j Ezxa|ni, j + βxe|i, j

(
Hya|n+1/2

i+1/2, j − Hya|n+1/2
i−1/2, j

)
(5.133c)

Ezya|n+1/2
i, j = αye|i, j Ezya|ni, j − βye|i, j

(
Hxa|ni, j+1/2 − Hxa|ni, j−1/2

)
(5.133d)

The coefficient of the PML equations are calculated using either a forward or a
backward differencing approximation instead of the linear approximation used in the
conventional implementation of the PML scheme. In this way it is possible to collocate
the fiel component on the LHS of the equation at the same time step of the fiel
component on the RHS of the same equation. This procedure yields the following
coefficient for the firs half time step:

αxe|i, j = 4 − jωc�t

4 +
(
jωc + 2

σx

εrε0

)
�t

(5.134a)

αxh|i, j+1/2 =
4 −

(
jωc + 2

σ ∗
y

µrµ0

)
�t

4 + jωc�t
(5.134b)

αye
∣∣
i, j =

4 −
(
jωc + 2

σy

εrε0

)
�t

4 + jωc�t
(5.134c)

αyh|i+1/2, j = 4 − jωc�t

4 +
(
jωc + 2

σ ∗
x

µrµ0

)
�t

(5.134d)
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βxe|i, j = 2�t
(

4 +
(
jωc + 2

σx

εrε0

)
�t

)
εrε0hxi

(5.134e)

βxh|i, j+1/2 = 2�t
(4 + jωc�t) µrµ0�y j

(5.134f)

βye|i, j = 2�t
(4 + jωc�t) εrε0hyj

(5.134g)

βyh|i+1/2, j = 2�t
(

4 +
(
jωc + 2

σ ∗
x

µrµ0

)
�t

)
µrµ0�xi

(5.134h)

Similar expressions can be derived for the coefficient of the PML equations for the
second half time step

αxe|i, j =
4 −

(
jωc + 2

σx

εrε0

)
�t

4 + jωc�t
(5.135a)

αxh|i, j+1/2 = 4 − jω�t

4 +
(
jωc + 2

σ ∗
y

µrµ0

)

c
�t

(5.135b)

αye|i, j = 4 − jωc�t

4 +
(
jωc + 2

σy

εrε0

)
�t

(5.135c)

αyh|i+1/2, j =
4 −

(
jωc + 2

σ ∗
x

µrµ0

)
�t

4 + jωc�t
(5.135d)

βxe|i, j = 2�t
(4 + jωc�t) εrε0hxi

(5.135e)

βxh|i, j+1/2 = 2�t
(

4 +
(
jωc + 2

σ ∗
y

µrµ0

)
�t

)
µrµ0�y j

(5.135f)

βye|i, j = 2�t
(

4 +
(
jωc + 2

σy

εrε0

)
�t

)
εrε0hyj

(5.135g)

βyh|i+1/2, j = 2�t
(4 + jωc�t) µrµ0�xi

(5.135h)
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The arrangement proposed here for CE-ADI-FDTD equations with PML boundary
conditions leads to a stable algorithm even with large Courant numbers, as will be
clearly shown in the examples presented in the next section.

5.11 PhC Resonant Cavities
Before proceeding to the analysis of photonic crystal (PhC) cavities, the modifie
PML boundary conditions will be tested in order to verify the effectiveness of their
absorption properties, thus avoiding numerical instability. The structure considered
for this test is a 5 × 5 square PhC cavity consisting of dielectric rods with refractive
index nrods = 3.4 in air, as shown in Figure 5.9.

First, simulations have been carried out with a uniform mesh and with different
values of time step in order to test the effect of the time-step value on the stability
of the developed CE-ADI-FDTD code. The discretisation step was fi ed at 17.73 nm
and 10 cells of the PML layer have been used to truncate the computational domain
on all sides of the PhC cavity, as shown in Figure 5.9. Although the CE-ADI-FDTD
code has been developed to rely on nonuniform mesh, to test the stability properties
of the proposed method a uniform mesh has been utilised only in this test. Using
the Courant criterion formula and the discretisation steps for the x- and y-directions
utilised for this simulation, the maximum time step that it is possible to use with a
conventional FDTD is calculated to be �tCL ∼= 0.042 fs. The source used to excite the

Figure 5.9 Schematic diagram of the simulated 5 × 5 dielectric rods photonic crystal cavity
with PML boundary conditions.
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PBG cavity is a Gaussian-shaped source in space and in time and it is define as

Ezs (x, y, t) = e−
(
t−t0
T0

)2

e−
(
x−x0
X0

)2

e−
(
y−y0
Y0

)2

(5.136)

where t0 and T0 are the delay and the width of the Gaussian pulse in time, respectively,
x0 and X0 are the displacement and the width of the Gaussian pulse along x direction,
respectively, and y0 and Y0 are the displacement and the width of the Gaussian pulse
along y direction, respectively. For all simulations T0 and t0 were set to 30 and 90 fs,
respectively, x0 and y0 were set to the coordinates of the centre of the PBG cavity, X0
and Y0 were fi ed to a/2, where a is the lattice constant of the PhC as shown in Figure
5.9, and the angular frequency, ωc, of the source was fi ed to 1.256 × 1015 rad/s
(λ = 1.5 µm). The soft-source technique has been used in order to insert the source
in the computational domain [15]. The time-domain variation of the electric fiel
at the centre of the cavity was recorded. In Figure 5.10 the time-domain responses
of the envelope of the electric fiel obtained with the developed CE-ADI-FDTD and
the approach used in [28] are plotted, both obtained with a time-step size fi ed to
20 times the Courant limit. As can be clearly seen from this figure the approach
used in [28] gives rise to instability at the very early stages of the simulation, while

0
0

0.2

0.4

0.6

0.8 proposed
approach

[28]

∆t = 20 ∆tCL

1
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Time [fs]
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Figure 5.10 Time variation of the envelopes of the electric fiel recorded at the centre
of the 5 × 5 square lattice cavity obtained with the new CE-ADI-FDTD approach and
with the approach in [28]. (Reproduced with permission from Pinto, D. and Obayya, S.S.A
(2007) Improved complex envelope alternative direction implicit finit difference time domain
method for photonic bandgap cavities. IEEE J. Lightwave Technol., 25 (1), 440–447. © 2007
IEEE.)
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the proposed CE-ADI-FDTD leads to the formation of the fundamental resonant
mode of the cavity and looks very stable. Further simulations carried out with the
same computational domain and utilising the approach used in [28] have shown that
the maximum Courant number which gives stable results is equal to 5, while with
the proposed CE-ADI-FDTD, larger Courant numbers can be applied, obtaining
at the same time faster results and reduction in required computational resources.

An explanation of this behaviour can be attributed to the superior performance in
terms of absorption properties of the PML layers developed with the new approach.
The increased absorption of the PML layers, even for very large Courant numbers,
avoids the accumulation of reflectio in the computational domain, which can iter-
atively add to build up instability in the simulation, and leads to an unconditionally
stable algorithm. In order to verify the effect of the time-step size on the numerical
dispersion of the results, the fast Fourier transform (FFT) of the time-domain re-
sponses of the electric fiel inside the PhC cavity for all three simulations have been
computed. Figure 5.11 shows the results of this procedure. As can be seen from this
figure all the results obtained are in very good agreement with the data obtained with
a conventional FDTD simulation from which the normalised frequency, a/λ, of the
fundamental resonant mode of the 5 × 5 PhC cavity has been calculated to be 0.378.
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Figure 5.11 Spectral distributions of the resonant mode energy for the 5 × 5 square lattice
cavity obtained with different simulations using different time steps. (Reproduced with per-
mission from Pinto, D. and Obayya, S.S.A (2007) Improved complex envelope alternative
direction implicit finit difference time domain method for photonic bandgap cavities. IEEE
J. Lightwave Technol., 25 (1), 440–447. © 2007 IEEE.)
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For simulations carried out with time steps fi ed to 5 and 10 times the Courant limit,
respectively, the shift of the calculated normalised frequency of the resonant mode
has been found to be negligibly small. Moreover, for a Courant number of 20, the
proposed CE-ADI-FDTD gives a normalised frequency of the resonant mode that is
shifted by only 0.2% from that obtained using conventional FDTD.

5.12 5 × 5 Rectangular Lattice PhC Cavity
The fundamental TE resonant mode of the 5 × 5 cavity, shown in Figure 5.9, will be
considered. For all simulations, nonuniform mesh has been utilised in such a way that
the computational domain grid contains more points in the centre of the cavity where
the electromagnetic fiel of the resonant mode of the cavity is trapped. The structure
has been discretised by a nonuniform mesh of 153 cells along the x- and y-directions
in such a way that the minimum step size considered to discretise the structure is
fi ed at 17.73 nm. Furthermore, 10 cells of PML have been used to terminate the
computational domain. The structure is excited with an electric-fiel profil given by
Equation (5.136). In Figure 5.10, the time variation of the envelope of the electric
fiel inside the cavity is shown and Figure 5.11 shows the spectral distribution of the
resonant mode energy. The normalised frequency, a/λ, can be easily determined from
Figure 5.11 to be 0.3789. The electric-fiel distribution of the resonant mode in the
cavity is shown in Figure 5.12, obtained after running the code for 1024 fs.

a

nrods = 3.4 r = 0.2 a a = 0.58652 µm

Figure 5.12 Electric-fiel profil of the resonant mode inside the 5 × 5 square lattice cavity.
(Reproduced with permission from Pinto, D. and Obayya, S.S.A (2007) Improved complex
envelope alternative direction implicit finit difference time domain method for photonic
bandgap cavities. IEEE J. Lightwave Technol., 25 (1), 440–447. © 2007 IEEE.)
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The quality factor,Q, of the resonant mode can be calculated from the time-variation
of the field Et, as the ratio of the energy stored to the energy lost after one cycle using
[40]

Q = 2π
|Et |2

|Et |2 − |Et+T |2 (5.137)

where T represents the time cycle of the resonant mode. For this structure, the resonant
wavelength is λres =1.548 µm and the time cycle is T = 5.16 fs, so the quality factor
has been found to be Q = 184. The mode area, Amod, is also calculated using [41]

A mod =
∫

(εE∗ · E) ds
[εE∗ · E]max

(5.138)

where ε is the permittivity of the dielectric medium in which the cavity is formed,
[εE∗ · E]max represents the maximum energy stored inside the cavity, and the integra-
tion is performed over the entire computational window. For this structure, the mode
area was found to be (0.31λ)2. These results of the resonant wavelength, the quality
factor and the mode area, obtained with the newly developed CE-ADI-FDTD code are
in excellent agreement with their counterparts reported in [40,42] and obtained using
different finite-elemen time-domain methods. Furthermore, the CE-ADI-FDTD can
easily run on normal desktop computers. For example, it took 15 minutes to run the
5 × 5 cavity for a mesh of 153 cells in both the x- and y-directions and for 1200 time
steps on a PC (Pentium IV, 3 GHz with 1 GB of RAM). In order to clarify this point,
it should be mentioned that for a 7 × 7 photonic crystal cavity the proposed CE-ADI-
FDTD was only about twice as fast as the conventional FDTD algorithm, even when
the Courant number employed for the former was about 20. One would expect an
execution time much faster than that, but it should be noted that the CE-ADI-FDTD
algorithm relies on the computation of complex numbers, while the FDTD algorithm
is based on real numbers. Thus, the employment of a time step much larger than
the maximum fi ed by the CFL limit can greatly reduce the total number of time
steps necessary to run the simulation; on the other hand, the use of complex numbers
increases the execution time of each single time step. For this reason, the total gain in
execution time is slightly less than expected.

Figure 5.13 shows the calculation of the quality factor, Q, and the normalised
frequency of the resonant mode for different sizes of the square cavity. It has to be
mentioned that for all simulations a Courant number equal to 10 has been used, which
has been shown to be a perfect compromise between accuracy and execution time.

It can be see that there is good agreement between the results reported here using
CE-ADI-FDTD and their counterparts reported in [42, 43] using a finite-elemen
frequency-domain approach. As noted from this figure for cavities bigger than
5 × 5, the normalised frequency is almost the same (≈0.378), while the Q factor
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Figure 5.13 Variation of the normalised resonant frequency and quality factor of the resonant
mode with the cavity size. (Reproduced with permission from Pinto, D. and Obayya, S.S.A
(2007) Improved complex envelope alternative direction implicit finit difference time domain
method for photonic bandgap cavities. IEEE J. Lightwave Technol., 25 (1), 440–447. © 2007
IEEE.)

is exponentially increased. Also, the mode area variation with cavity size is shown in
Figure 5.14. As may be observed from this figure the mode area tends to be almost
unchanged when the cavity size is bigger than 3 × 3 rods. This phenomenon can be
explained by considering that the electric-fiel profil of the resonant mode is mostly
contained in the defect of the photonic crystal for cavity sizes bigger than 5 × 5. For
this reason, adding external layers of rods does not affect the fiel distribution inside
the cavity.

5.13 Triangular Lattice PhC Cavity
Next, the developed CE-ADI-FDTD code will be tested for different PhC cavities.
In the following examples, a hexagonal cavity arrangement, shown in Figure 5.15,
is considered. The lattice constant of the PhC is a = 0.7254 µm, the radius of the
dielectric rods is r = 0.378 a and the refractive index of the rods is nrods = 3.0 [40].

As firs example, a four-ring PhC cavity without a central rod will be investigated.
The source used to excite all the structures considered from now on was a Gaussian-
shaped pulse expressed by Equation (5.136). The coordinates of the peak of the
Gaussian shape x0 and y0 were set to the cavity centre coordinates, while the parameters
representing the width of the Gaussian shape along the x- and y-directions, X0 and
Y0, were both f xed to a/2, with a the lattice constant of the PhC. The parameters of
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Figure 5.14 Variation of the mode area of the resonant mode with cavity size. (Reproduced
with permission from Pinto, D. and Obayya, S.S.A (2007) Improved complex envelope alter-
native direction implicit finit difference time domain method for photonic bandgap cavities.
IEEE J. Lightwave Technol., 25 (1), 440–447. © 2007 IEEE.)

Figure 5.15 Schematic diagram of a four-ring hexagonal photonic crystal cavity [40].
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Figure 5.16 Spectral distribution of the resonant mode energy for the four-ring hexagonal
photonic crystal cavity. (Reproduced with permission from Pinto, D. and Obayya, S.S.A
(2007) Improved complex envelope alternative direction implicit finit difference time domain
method for photonic bandgap cavities. IEEE J. Lightwave Technol., 25 (1), 440–447. © 2007
IEEE.)

the Gaussian pulse at time t0 and T0 were fi ed to 90 fs and 30 fs, respectively, while
the angular frequency ωc was set to 1.256 × 1015 rad/s (λ = 1.5 µm). A detector was
placed in the cavity centre in order to store the time-domain variation of the electric
fiel and, upon using the FFT, the spectral energy density of the resonant mode was
computed. The result of this procedure is shown in Figure 5.16.

The narrow spectral width of that resonance curve shows the high selectivity and
quality factor of this hexagonal cavity compared to the square case, a property that
is also confirme by the tight confinemen of the electric-fiel profil of the resonant
mode in the PhC cavity, shown in Figure 5.17.

This high selectivity property of this type of cavity is confirme by Figure 5.18,
which shows the quality factor and the normalised frequency of the resonant mode
for different numbers of rings surrounding the cavity.

From this figure it can be noted that the normalised frequency of the resonant mode
remains nearly unchanged as the number of rings is greater than two. Further, a huge
increase in the quality factor of the hexagonal ring cavity can also be observed thanks
to the arrangement of a large number of dielectric rods. Figure 5.19 shows the mode
area computed for different cavity sizes using Equation (5.138).

As may be noted from this figure the mode area decreases as the size of the cavity
is increased. However the rate of decrease of the mode area becomes smaller as the
cavity size increases.

Next, a hexagonal four-ring cavity with a dielectric rod located in the centre of the
cavity is considered. The radius of the central rod is rrod = 0.1a, where a is the lattice
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Figure 5.17 Electric-fiel profil of the resonant mode inside the four-rings triangular lattice
PhC cavity.

constant of the PhC, and the refractive index of the rod is varied from 1.2 to 3.4.
For each cavity type, the normalised frequency of the resonant mode, and the quality
factor were computed. Figure 5.20 shows the variation of the normalised frequency
and the quality factor with the refractive index of the central rod, calculated for these
cavities.
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Figure 5.18 Variation of the normalised resonant frequency and quality factor of the resonant
mode with the number of rings. (Reproduced with permission from Pinto, D. and Obayya,
S.S.A (2007) Improved complex envelope alternative direction implicit finit difference time
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From this figure a shift in the normalised frequency of the resonant mode towards
lower frequency as the refractive index of the central rod increases can be observed.
These results can be intuitively justifie as follows. The localised mode obtained by
using a lattice defect consisting of removing dielectric material (‘air defect’) presents
a normalised resonance frequency near the ‘air band’ (upper edge of the bandgap).
On the other hand, the localised mode obtained by using lattice defect consisting
of adding dielectric material (‘dielectric defect’) presents a normalised resonance
frequency near the ‘dielectric band’ (lower edge of the bandgap) [44]. This property
can be used to tune the resonant mode of the cavity inside the range of the bandgap by
properly choosing the refractive index of the central rod, as can be seen from Figure
5.20.

5.14 Wavelength Division Multiplexing
Wavelength division multiplexing (WDM) is a technology used for multiplexing
signals in optical fibre The technology is based on separating the light in the optical
fibr into distinctive channels according to the colour of the light, in other words,
distinctive wavelength channels. The idea is that every channel transmits the same
amount of data as a single fibr that has not been multiplexed.

WDM and frequency division multiplex (FDM) operate on similar principles, where
WDM corresponds to wavelengths of light in optical fibr and FDM corresponds to
electrical analogue transmission. As opposed to electrical FDM, WDM of optical
fibr is highly reliable as it is completely passive.

A WDM system consists of a transmitter and receiver, a multiplexer and a
demultiplexer, respectively. The transmitter takes several signals and sends them
across a single channel, while the receiver separates these signals into distinctive
channels. Ideally, such a system would have a switching device that simultaneously
transmits and receives signals; such a device is known as an add-drop multiplexer.

The main advantage of the WDM technique in telecommunication is that it allows
the capacity of the network to be increased without the need to change the backbone of
the fibr network. This is made possible through implementing WDM and deploying
optical amplifier throughout the optical network. This capacity increase is achieved
by upgrading the transmitters and receivers of the network, thereby allowing for many
generations of technological advancement in the optical infrastructure without laying
more fibre

The WDM optical spectrum is divided into several distinct wavelengths that do not
overlap, and each wavelength corresponds to a single communication channel, thus
providing several WDM channels in the same fibr and greatly utilising the fiber s
huge bandwidth. With such large bandwidth potential, research on WDM devices has
increased with the aim of employing WDM-based optical backbones for the Internet.
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The conventional WDM systems were dual-channel 1.31/1.55 µm systems includ-
ing both the minimum dispersion window and minimum attenuation window. The
WDM consists mainly of two types:

� Coarse WDM (CWDM), where the wavelengths are spaced well apart. This results
in lower costs of optical transmitters and receivers, however this is at the cost of the
number of wavelengths, which is relatively small.

� Dense WDM (DWDM), where the wavelengths are tightly spaced, providing a large
number of wavelengths, but greatly increasing the cost of transmitters and receivers.

DWDM and CWDM are based on the same principle of using multiple wavelengths
in a single fibre differing mainly in the spacing between wavelengths, and the number
of channels.

In communication systems, WDM devices show the ability to improve coherence
without losing the quality of transmission, are tightly compact (micrometre scale) and
practical to fabricate on integrated optical circuits. This is where photonic crystals
have much potential, as PhC-based WDM for different wavelength selective-filterin
techniques have been recently realised. Such devices include filter adjacent to wave-
guides, using coupling techniques [45, 46] or cavities [47–52] for the purpose of
achieving PhC-based wavelength multiplexing and demultiplexing. Figure 5.21

Figure 5.21 (a) Selected frequency (f norm = 0.387) propagates in both waveguides WG1 and
WG2. (b) Selected frequency (f norm = 0.387) propagates in only in waveguide 2. (c) Other
frequencies, (f norm = 0.406) only propagate in waveguide 1. (Reproduced with permission
from IET from ‘Improved Design of Photonoic Crystal Based Multiplexer/Demultiplexer
Devices’, Special Issue of IET Optelectronics © IET 2010.)
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illustrates an electric fiel propagating along a PhC waveguide, where both cou-
pling length and cavity techniques have been used carefully to select the widely used
communication wavelength λ = 1.55 µm.
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6
Finite-Volume Time-Domain
Method

6.1 Introduction
In this chapter a detailed description of the finite- olume time-domain (FVTD)
numerical modelling technique will be presented. The FVTD method has attracted
a great deal of attention in numerical modelling, but it has been mainly used for
computational flui dynamics applications and very limited research efforts have
been directed towards the use of this technique in computational electromagnetic
problems. The beauty of FVTD is that it combines the versatile and fl xible mesh-
ing capabilities of the finite-elemen time domain (FETD) method, in addition to
being explicit (no solution of a large system of equations is required), where only
fiel updates are performed at each time step, as in the finite-di ference time-domain
(FDTD) method. For this reason, a numerically efficien FVTD formulation based on
the nondiffusive scheme for the calculation of the flu interaction will be suggested
for the analysis of optical wave propagation in photonic bandgap (PBG) devices. The
uniaxial perfectly matched layer (UPML) absorbing boundary condition will be rig-
orously incorporated into the FVTD formulation to mimic ‘reflectionless boundaries
of the computational domain. In the last part of the chapter, a brief description of
nonlinear optical phenomena will be given with a detailed analysis of the inclusion
of nonlinear modelling in the FVTD and the FDTD methods.

Computational Photonics Salah Obayya
C© 2011 John Wiley & Sons, Ltd
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6.2 Numerical Analysis
The analysis starts from the coupled Maxwell’s equations for an isotropic, lossless
medium without electric or magnetic sources

ε0εr
∂ Ē
∂t

− ∇ × H̄ = 0 (6.1)

µ0µr
∂ �H
∂t

+ ∇ × �E = 0 (6.2)

where ε0 is the electric permittivity of free space, εr is the relative permittivity of the
medium considered, µ0 is the magnetic permeability of the free space, µr is the relative
permeability of the medium considered, Ē = [

Ex Ey Ez
]T is the electric field

H̄ = [
Hx Hy Hz

]T is the magnetic fiel and T is the matrix transpose operation.
Equations (6.1) and (6.2) represent a system of six equations expressed as

ε0εr
∂Ex
∂t

− ∂Hz
∂y

+ ∂Hy
∂z

= 0 (6.3)

ε0εr
∂Ey
∂t

− ∂Hx
∂z

+ ∂Hz
∂x

= 0 (6.4)

ε0εr
∂Ez
∂t

− ∂Hy
∂x

+ ∂Hx
∂y

= 0 (6.5)

µ0µr
∂Hx
∂t

+ ∂Ez
∂y

− ∂Ey
∂z

= 0 (6.6)

µ0µr
∂Hy
∂t

+ ∂Ex
∂z

− ∂Ez
∂x

= 0 (6.7)

µ0µr
∂Hz
∂t

+ ∂Ey
∂x

− ∂Ex
∂y

= 0 (6.8)

Equations (6.3)–(6.8) can be rewritten in conservative form as [1]

α
∂Ū
∂t

+ ∂F1
(
Ū
)

∂x
+ ∂F2

(
Ū
)

∂y
+ ∂F3

(
Ū
)

∂z
= 0 (6.9)
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where, α =
[

ε I 0
0 µI

]
with I the 3 × 3 identity matrix, and Ū , F1

(
Ū
)
, F2

(
Ū
)
,

F3
(
Ū
)

are written as

Ū =

⎡

⎢⎢⎢⎢⎢⎢
⎣

Ex
Ey
Ez
Hx
Hy
Hz

⎤

⎥⎥⎥⎥⎥⎥
⎦

, F1
(
Ū
) =

⎡

⎢⎢⎢⎢⎢⎢
⎣

0
Hz

−Hy
0

−Ez
Ey

⎤

⎥⎥⎥⎥⎥⎥
⎦

, F2
(
Ū
) =

⎡

⎢⎢⎢⎢⎢⎢
⎣

−Hz
0
Hx
Ez
0

−Ex

⎤

⎥⎥⎥⎥⎥⎥
⎦

, F3
(
Ū
) =

⎡

⎢⎢⎢⎢⎢⎢
⎣

Hy
−Hx

0
−Ey
Ex
0

⎤

⎥⎥⎥⎥⎥⎥
⎦

Equation (6.9) can be rewritten in condensed form as

α
∂Ū
∂t

+ divF
(
Ū
) = 0 (6.10)

where F
(
Ū
) = [

F1
(
Ū
)
F2

(
Ū
)
F3

(
Ū
) ]

. This notation is fundamental for the
derivation of the FVTD scheme. Considering a generic volume, V , Equation (6.10) is
then integrated over this volume obtaining

∫

V
α

∂Ū
∂t

dV +
∫

V
divF

(
Ū
)
dV = 0 (6.11)

Through the use of the divergence theorem, Equation (6.11) can be rewritten as

∫

V
α

∂Ū
∂t

dV +
∫

S
F
(
Ū ∗) · �andS = 0 (6.12)

where S represents the surface enclosing the volume V , �an is the outward pointing
normal unit vector of the surface S, and Ū ∗ = [

E∗
x E∗

y E∗
z H∗

x H∗
y H∗

z
]T de-

notes the electromagnetic fiel components at the surface S. In order to make possible
the integration of Equation (6.12) into practical applications, the entire volume V is
partitioned into small volumes Vi. In the literature there are two main formulations
used for the partitioning of a domain when a triangulation is given: the cell-centred
formulation and the cell-vertex formulation [1, 2]. In the former, the electromagnetic
fiel components are collocated at the barycentres of the cells, while in the latter
the electromagnetic fiel components are placed at the nodes of the cells. Figure 6.1
shows an example of a 2D cell-centred formulation. From this figure it can be clearly
seen that the single volume Vi corresponds to the single cell (a triangle in this case)
of the triangulation.
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Figure 6.1 Finite-volume partition for a 2D computational domain using a cell-centred for-
mulation.

In Figure 6.2, an example of a cell-vertex formulation for a 2D computational
domain is shown. From this figur it can be clearly seen that the single volume Vi
corresponds to polygons obtained by connecting the barycentres of the cells to which
the node belongs. Each of these formulations used to partition the computational
domain has advantages and disadvantages. As an example, the boundary conditions
in the cell-centred formulation are taken into account in a more straightforward

Figure 6.2 Finite-volume partition for a 2D computational domain using a cell-vertex for-
mulation.
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manner because the boundary corresponds to a face of the volume into which the
computational domain is partitioned, while for the cell-vertex formulation particular
faces have to be defined On the other hand, in the cell-vertex formulation the extension
of the FVTD scheme to a higher order is done in a much simpler way than for the
cell-centred formulation.

Once the computational domain is partitioned in volumes Vi, which possess a
boundary surface Si consisting of a number of planar faces, Equation (6.12) is applied
to each of these volumes in a discretised form expressed as

α |Vi | ∂Ūi
∂t

=
∑mi

k=1
|Sk | F

(
Ū ∗
k
) · n̄ik (6.13)

where |Vi | is the volume of the ith volume, |Sk | is the area of the kth planar surface
that surrounds the ith element, mi is the number of planar surfaces surrounding the
volume Vi, Ūi is the value of Ū at the centre of the ith element, Ū ∗

k is the value of
Ū at the centre of the kth planar surface, n̄ik represents the unit normal of the kth
planar surface of the ith volume, and F

(
Ū ∗
k
) · �nik represents the flu at the centre of

the kth planar surface. Figure 6.3 showns a schematic of the flu interactions for an
elementary volume in a 2D cell-centred formulation.

Figure 6.3 Flux interaction for a volume, Vi, in a 2D computational domain discretised with
a cell-centred formulation. (Reproduced with permission from Pinto, D. and Obayya, S.S.A.
(2008) Nonlinear finit volume time domain analysis of photonic crystal based resonant
cavities. IET Optoelectron., 2 (6), 254–261. © 2008 IET.)
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6.3 The UPWIND Scheme for Flux Calculation
Different solutions have been proposed in the literature in order to evaluate the flu
interaction for each volume into which the computational domain is discretised. One of
the most employed schemes is the UPWIND scheme [1]. In this scheme, a relationship
between the electromagnetic-fiel components at the centre of the element and the
electromagnetic-fiel components at the centre of the corresponding boundary planar
surface is formulated. In order to do so, the set of unit normal vectors of a single
volume Vi is considered in order to parameterise R3, so as to express each point of R3

as a linear combination of this set. In formulas this is expressed as

Rmi � (
ξ1, · · ·, ξmi

) �→ x =
mi∑

k=1

ξk n̄ik ∈ R3

In this way Equation (6.9) can be expressed as

∂Ū
∂t

= −α−1
mi∑

k=1

(
∂F1

∂Ū
∂ξk

∂x
+ ∂F2

∂Ū
∂ξk

∂y
+ ∂F3

∂Ū
∂ξk

∂z

)
∂Ū
∂ξk

(6.14)

Equation (6.14) can be rewritten in a more compact form as

∂Ū
∂t

= −α−1
mi∑

k=1

A (n̄ik)
∂Ū
∂nk

(6.15)

where the 6 × 6 matrix A (n̄ik) is define as

A (n̄ik) = ∂F1

∂Ū
∂ξk

∂x
+ ∂F2

∂Ū
∂ξk

∂y
+ ∂F3

∂Ū
∂ξk

∂z
(6.16)

In this way the matrix A (n̄i ) is given by

A (n̄i ) =

⎡

⎢⎢⎢⎢⎢
⎢
⎣

0 0 0 0 nz −ny
0 0 0 −nz 0 nx
0 0 0 ny −nx 0
0 −nz ny 0 0 0
nz 0 −nx 0 0 0

−ny nx 0 0 0 0

⎤

⎥⎥⎥⎥
⎥
⎥
⎦

(6.17)

It can be clearly seen that the product A (n̄i ) Ū defines in this case, the flu interac-
tion of the face Si associated with the unit normal n̄i = (

nx ny nz
)
. Introducing the

notation Ã (n̄i ) = α−1A (n̄i ), for each matrix Ã (n̄i ) it is possible to calculate the six
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real eigenvalues given by
(

0 0
1√
εµ

1√
εµ

− 1√
εµ

− 1√
εµ

)
(6.18)

The matrix Ã (n̄i ) can be written in the form Ã = P�P−1 where

� =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣

0 0 0 0 0 0
0 0 0 0 0 0

0 0
1√
εµ

0 0 0

0 0 0
1√
εµ

0 0

0 0 0 0 − 1√
εµ

0

0 0 0 0 0 − 1√
εµ

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦

(6.19)

and

P =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣

nx 0
nxnz
cε

−nxny
cε

−nxnz
cε

nxny
cε

ny 0
nynz
cε

n2
x + n2

z
cε

−nynz
cε

−n
2
x + n2

z
cε

nz 0 −n
2
x + n2

y

cε
−nynz

cε
n2
x + n2

y

cε
nynz
cε

0 nx −ny −nz −ny −nz
0 ny nx 0 nx 0
0 nz 0 nx 0 nx

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦

(6.20)

where c = 1/
√

εµ is the speed of light in the medium.
From Equation (6.15), considering the variation of the vector Ū along the direction

of n̄i gives

∂Ū
∂t

= − Ã (n̄i )
∂Ū
∂n

(6.21)

With the help of the decomposition used for Ã (n̄i ) and introducing the vector V̄ =
P−1Ū , Equation (6.21) can be written as a system of six independent scalar equations

∂Vj
∂t

+ λi
∂Vj
∂n

= 0 (6.22)
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where j = 1, . . . , 6. The solutions for each of these equations are any differentiable
functions of the type f

(
λ j t − ξn

)
. This means that the value of Vj at ξ = ξ

∗ , the
boundary face of the cell, along the direction n̄i at time t is equal at the value of Vj
at ξ = ξ 0, the centre of the cell, at time t – s/λj, where s = |ξ ∗ − ξ 0|. On the other
hand, if the cell size is very small compared to the shortest wavelength involved,
the propagation time needed to cover the distance s can be neglected with very good
approximation. This estimation implies

Vj (t) = V ∗
j (t) (6.23)

This relationship holds for any direction of propagation and hence for all unit normals.
For stability reasons [1, 3], the only waves considered in the following analysis are
those propagating in the positive direction of n̄i which implies that only positive
eigenvalues need to be considered. In fact the matrix Ã (n̄i ) can be rewritten as

Ã (n̄i ) = P�P−1 = P
(
�+ + �−) P−1 = P�+P−1 + P�−P−1

= Ã (n̄i )+ + Ã (n̄i )− (6.24)

where �+ is the diagonal matrix of positive eigenvalues of Ã (n̄i ), and �− is the
diagonal matrix of the negative eigenvalues. With this notation, the matrix Ã (n̄i )+ is
given by

Ã (n̄i )+ = 1
2⎡

⎢⎢⎢⎢⎢⎢
⎣

(
n2
y + n2

z
)
c −nxnyc −nxnzc 0 nz/ε −ny/ε

−nxnyc
(
n2
x + n2

z
)
c −nynzc −nz/ε 0 nx/ε

−nxnzc −nynzc
(
n2
x + n2

y
)
c ny/ε −nx/ε 0

0 −nz/µ ny/µ
(
n2
y + n2

z
)
c −nxnyc −nxnzc

nz/µ 0 −nx/µ −nxnyc
(
n2
x + n2

z
)
c −nynzc

−ny/µ nx/µ 0 −nxnzc −nynzc
(
n2
x + n2

y
)
c

⎤

⎥⎥⎥⎥⎥⎥
⎦

(6.25)

It is possible to note that by substituting c with −c, an explicit expression for Ã (n̄i )−
can be obtained and, furthermore, the following relationship is obtained

Ã (n̄i )− = − Ã (−n̄i )+ (6.26)

Finally, considering Equation (6.23), noticing that V̄ = P−1Ū and multiplying both
sides of Equation (6.23) by P�+, the relationship between the values of the electro-
magnetic fiel components at the centre of the cell, Ū , and the corresponding values
at the surface Si, Ū ∗ is obtained

Ã (n̄i )+ Ū = Ã (n̄i )+ Ū ∗ (6.27)



P1: OTA/XYZ P2: ABC
c06 BLBK325-Obayya August 4, 2010 19:26 Printer Name: Yet to Come

Finite-Volume Time-Domain Method 151

Equation (6.27) can be expressed in terms of electromagnetic-fiel components,
obtaining

Y n̄i × Ē − n̄i ×
(
n̄i × H̄

) = Y n̄i × Ē∗ − n̄i ×
(
n̄i × H̄∗) (6.28)

where Y =
√

ε
/
µ. Equation (6.28) has to be applied at both of volume elements

whose common interface is the surface Si. In this way, considering volume 1 on the
left side and volume 2 on the right side, the following equations are obtained

Y 1n̄i × Ē∗ − n̄i ×
(
n̄i × H̄∗) = Y 1n̄i × Ē1 − n̄i ×

(
n̄i × H̄ 1) (6.29)

Y 2n̄i × Ē∗∗ + n̄i ×
(
n̄i × H̄∗∗) = Y 2n̄i × Ē2 + n̄i ×

(
n̄i × H̄ 2) (6.30)

where Y1 and Y2 are the characteristic admittances of the left and right volumes,
respectively, Ē1 and H̄ 1 are the electric and magnetic field at the centre of the left
volume, respectively, Ē2 and H̄ 2 are the electric and magnetic field at the centre
of the right volume, respectively, Ē∗ and H̄∗ are the electric and magnetic field
at the boundary surface of the left volume, respectively, and Ē∗∗ and H̄∗∗ are the
electric and magnetic field at the boundary surface of the right volume, respectively.
Equations (6.29)−(6.30), in conjunction with appropriate continuity conditions can
be used for the calculation of the flu es necessary for the updating process of the
FVTD algorithm.

6.3.1 Dielectric Contrast
For a dielectric contrast, Equations (6.29)−(6.30) are used with the continuity rela-
tionships of the tangential components of the electric and magnetic field expressed
as

n̄i × Ē∗ = n̄i × Ē∗∗ (6.31)
n̄i × H̄∗ = n̄i × H̄∗∗ (6.32)

Considering Equations (6.31)−(6.32) together with Equations (6.29)−(6.30) the fol-
lowing equations are obtained

n̄i × Ē∗ = n̄i × Ē∗∗ = 1
Y 1 + Y 2

(
n̄i ×

(
Y 1 Ē1 + Y 2 Ē2) − n̄i ×

(
n̄i ×

(
H̄ 1 − H̄ 2)))

(6.33)

n̄i × H̄∗ = n̄i × H̄∗∗ = 1
Z1 + Z2

(
n̄i ×

(
Z2 H̄ 2 + Z1 H̄ 1) − n̄i ×

(
n̄i ×

(
Ē2 − Ē1)))

(6.34)
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where Y and Z are the characteristic admittance and the characteristic impedance of
the volume, respectively, and the superscripts 1 and 2 refer to the left and the right
volumes, respectively. Taking into account that

F
(
Ū
) · n̄i =

[−n̄i × H̄
n̄i × Ē

]
(6.35)

Equations (6.33)−(6.34) can be rewritten using the flu splitting formalism as

F
(
Ū ∗) · n̄i = F

(
Ū ∗∗) · n̄i = α1T 1 Ã1 (n̄i )+ Ū 1 + α2T 2 Ã2 (n̄i )− Ū 2 (6.36)

where T is a 6 × 6 transmission matrix expressed as

T 1,2 =

⎡

⎢⎢
⎣

2Z1,2

Z1 + Z2 0

0
2Y 1,2

Y 1 + Y 2

⎤

⎥⎥
⎦ (6.37)

It can be noted that Equation (6.36) represents a relationship between the flu es and
the electromagnetic-fiel components at the centre of the volumes. Taking this into
account Equation (6.13) can be finall expressed as

α
∂Ūi
∂t

= − 1
|Vi |

∑mi

k=1
|Sk |

(
α1T 1 Ã (n̄ik)+ Ū 1

k + α2T 2 Ã (n̄ik)− Ū 2
k
)

(6.38)

6.3.2 Perfect Electric Conductor
In this case Equation (6.28) is used in conjunction with the condition

n̄i × Ē∗ = 0 (6.39)

which gives

n̄i × H̄∗ = Y n̄i ×
(
n̄i × Ē

) + n̄i × H̄ (6.40)

From Equation (6.40) is then possible to obtain the relation between the flu es and
the electromagnetic-fiel components at the centre of the volume

F
(
Ū
) · n̄i = α1TPEC1 Ã (n̄i ) + Ū1



P1: OTA/XYZ P2: ABC
c06 BLBK325-Obayya August 4, 2010 19:26 Printer Name: Yet to Come

Finite-Volume Time-Domain Method 153

where T 1
PEC is the 6 × 6 transmission matrix obtained from T1 considering that the

impedance of a perfect electric conductor tends to zero, or in formula

T 1
PEC = lim

Z1→0
T 1 (6.41)

The 6 × 6 transmission matrix T 1
PEC is explicitly expressed as

T 1
PEC =

⎡

⎢⎢⎢⎢⎢⎢
⎣

2 0 0 0 0 0
0 2 0 0 0 0
0 0 2 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

⎤

⎥⎥⎥⎥⎥⎥
⎦

(6.42)

6.3.3 Perfect Magnetic Conductor
In this case Equation (6.28) is used in conjunction with the condition

n̄i × H̄∗ = 0 (6.43)

which gives

n̄i × Ē∗ = Zn̄i ×
(
n̄i × H̄

) + n̄i × Ē (6.44)

From Equation (6.44) is then possible to obtain the relation between the flu es and
the electromagnetic fiel components at the centre of the volume

F
(
Ū
) · n̄i = α1TPMC1 Ã (n̄i ) + Ū1

where T 1
PMC is the 6 × 6 transmission matrix obtained from T1 considering that the

admittance of a perfect magnetic conductor tends to zero, or in formula

T 1
PMC = lim

Y 1→0
T 1 (6.45)

The 6 × 6 transmission matrix T 1
PMC is explicitly expressed as

T 1
PMC =

⎡

⎢
⎢⎢
⎢⎢
⎢
⎣

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 2 0 0
0 0 0 0 2 0
0 0 0 0 0 2

⎤

⎥⎥⎥
⎥
⎥⎥
⎦

(6.46)
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6.3.4 Numerical Stability
As with every explicit numerical scheme, the FVTD method is not an unconditionally
stable numerical method. Particular attention needs to be paid to the choice of the time
step, �t, in order to ensure the stability of the numerical scheme. In [1] a thorough
stability analysis of the FVTD method is reported for structured and unstructured
schemes. This analysis is based on the Von Neumann method [4] with which the
evolution of the numerical error of the scheme is studied over time. The aim of this
study is to fin the appropriate values of the parameters of the scheme in order to
obtain a decreasing behaviour of the error or, at least, to maintain it at a constant
value. Essentially, the stability of the numerical scheme is guaranteed if the following
relationship is verifie

∥∥εn+1
∥∥

‖εn‖ ≤ 1 (6.47)

where ε indicates the error. For a 3D structured grid with discretisation steps �x =
�y = �z = �, the application of the Von Neumann method leads to the following
relationship for the maximum time step possible for the numerical scheme to be stable

dt ≤ �

2c
(6.48)

where c is the speed of light in the medium.
For a 3D unstructured grid, the Von Neumann method is applied on an explicit

scheme of spatial order 1 [1], leading to the following relationship between the time
step dt and the cell size of the discretised computational domain

dt ≤ 1
c

min
i

( |Vi |∑mi
k=1 |Sk |

)
(6.49)

where Vi is the volume of the elementary cell, Sk is the area of the kth planar boundary
face of the volume Vi, mi is the number of planar faces surrounding the volume Vi
and c is the speed of light in the medium. The verificatio of Equation (6.48) for
FVTD schemes developed on structured grids, or Equation (6.49) for FVTD schemes
developed for unstructured grid is sufficien to guarantee the stability of the numerical
scheme for all time steps.

6.4 Nondiffusive Scheme for the Flux Calculation
The upwind scheme described in the previous section has been shown to suffer
from numerical diffusion [5], which is necessary in the context of computational
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Figure 6.4 Schematic diagram of a 2D computational domain with the position of the
electromagnetic-fiel components on the elementary volumes.

flui dynamics in order to avoid the exponential growth of nonphysical oscillations
artificiall introduced by the numerical scheme. On the other hand, in the context
of computational electromagnetics, this numerical diffusion creates a nonphysical
dissipation of the electromagnetic energy inside the computational domain, which can
lead to inaccurate results for simulations requiring a running time equivalent to several
cycles of the main frequency signal. In [5], a different scheme for the calculation of
the flu interaction between cells in the FVTD scheme has been proposed for the
simulation of electromagnetic problems. This scheme doesn’t suffer from numerical
diffusion, making it suitable for the simulation of electromagnetic structures and
problems involving highly resonant structures. The core of this scheme consists in a
different approach in the calculation of the electromagnetic-fiel components at the
centre of the boundary faces surrounding the elementary cell necessary for the flu
calculation, as shown in Figure 6.4 for a 2D computational domain.

The electromagnetic-fiel component Ū ∗
ik at the centre of the segment interface

between the elements i and j is calculated using a linear approximation

Ū ∗
ik = Ūi + Ūk

2
(6.50)

In this way, applying this scheme to Equation (6.13), the following equations are
obtained

εi |Vi | Ē
n+1
i − Ēni

�t
+

∑mi

k=1
F̄n+1/2
ik = 0 (6.51)

µi |Vi | H̄
n+3/2
i − H̄ n+1/2

i
�t

−
∑mi

k=1
Ḡn+1
ik = 0 (6.52)
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with

F̄n+1/2
ik = N̄ik

H̄ n+1/2
i + H̄ n+1/2

k
2

(6.53)

Ḡn+1
ik = N̄ik

Ēn+1
i + Ēn+1

k
2

(6.54)

where

N̄ik = |Sk | N̄n̄ik (6.55)

with

N̄n̄ik = nikx Nx + niky Ny + nikz Nz (6.56)

where �nik = (
nikx niky nikz

)T is the outward normal unit vector of the kth planar
face and the matrices Nx, Ny and Nz are explicitly expressed as

N̄x =
⎛

⎝
0 0 0
0 0 1
0 −1 0

⎞

⎠ , N̄y =
⎛

⎝
0 0 −1
0 0 0
1 0 0

⎞

⎠ , N̄z =
⎛

⎝
0 1 0

−1 0 0
0 0 0

⎞

⎠

Equations (6.51)−(6.52) represent three equations each of which represent the
updating equation for each of the six electromagnetic-fiel components. These
equations can be explicitly solved and furthermore it can be seen that Equa-
tions (6.51)−(6.52) represent a scheme which employs a leapfrog pattern for updating
in time of the electromagnetic-fiel components. In fact, from Equation (6.51) it can
be clearly seen that in order to obtain the electric-fiel components at the time step
n + 1, only the magnetic-fiel components at the time step n + 1/2 and the electric-
fiel components at the time step n are used. Likewise from Equation (6.52), it is
possible to note that to update the magnetic-fiel components at the time step n +
3/2, only the electric-fiel component at the time step n + 1 and the magnetic-fiel
components at the time step n + 1/2 are employed.

6.5 2D Formulation of the FVTD Method
In this paragraph a 2D formulation of the FVTD using the nondiffusive scheme
is derived. The scheme is based on a cell-centred formulation and the elementary
cells are constituted by triangles. In this way, elementary volumes, Vi, are replaced
by elementary surfaces, Si, while the boundary planar surfaces, Sk, surrounding the
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Figure 6.5 Elementary triangular volumes employed for the FVTD method. On the left, an
elementary volume for a 3D computational domain is shown. On the right, an elementary
volume for a 2D computational domain is derived.

volumes, Vi, are replaced by segments, lk, which are the sides of the elementary
triangles, as shown in Figure 6.5.

The 2D space considered here for this derivation can be obtained from a 3D space in
which the z-direction is homogeneous in such a way that all derivatives along the z-axis
are identically equal to zero. This condition is reflecte in Equations (6.51)−(6.52)
by forcing all elements of the matrix Nz to 0

∂

∂z
≡ 0 ⇒ Nz =

⎛

⎝
0 0 0
0 0 0
0 0 0

⎞

⎠

The substitution of Equations (6.53)−(6.54) into Equations (6.51)−(6.52),
considering the condition previously expressed about the 2D space, leads to the
following equations

εi |Si | E
n+1
xi − Enxi

�t
+

3∑

k=1

|lk |
(

−niky H
n+1/2
zi + Hn+1/2

zk
2

)

= 0 (6.57)

εi |Si |
En+1
yi − Enyi

�t
+

3∑

k=1

|lk |
(

nikx
Hn+1/2
zi + Hn+1/2

zk
2

)

= 0 (6.58)

εi |Si | E
n+1
zi − Enzi

�t
+

3∑

k=1

|lk |
(

niky
Hn+1/2
xi + Hn+1/2

xk
2

− nikx
Hn+1/2
yi + Hn+1/2

yk

2

)

= 0

(6.59)

µi |Si | H
n+3/2
xi − Hn+1/2

xi
�t

−
3∑

k=1

|lk |
(

−niky E
n+1
zi + En+1

zk
2

)

= 0 (6.60)
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µi |Si |
Hn+3/2
yi − Hn+1/2

yi

�t
−

3∑

k=1

|lk |
(

nikx
En+1
zi + En+1

zk
2

)

= 0 (6.61)

µi |Si | H
n+3/2
zi − Hn+1/2

zi
�t

−
3∑

k=1

|lk |
(

niky
En+1
xi + En+1

xk
2

− nikx
En+1
yi + En+1

yk

2

)

= 0

(6.62)

As can be clearly seen, Equations (6.57)−(6.62) can be collected in two groups of
dependent equations with common electromagnetic-fiel components. For instance,
in Equations (6.59)–(6.61) only the electromagnetic-fiel components Ez, Hx, Hy are
involved, while in Equations (6.57), (6.58), (6.62) only Ex, Ey, Hz electromagnetic-
fiel components are considered. The existence of these two independent sets of
equations reflect the fact that in a 2D space two distinct polarisations are involved,
which concurrently exist without any mutual interaction, if considered in structures
composed of isotropic materials. In the literature, these two distinct polarisations are
referred as transverse electric (TE) and transverse magnetic (TM) polarisations. At
this point, clarificatio of the classificatio of TE and TM polarization is required. In
the literature there are two different ways to associate the TE or TM polarisations for a
certain set of equations. Considering z as homogeneous direction, in most textbooks on
microwave theory TE polarisation is usually associated with electromagnetic field
whose main components are Ex, Ey, Hz, while TM polarisation is associated with
electromagnetic field whose main components are Hx, Hy, Ez. In textbooks on PhCs,
the classificatio of TE and TM polarisation is linked to the axis of periodicity of
the crystal itself. For instance, considering a 2D PhC whose axes of periodicity
are x and y, TE polarisation refers to electromagnetic field whose electric-fiel
component is perpendicular to the plane formed by the two axes of periodicity, while
TM polarisation refers to electromagnetic field whose magnetic-fiel component is
perpendicular to the periodicity plane. Following this definitio of the two different
polarisations, for a PhC a TE-polarised wave is an electromagnetic fiel whose main
components are Hx, Hy, Ez. Consequently, a TM-polarised wave contains Ex, Ey, Hz
as the main components. It is clear now that these two different ways to classify
TE and TM polarisations are in contrast with each other. Therefore, in order to
avoid confusion, throughout the whole book the convention used for PhCs will be
followed.

Equations (6.59)–(6.61) are considered for TE polarisation and can be rewritten in
explicit form as

En+1
zi = Enzi −

�t
εi |Si |

3∑

k=1

|lk |
(

niky
Hn+1/2
xi + Hn+1/2

xk
2

− nikx
Hn+1/2
yi + Hn+1/2

yk

2

)

(6.63)
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Hn+3/2
xi = Hn+1/2

xi − �t
µi |Si |

3∑

k=1

|lk |
(

niky
En+1
zi + En+1

zk
2

)

(6.64)

Hn+3/2
yi = Hn+1/2

yi + �t
µi |Si |

3∑

k=1

|lk |
(

nikx
En+1
zi + En+1

zk
2

)

(6.65)

The update process starts with the computation of the electric fiel Ez using the value
of the same fiel at the previous time step and the old values of the magnetic-fiel
componentsHx andHy. Once the electric fiel has been updated, the calculation of the
new values of the magnetic-fiel components is performed using the magnetic-fiel
components values at the previous time step and the newly updated electric field
This process is repeated either for a fi ed number of time steps or until steady state is
reached.

Equations (6.57), (6.58)−(6.62) are considered for TM polarisation and can be
rewritten in explicit form as

En+1
xi = En+1

xi + �t
εi |Si |

3∑

k=1

|lk |
(

niky
Hn+1/2
zi + Hn+1/2

zk
2

)

(6.66)

En+1
yi = Enyi −

�t
εi |Si |

3∑

k=1

|lk |
(

nikx
Hn+1/2
zi + Hn+1/2

zk
2

)

(6.67)

Hn+3/2
zi = Hn+1/2

zi + �t
µi |Si |

3∑

k=1

|lk |
(

niky
En+1
xi + En+1

xk
2

− nikx
En+1
yi + En+1

yk

2

)

(6.68)

The update of Equations (6.66)−(6.68) is performed in a similar way to the update
process for the TE polarisation case.

6.5.1 Numerical Stability
The analysis of the numerical stability of the method is based on the determination
of the variation of the total discrete electromagnetic energy of the scheme. In [5] it
has been proven that the scheme conserves exactly the total discrete electromagnetic
energy when a metallic cavity is simulated. This implies that the scheme is effectively
stable and nondiffusive. Furthermore, a stability analysis has been carried out when
first-orde boundary conditions are applied to the computational domain [5]. For this
case the stability and nondiffusivity of the scheme have also been proven. However, in
order to maintain the stability of the scheme, some restrictions on the maximum time
step it is possible to employ for a given problem have to be applied. These restrictions
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take into account different scenarios which can be represented by the computational
domain, and are expressed as

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

∀ internal interface �t2 < 16
ViVk
Si Sk

min (εkµi , εiµk)

∀ metallic interface �t < 4
Vi
ci Si

∀ absorbing interface �t < 4
Vi
ci Si

(6.69)

6.6 Boundary Conditions
The analysis of scattering problems of electromagnetic waves propagating in
optical waveguides is usually studied in infinitel extended regions. On the other
hand, the FVTD method works only with a finit number of volumes which represent
the computational domain. This introduces a problem for the simulation of scatter-
ing problems because in a computer memory only finit regions can be simulated.
This problem has been brilliantly solved with the advent of the boundary conditions
which can artificiall simulate open-space regions within a finit discretised space.
In the context of the FVTD method, the most used boundary conditions were the
‘Silver−Müller’ boundary conditions also known as ‘radiation boundary conditions’
until the advent of the PML boundary conditions, which present better performance
in terms of absorption of the outer propagating waves.

6.6.1 Silver−Müller Boundary Conditions
In the FVTD method, the most frequently used boundary conditions applied on the
outer boundary are the Silver−Müller conditions [5, 6]. These boundary conditions
belong to the family of boundary conditions referred to in the literature as local non-
reflectin or radiation boundary conditions. These local conditions are less accurate
than exact or global outer boundary conditions based on boundary integral equations
[7]. However, they are very easy to implement and require less computer resources.
The computational volume is truncated by introducing a surface, S0, enclosing the
computational domain. Consider a cell, V , with a face, S, which belongs to the surface,
S0, and the electromagnetic fields Ē∗ and H̄∗, def ned on S, with unit normal, n̄, as
shown in Figure 6.6.

The Silver−Müller conditions, applied to the outer boundary, force the flu on the
outer boundary to apply to outgoing waves only. This condition is represented by the
following:

√
ε0

µ0
n̄ × Ē∗ + n̄ × (

n̄ × H̄ ∗) = 0 (6.70)
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Figure 6.6 Schematic diagram of an outer boundary for the application of the Silver−Müller
boundary condition.

This condition ensures that waves which are normal to the artificia boundary are not
reflected whereas other waves are only partially reflected For this reason, in order
to avoid high reflections the outer boundary has to be placed sufficientl far away
from the core of the computational domain so as to assume the incident waves on the
boundary are local plane waves.

6.6.2 PML Boundary Conditions
The UPML has been previously implemented in the context of conventional FDTD,
and was shown to be very efficien and robust [8]. In this section, the incorporation of
the UPML boundary conditions has been considered in the context of FVTD scheme.
The FVTD formulation can be applied to the Maxwell’s equations for the flu density,
D, and the magnetic flux B

∂ D̄
∂t

− ∇ × H̄ = 0 (6.71)

∂ B̄
∂t

+ ∇ × Ē = 0 (6.72)

Applying the nondiffusive FVTD scheme to Equations (6.71)−(6.72) the following
discretised equations are obtained

|Vi | D
n+1
i − Dn

i
�t

+
∑mi

k=1
N̄ik

Hn+1/2
i − Hn+1/2

k
2

= 0 (6.73)

|Vi | B
n+3/2
i − Bn+1/2

i
�t

−
∑mi

k=1
N̄ik

En+1
i − En+1

k
2

= 0 (6.74)

where |Vi| represents the volume of the ith elementary cell and N̄ik is define by
Equation (6.55).
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The update of the electric field E, and the magnetic field H, is obtained through
the proper constitutive relationships as define in [8] in the context of the UPML
formulation

�

Dx = ε0εr
sz
sx

�

Ex (6.75)
�

Dy = ε0εr
sx
sy

�

Ey (6.76)

�

Dz = ε0εr
sy
sz

�

Ez (6.77)
�

Bx = µ0µr
sz
sx

�

Hx (6.78)
�

By = µ0µr
sx
sy

�

Hy (6.79)

�

Bz = µ0µr
sy
sz

�

Hz (6.80)

where sx, sy, sz are define as

sx = 1 + σx

jωε0
(6.81)

sy = 1 + σy

jωε0
(6.82)

sz = 1 + σz

jωε0
(6.83)

It needs to be noted that Equations (6.75)−(6.80) are define in the frequency do-
main. In order to make them useful for a time-domain method, they have to be
transformed into their time-domain equivalents. Following the procedure suggested
in [8], the transformation of Equations (6.75)−(6.80) in their equivalent time-domain
equations is easily obtained with a few mathematical manipulations. For instance,
considering Equation (6.75), with the explicit expression for the quantities sz and sx,
and multiplying both sides by jω, the following equation is obtained

(
jω + σx

ε0

)
�

Dx = ε0εr

(
jω + σx

ε0

)
�

Ex (6.84)

The transformation of Equation (6.84) into time domain leads to

∂Dx
∂t

+ σx

ε0
Dx = ε0εr

(
∂Ex
∂t

+ σz

ε0
Ex

)
(6.85)
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Following the same procedure for Equations (6.76)−(6.80), similar equations are
obtained. Their discretisation in time is then performed using a leapfrog arrangement,
which leads to the following equations:

En+1
i = 2ε0 − σk�t

2ε0 + σk�t
Eni + 1

(2ε0 + σk�t) ε
[(

2ε0 + σ j�t
)
Dn+1
i − (

2ε0 − σ j�t
)
Dn
i
]

(6.86)

Hn+3/2
i = 2ε0 − σk�t

2ε0 + σk�t
Hn+1/2
i + 1

(2ε0 + σk�t) µ[(
2ε0 + σ j�t

)
Bn+3/2
i − (

2ε0 − σ j�t
)
Bn+1/2
i

]
(6.87)

with k= z, x, y, j= x, y, z and where σ is the conductivity of the UPML layers. For the
conductivity in the UPML layers, a geometrical grading has been chosen [8], and the
maximum value of the conductivity σ max of the UPML absorber has been calculated
using the relationship [9]

σmax =
(

ε0c0

wupml

)(
p + 1

2

)(
ln

(
1

�th

))
(6.88)

where ε0 and c0 are the free space permittivity and the light velocity in free space,
respectively, wupml is the width of the UPML layer, p is the order of geometrical
grading and �th is the theoretical reflectio coefficien of the UPML absorber.

6.7 Nonlinear Optics
A brief overview on nonlinear optics is given here. In Chapter 10 a complete analysis
of nonlinear optics will be given. Nonlinear optics is a branch of optic science which
deals with nonlinear phenomena in material systems due to the presence of light,
which modifie the optical properties of the material itself. In order to observe non-
linear phenomena, high-intensity electromagnetic field are needed and this explains
why nonlinear optics is a relatively young branch of optic science. In fact, the firs
demonstration of a working laser was given by Maiman in 1960 [10] and soon after the
firs work on nonlinear optics was carried out by Franken et al. in 1961, who observed
and discovered the firs second-harmonic generation (SHG) nonlinear process [11].
It is understood that the term nonlinear refers to the fact that the phenomena depend
in a nonlinear manner upon the intensity of the applied electromagnetic field As an
example, the intensity of the fiel generated at the second harmonic frequency, due to
the SHG nonlinear phenomenon, depends quadratically on the strength of the applied
fiel at the fundamental frequency (FF).
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The description of nonlinear phenomena is usually done with the introduction of
the polarisation P̃(t) of a material which is related to the applied optical fiel Ẽ(t),
where the symbol ‘∼’ represents fast-varying field in time. Considering P̃(t) and
Ẽ(t) to be scalar quantities, the polarisation P̃(t) in the optical response is usually
described as a power series in the fiel Ẽ(t)

P̃(t) = χ (1)(t)Ẽ(t) + χ (2)(t)Ẽ2(t) + χ (3)(t)Ẽ3(t) + . . . ≡ P̃ (1)(t) + P̃ (2)(t)
+ P̃ (3)(t) + . . . (6.89)

where χ (1)(t) is the linear susceptibility, χ (2)(t) is the second-order nonlinear sus-
ceptibility and χ (3)(t) is the third-order nonlinear susceptibility. P̃ (2)(t) and P̃3(t) are
also known as the second-order nonlinear polarisation and the third-order nonlinear
polarisation, respectively. It should be mentioned that because of the vectorial nature
of Ẽ(t) and P̃(t), the quantities χ (1)(t), χ (2)(t) and χ (3)(t) are not scalars, but tensors.
Infact, χ (1)(t) is a second-rank tensor, χ (2)(t) is a third-rank tensor, χ (3)(t) is a fourth-
order tensor, and so on. Furthermore, in Equation (6.89) it has been assumed that the
polarization, P̃(t), depends only upon the instantaneous values of the electric fiel
Ẽ(t), which implies lossless and dispersionless properties of the medium involved in
the nonlinear optical process [12].

The importance of the polarization, P̃(t), in nonlinear optics can be fully understood
considering that the wave equation in nonlinear optics media is usually expressed as
[12]

∇2 Ẽ(t) − n2

c2
∂2 Ẽ
∂t2

= 4π

c2
∂2 P̃NL(t)

∂t2
(6.90)

where n is the linear refractive index of the medium and c is the speed of light in
free space. Equation (6.90) is an inhomogeneous differential equation in which it
can be clearly seen that the term P̃NL(t) acts as source of new components of the
electromagnetic field

6.8 Nonlinear Optical Interactions
The interaction between incident light and optical nonlinear media can give rise to
a variety of different nonlinear phenomena. Each of these phenomena is related to
the applied electromagnetic fiel through Equation (6.89) by means of the different
susceptibilities. For this reason, each susceptibility is responsible for a particular
class of nonlinear phenomena. For instance, the second-order nonlinear susceptibility
χ (2)(t) accounts for nonlinear phenomena such as second harmonic generation (SHG),
sum-frequency generation (SFG), difference-frequency generation (DFG) and optical
parametric oscillation.
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6.8.1 Second Harmonic Generation (SHG)
SHG describes a nonlinear optical process in which two photons interact with a
nonlinear medium generating a new photon with double the energy, and thus light
travelling with double the frequency. This nonlinear process is characteristic of optical
materials which possess nonzero second-order nonlinear susceptibility χ (2)(t).

A laser beam is used as a source to excite a nonlinear material which presents a
second-order nonlinearity described by χ (2)(t). The source can be described as

Ẽ(t) = Ee− jωt + c.c. (6.91)

where E is the amplitude of the electric fiel and e−jωt describes the fast-varying time
domain part of the electric fiel with angular frequency ω. From Equation (6.89), it
is possible to derive the following expression

P̃ (2)(t) = 2χ (2)EE∗ + (
χ (2)E2e−2 jωt + c.c

)
(6.92)

From Equation (6.92), it is possible to note that P̃ (2)(t) is composed of two different
terms, the firs at zero frequency and the second at angular frequency 2ω. The f rst
term leads to the generation of an electric static fiel within the nonlinear material and
this process is also known as optical rectificatio (OR). The second term leads to the
generation of an electromagnetic radiation at angular frequency 2ω and this process
is also known as SHG. It has to be mentioned that in studying optical propagation,
P̃ (2)(t) in Equation (6.92) has to be substituted into Equation (6.90), which represents
the wave equation. For this reason, it is clear that P̃ (2)(t) acts as a source in Equation
(6.90) which implies that an electric fiel at angular frequency 2ω is travelling inside
the nonlinear material. Figure 6.7 shows a schematic diagram of the SHG process,
explained in terms of a black box and energy levels.

6.8.2 Third Harmonic Generation
Third harmonic generation describes a nonlinear optical process in which three
photons interact with a nonlinear medium generating a new photon with triple the

(a) (b)

Figure 6.7 (a) Block diagram and (b) energy-level description of the SHG nonlinear process.
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(a) (b)

Figure 6.8 (a) Block diagram and (b) energy-level description of the third harmonic gener-
ation nonlinear process.

energy, and thus light with triple the frequency. This nonlinear process is characteris-
tic of optical materials which possess nonzero second-order nonlinear susceptibility
χ (3)(t). Figure 6.8 shows a schematic diagram of the third harmonic generation process
explained in terms of a black box and energy levels.

In order to show the nonlinear process of third harmonic generation associated with
third-order nonlinear susceptibility, χ (3)(t), a monochromatic fiel is applied to the
nonlinear material system

Ẽ(t) = E cos (ωt) (6.93)

Assuming the material possesses only nonzero χ (3)(t), the polarization, P̃(t) within
the nonlinear material consists of only the third-order nonlinear polarisation P̃ (3)(t)

P̃ (3)(t) = χ (3) Ẽ3(t) (6.94)

Using the identity

cos3 (ωt) = 1
4

cos (3ωt) + 3
4

cos (ωt) (6.95)

and substituting in Equation (6.94) yields

P̃ (3)(t) = 1
4
χ (3)E3 cos (3ωt) + 3

4
χ (3)E3 cos (ωt) (6.96)

The firs term of Equation (6.96) leads to the generation of an electromagnetic radiation
at angular frequency 3ω and this process is also known as third harmonic generation.
Similarly to the SHG process, it should be mentioned that P̃ (3)(t) in Equation (6.96)
has to be substituted into Equation (6.90), which represents the wave equation. For
this reason, it is clear that P̃ (3)(t) acts as a source in Equation (6.90), which implies
that an electric fiel at angular frequency 3ω is travelling inside the nonlinear material.
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6.8.3 Intensity-Dependent Refractive Index
The second term in Equation (6.96) describes a nonlinear contribution at the frequency
of the source field This nonlinear effect leads to a phenomenon also known as the
intensity-dependent refractive index, which is usually described by

n = n0 + n2 I (6.97)

where n0 is the linear refractive index of the material, n2 is the nonlinear refractive
index and I is the intensity of the incident wave. The nonlinear refractive index n2
is linked to the third-order nonlinear susceptibility, χ (3)(t), through the following
relationship

n2 = 12π

n2
0c

χ (3)(t) (6.98)

where c is the speed of light in a vacuum. The intensity of the incident fiel is related
to the amplitude of the electric field E, through the relationship

I = n0c
8π

E2 (6.99)

It is clear from Equation (6.97) that the intensity-dependent refractive index is a
local phenomenon in the sense that only the part of the material which is affected by
the incident electric fiel experiences a change in the value of the refractive index.
This leads to a local inhomogeneous refractive index which affects the propagating
electromagnetic field In fact, from Equation (6.97), if n2 > 0, it can be seen that
the refractive index of the material increases as the intensity of the propagating
electromagnetic fiel increases. This particular phenomenon is also known as self-
focusing and it consists of focusing lens behaviour of the nonlinear material with
respect to electromagnetic radiations, as shown in Figure 6.9.

Figure 6.9 Schematic diagram of the intensity-dependent refractive index phenomenon. The
two arrows represent two light rays propagating inside a nonlinear material. If χ (3) > 0, the
two rays are focusing.
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6.9 Extension of the FDTD Method to Nonlinear Problems
In order to consider a 2D problem, the z-axis has been chosen as the homogeneous
direction, while the x-axis has been considered as the direction of propagation. With
these assumptions, for TE modes, the principal electromagnetic fiel components are
Ez, Hx and Hy. Under the scalar approximation, the following 2D TE equations can
be derived, as reported in [8, 13]:

∂Hx
∂t

= − 1
µ0

∂Ez
∂y

(6.100)

∂Hy
∂t

= 1
µ0

∂Ez
∂x

(6.101)

∂Dz
∂t

= ∂Hy
∂x

− ∂Hx
∂y

(6.102)

Dz = εEz (6.103)

where µ0 is the permeability of free space, and ε is the permittivity of the dielectric
medium. The constitutive relationship (6.103) is considered here to model the non-
linearity, this being an instantaneous Kerr-type nonlinearity and this is considered in
the permittivity of the dielectric medium

ε = ε0εr = ε0n2 = ε0
(
n0 + α |E |2)2 (6.104)

where ε0 is the permittivity of free space, n0 is the linear part of the nonlinear refractive
index of the nonlinear dielectric medium, α is the nonlinear coefficien of the nonlinear
refractive index of the dielectric medium, and in this relationship it has units ofm2/V2,
and where E is the electric field Substituting Equation (6.104) into Equation (6.103),
the following relationship can be derived

Ez = Dz
ε0

(
n0 + α |Ez|2

)2 (6.105)

Next, the discretisation in space is performed based on the unit cell of the Yee space
lattice, as shown in Figure 6.10, while the discretisation in time is obtained following
the leapfrog arrangement [8]. In this way, a set of discretised equations in space and
in time are obtained. Using the notation introduced in [8] and considering the position
of the electromagnetic-fiel components in a 2D grid, as shown in Figure 6.10, the
discretisation of Equations (6.100)–(6.103) yields

Hx |n+1
i+1/2, j = Hx |ni+1/2, j −

�t
µ0

Ez|n+1/2
i+1/2, j+1/2 − Ez|n+1/2

i+1/2, j−1/2

�y
(6.106)
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Hx (i+1/2,j)

Hx (i+1/2,j+1)

Hy (i,j+1/2)

y

x

Hy (i+1,j+1/2)
Ez (i+1/2,j+1/2)

Figure 6.10 Electromagnetic fiel components placed in a 2D Yee’s cell.

Hy|n+1
i, j+1/2 = Hy|ni, j+1/2 + �t

µ0

Ez|n+1/2
i+1/2, j+1/2 − Ez|n+1/2

i−1/2, j+1/2

�y
(6.107)

Dz|n+1/2
i+1/2, j+1/2 = Dz|n−1/2

i+1/2, j+1/2+

�t
(Hy|ni+1, j+1/2 − Hy|ni, j+1/2

�x
− Hx |ni+1/2, j+1 − Hx |ni+1/2, j

�y

) (6.108)

Ez|n+1/2
i+1/2, j+1/2 = Dz|n+1/2

i+1/2, j+1/2

ε0

(
n0|i+1/2, j+1/2 + α|i+1/2, j+1/2

∣∣∣Ez|n−1/2
i+1/2, j+1/2

∣∣∣
2
)2 (6.109)

The updating process starts with the calculation of the new values of the magnetic-
fiel components at all the grid points of the computational domain, using Equations
(6.106)–(6.107). By means of the values obtained, theDz fiel component is computed
in the same way using Equation (6.108). Subsequently, new values of the electric-
fiel component are calculated with reference to Equation (6.109). This approach
avoids the necessity of updating the values of the dielectric material of the simulated
device, arising due to the nonlinear effects caused by the applied electromagnetic
field because the nonlinear effects are directly applied to the electric-fiel component
Ez through the computation of Equation (6.109). In this equation it should be noted
that the value of Ez from the previous time step is used to calculate the value of Ez
in the subsequent time step through a Newton-iteration procedure. This approach is
justifie because the former value of Ez is a very good approximation of the new
value of Ez, arising because of the application of the Courant−Friedrichs−Lewy
(CFL) condition for the FDTD time-stepping procedure. Furthermore, solving all the
electromagnetic-fiel components of the TE mode instead of solving only the main
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electric-fiel component derived from the wave equation produces a stable method
for the simulation of nonlinear devices, as will be clearly demonstrated in the Chapter
7. Additionally, this approach avoids the extra computational effort necessary to solve
the nonlinear matrix equation that would be obtained if the value of Ez determined at
the same time step were used on both sides of Equation (6.109), as proposed in the
literature [15].

6.10 Extension of the FVTD Method to Nonlinear Problems
Starting from Maxwell’s equations and the constitutive relationships between electric
flu density and electric field and magnetic flu density and magnetic fiel

∂ �D
∂t

− ∇ × �H = 0 (6.110)

∂ �B
∂t

+ ∇ × �E = 0 (6.111)

�D = ε0εr �E (6.112)
�B = µ0µr �H (6.113)

it is possible to rewrite the Equations (6.110) and (6.111) in a conservative form as
in [1]

∂ M̄
∂t

+ ∂F1
(
Ū
)

∂x
+ ∂F2

(
Ū
)

∂y
+ ∂F3

(
Ū
)

∂z
= 0 (6.114)

where M̄ = [Dx Dy Dz Bx By Bz]T, Ū = [Ex Ey Ez Hx Hy
Hz]T, F1(Ū ) = [0 Hz − Hy 0 − Ez Ey]T, F2

(
Ū
) = −Hz 0 Hx Ez

0 − Ex ]T, F3
(
Ū
) = [Hy − Hx 0 − Ey Ex 0]T, and T represents the

transpose matrix operator. Equation (6.114) can be rewritten in condensed form as

∂ M̄
∂t

+ divF
(
Ū
) = 0 (6.115)

where F
(
Ū
) = [

F1
(
Ū
)
F2

(
Ū
)
F3

(
Ū
) ]

. This notation is fundamental for the
derivation of the FVTD scheme. Considering a generic volume, V , Equation (6.115) is
then integrated and through the use of the divergence theorem the following equation
is obtained

∫

V

∂ M̄
∂t

dV +
∫

S
F
(
Ū ∗) · �andS = 0 (6.116)
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where S represents the surface enclosing the volume, V , �an is the outward pointing
normal unit vector of the surface S, and Ū ∗ = [

E∗
x E∗

y E∗
z H∗

x H∗
y H∗

z
]T

denotes the electromagnetic-fiel components at the surface, S. In order to make pos-
sible the integration of Equation (6.116) in practical applications, the entire volume,
V , is partitioned into small volumes, Vi, each of one with a boundary surface, Si. Each
of these surfaces is composed of a number, mi, of planar faces with outward unit nor-
mal, �nik . The partition of the entire volume has been performed using a ‘cell-centred’
formulation [1]. In a 2D computational domain each volume is represented by a tri-
angle, while planar faces are represented by its sides. Applying Equation (6.116) to
the discretised computational domain leads to the following discretised equation

|Vi | ∂ M̄i

∂t
=

∑mi

k=1
|Sk | F

(
Ū ∗
k
) · �nik (6.117)

where |Vi | is the volume of the ith element, |Sk | is the area of the kth planar surface that
surrounds the ith element, M̄i is the value of M̄ at the centre of the ith element, Ū ∗

k is
the value of Ū at the centre of the kth planar surface, and F

(
Ū ∗
k
) · �nik represents the

flu at centre of the kth planar surface. In order to calculate the flu for each volume
element, the scheme proposed in [5] has been employed so as assure the scheme
does not suffer from numerical diffusion. Applying the aforementioned scheme to
Equation (6.117) the following equations are obtained

|Vi | D
n+1
i − Dn

i
�t

+
∑mi

k=1
N̄�nik

Hn+1/2
i − Hn+1/2

k
2

= 0 (6.118)

|Vi | B
n+3/2
i − Bn+1/2

i
�t

−
∑mi

k=1
N̄�nik

En+1
i − En+1

k
2

= 0 (6.119)

where N̄�nik = nikx N̄x + niky N̄y + nikz N̄z , with

N̄x =
⎛

⎝
0 0 0
0 0 1
0 −1 0

⎞

⎠ , N̄y =
⎛

⎝
0 0 −1
0 0 0
1 0 0

⎞

⎠ , N̄z =
⎛

⎝
0 1 0

−1 0 0
0 0 0

⎞

⎠

and with �nik = (
nikx niky nikz

)T the outward normal unit vector of the kth planar face.
The discretisation of Equations (6.112) and (6.113), equations for the calculation of
the new values of the electric and magnetic fiel necessary for the update procedure
of D and B, leads to the following two relationships

Eni = Dn
i

ε0εr
(6.120)

Hn+1/2
i = Bn+1/2

i
µ0µr

(6.121)
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The constitutive relationship (6.112), and its discretised version (6.120), is used here
to model the nonlinearity (instantaneous Kerr-type), through the permittivity of the
dielectric medium [16]

εr = εl + �εs

⎛

⎜⎜⎜
⎝

1 − e

⎛

⎜
⎝−

γ |E |2
�εs

⎞

⎟
⎠

⎞

⎟⎟⎟
⎠

(6.122)

where εl is the linear relative permittivity of the nonlinear medium, �εs is the maxi-
mum variation of the nonlinear permittivity, γ is a nonlinear coefficien related to the
nonlinear parameter n2 through the relationship γ = cε0 εl n2 in which c is the speed
of the light and ε0 is the free space permittivity, respectively, and E is the electric
field Substituting Equation(6.122) into Equation (6.120), the following relationship
can be derived

Eni = Dn
i

ε0

⎛

⎜⎜⎜⎜
⎝

εl + �εs

⎛

⎜⎜⎜⎜
⎝

1 − e

⎛

⎜
⎜
⎝−

γ
∣∣Eni

∣∣2

�εs

⎞

⎟
⎟
⎠

⎞

⎟⎟⎟⎟
⎠

⎞

⎟⎟⎟⎟
⎠

(6.123)

Equation (6.123) is then solved through an iterative procedure.
The updating process starts with the calculation of the new values of the magnetic

flu density, B, components at all grid points of the computational domain using
Equation (6.119), after which the new values of the magnetic field H, components
can be computed using Equation (6.121). By means of the values obtained, the
electric flu density,D, components are updated using Equation (6.118). Subsequently,
new values of the electric-fiel component are calculated with reference to Equation
(6.123). This approach avoids the necessity of updating the values of the dielectric
material of the simulated device, arising due to the nonlinear effects caused by the
applied electromagnetic field because the nonlinear effects are directly applied in the
electric-fiel component,E, through the computation of Equation (6.123). It should be
noted that even though Equation (6.123) is solved using a Newton-iteration procedure,
the additional cost to the computational burden is negligible because in order to assure
the numerical stability of the scheme, the time step is bounded by the relationship
[1, 5]

dt ≤ 1
c

min
i

( |Vi |∑mi
k=1 Sk

)
(6.124)
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where Vi is the volume of the ith element, Sk is the surface in which the volume, Vi,
is enclosed, c is the speed of light in the dielectric medium contained in the volume,
Vi, and mi is the number of planar faces into which the surface, Sk, is divided. For all
simulations, the time-step size was small enough to guarantee the solution of Equation
(6.123) with only a few iterative steps.
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7
Numerical Analysis of Linear and
Nonlinear PhC-Based Devices

7.1 Introduction
In this chapter the finite- olume time-domain (FVTD) method combined with the
uniaxial perfectly matched layer (UPML) boundary conditions will be employed for
simulations of photonic bandgap (PBG)-based devices. The formulation of the method
relies on triangular elements that allow accurate representation of curved surfaces by
means of an unstructured mesh, and avoiding the staircase problem always present
for methods based on a Cartesian grid. Furthermore, the effectiveness of the UPML
absorbing boundary rigorously incorporated into the FVTD formulation will be clearly
demonstrated through examples. The aim of those results will be the assessment of
the method and the demonstration of its powerful capabilities in dealing with photonic
crystal devices. Moreover, in this chapter the FDTD and FVTD techniques have been
used for the analysis of nonlinear devices. A brief theoretical background to nonlinear
optical processes was introduced in the previous chapter, with a detailed analysis of
how this nonlinearity has been inserted in the FVTD and FDTD techniques. Numerical
examples will be presented in order to assess the accuracy of the two numerical
techniques.

7.2 FVTD Method Assessment: PhC Cavity
The firs structure analysed is a photonic crystal (PhC) cavity consisting of a 7 × 7
square lattice of dielectric rods with refractive index, nrods = 3.4 in air (n= 1.0), with
lattice constant, a= 0.586 52 µm, and rod radius, r= 0.2a, as shown in Figure 7.1(a).
From this figur it can be also clearly seen that the cavity defect consists of a missing
rod in the crystal pattern. Furthermore, this PhC cavity can sustain only TE resonant

Computational Photonics Salah Obayya
C© 2011 John Wiley & Sons, Ltd
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(b) (a)   

Figure 7.1 (a) Schematic diagram of a 7 × 7 PhC resonant cavity with (b) an example of the
discretised computational domain. (Reproduced with permission from Pinto, D. and Obayya,
S.S.A. (2008) 2D Analysis of multimode photonic crystal resonant cavities with the finit
volume time domain method. Opt. Quantum Electron., 40 (11–12), 875–890. Copyright 2008
Springer Science and Business Media.)

modes [1] where TE modes have the electric-fiel component parallel to the rods,
while the magnetic-fiel components are in the plane of Figure 7.1(a). This structure
has been considered in order to assess the accuracy of the FVTD method with mesh
size. Different simulations have been carried out with the same structure discretised
with different mesh sizes and for all these simulations the resonant wavelength, λres,
and the quality factor,Q, of the resonant cavity have been computed. In Figure 7.1(b),
an example of the discretised computational domain is shown.

It has to be mentioned that, in order to exclude any influenc derived from possible
reflection from the newly formulated UPML boundary conditions, whose absorption
properties will be analysed in detail in the next section, the computational domain has
been set large enough to ensure that any possible reflection are negligible. The source
used to excite the structure was a Gaussian pulse modulated in time by a sinusoidal
function with the shape of a 2D Gaussian bell, expressed as

Ez (x, y, t) = e−
(
x−x0
X0

)2

e−
(
y−y0
Y0

)2

e−
(
t−t0
T0

)2

sin (2π fs t) (7.1)

where x0 and X0 are the position of the peak and the width
of the Gaussian bell in the x-direction, respectively, y0 and Y0 are the position
of the peak and the width of the Gaussian bell in the y-direction, respectively, t0 and
T0 are the time delay and the time width of the Gaussian pulse, respectively, and fs
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Figure 7.2 Gaussian bell used to excite the 7 × 7 PhC cavity.

is the central frequency. The time-domain parameters of the Gaussian pulse were
fi ed to T0 = 30 fs and t0 = 3T0 in order to excite the structure with a signal with an
appropriate bandwidth, while the central frequency was set to fs = 199.86 THz (λs =
1.5 µm). For all simulations, x0 and y0 were set to the coordinates of the centre of the
PhC cavity, while X0 and Y0 were fi ed to a/2 where a is the lattice constant. Figure
7.2 shows an example of the Gaussian bell used to excite the PhC cavity.

A detector was inserted at the centre of the PhC cavity in order to store the time-
domain evolution of the electric-fiel component from which the resonant wavelength,
λres, and quality factor, Q, were calculated using [2]

Q = 2π
|�t |2

|�t |2 − |�t+T |2 (7.2)

where �t represents the main electromagnetic fiel component of the resonance at
time t, �t+T represents the same component at time t + T and T is the time cycle of
the resonant mode. The results of all simulations are summarised in Figure 7.3.

From this figur it can be clearly seen that the results reach a stable behaviour when
the mesh size is denser than 20 points per lattice constant.

In particular, for a mesh size of 35 points per lattice constant, the resonant wave-
length has been calculated to be λres = 1.549 µm, while the quality factor has been
computed to be Q ∼= 1450. Figures 7.4 and 7.5 also show the envelope of the time-
domain variation of the electric fiel inside the PhC cavity and its energy-density
spectrum in the frequency domain, which has been obtained though FFT of the time-
domain variation. The relatively high Q obtained for this 7 × 7 PhC cavity can be
clearly seen from the slow decay of the time-domain variation of the electric field
shown in Figure 7.4 and from the strong confinemen of the electric fiel inside the
cavity itself, shown in Figure 7.6.

Furthermore, these results are in strong agreement with their counterparts already
published in the literature in which other computational methods have been used [3].
Based on the results obtained from this analysis, all the simulations have been carried
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Figure 7.3 Variation of the resonant wavelength, λres, and quality factor, Q, with the mesh
density of the discretised computational domain. (Reproduced with permission from Pinto,
D. and Obayya, S.S.A. (2008) 2D Analysis of multimode photonic crystal resonant cavities
with the finit volume time domain method. Opt. Quantum Electron., 40 (11–12), 875–890.
Copyright 2008 Springer Science and Business Media.)

1000 2000 3000

time [fs]

4000

1

0
0

0.8

0.6

0.4| E
z|2  

[a
.u

.]

0.2

Figure 7.4 Time-domain variation of the electric fiel inside the 7 × 7 PhC resonant cavity.
(Reproduced with permission from Pinto, D. and Obayya, S.S.A. (2008) 2D Analysis of
multimode photonic crystal resonant cavities with the finit volume time domain method.Opt.
Quantum Electron., 40 (11–12), 875–890. Copyright 2008 Springer Science and Business
Media.)
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Figure 7.5 Energy-density spectrum of the time electric fiel inside the 7 × 7 PhC resonant
cavity. (Reproduced with permission from Pinto, D. and Obayya, S.S.A. (2008) 2D Analysis
of multimode photonic crystal resonant cavities with the finit volume time domain method.
Opt. Quantum Electron., 40 (11–12), 875–890. Copyright 2008 Springer Science and Business
Media.)
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Figure 7.6 Electric-fiel distribution of the resonant mode of the 7 × 7 PhC resonant cavity.
(Reproduced with permission from Pinto, D. and Obayya, S.S.A. (2008) 2D Analysis of
multimode photonic crystal resonant cavities with the finit volume time domain method.Opt.
Quantum Electron., 40 (11–12), 875–890. Copyright 2008 Springer Science and Business
Media.)
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out with computational domains discretised using a mesh density of 20 points per
lattice constant.

7.2.1 UPML Effectiveness
In further work, a thorough investigation on the effects of the UPML parameters on
the resonant wavelength, λres, and quality factor, Q, has been carried out. As a firs
analysis, the distance between the PhC resonant cavity and the UPML layer has been
varied from a minimum of 0.1 µm to a maximum of 2.0 µm. For the conductivity in the
UPML layers a geometrical grading has been chosen and the maximum value of the
conductivity σ max of the UPML absorber has been calculated using the relationship

σmax =
(

ε0c0

wupml

) (
p + 1

2

)(
ln

(
1

�th

))
(7.3)

where ε0 and c0 are the free space permittivity and the light velocity in free space,
respectively,wupml is the width of the UPML layer, p is the order of geometrical grading
and �th is the theoretical reflectio coefficien of the UPML absorber. The parameters
of the UPML have been fi ed to constant values: wupml = 0.75 µm, p = 3 and �th =
10−5. The parameters of the source, expressed by Equation (7.1), have been fi ed to
the values used for the previous example and have been used for all the simulations
carried out in this investigation. For all simulations, the resonant wavelength, λres, and
quality factor, Q, have been calculated and the results are depicted in Figure 7.7.

As can be clearly seen from this figure for distances higher than 0.5 µm, the
influenc of the UPML absorber on the resonant wavelength, λres, and the quality
factor, Q, is negligible, as the cavity parameters assume almost a constant value.

Next, the effect of the UPML thickness on the cavity parameters has been
investigated. In Figure 7.8, the conductivity of the UPML layer for different UPML
thicknesses is depicted and, as can be clearly seen from this figure the thicker the
UPML layer the smoother the grading of the conductivity, σ . A different simulation
had been run for each thickness of the UPML layer and for all of them the cavity
parameters have been computed. All the other parameters of the UPML have been
fi ed to constant values throughout all simulations: the distance between the UPML
and the structure, d = 0.5 µm, p = 3 and �th = 10−5. The results of this procedure
are shown in Figure 7.9.

As can be observed from this figure the convergence of the cavity parameters to
the values obtained in the previous example is obtained for UPML layers thicker than
0.75 µm. An explanation of this behaviour can be given considering the shape of
the grading of the conductivity, σ , in the UPML layer. For a thickness of 0.5 µm the
conductivity, σ , assumes a faster transition from zero to the maximum value calculated
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Figure 7.7 Variation of the resonant wavelength, λres, and quality factor,Q, with the distance
between the UPML absorber and the PhC cavity. (Reproduced with permission from Pinto,
D. and Obayya, S.S.A. (2008) 2D Analysis of multimode photonic crystal resonant cavities
with the finit volume time domain method. Opt. Quantum Electron., 40 (11–12), 875–890.
Copyright 2008 Springer Science and Business Media.)

Figure 7.8 Variation of the conductivity of the UPML absorber for different thicknesses
of the UPML absorber. (Reproduced with permission from Pinto, D. and Obayya, S.S.A.
(2008) 2D Analysis of multimode photonic crystal resonant cavities with the finit volume
time domain method.Opt. Quantum Electron., 40 (11–12), 875–890. Copyright 2008 Springer
Science and Business Media.)
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Figure 7.9 Variation of the resonant wavelength, λres, and quality factor, Q, with the UPML
thickness. (Reproduced with permission from Pinto, D. and Obayya, S.S.A. (2008) 2D Analysis
of multimode photonic crystal resonant cavities with the finit volume time domain method.
Opt. Quantum Electron., 40 (11–12), 875–890. Copyright 2008 Springer Science and Business
Media.)

by Equation (7.3) which, as the last result, gives a higher discretisation error for the
UPML layer in the computational domain for a fi ed discretisation step.

The effects of the theoretical reflectio coefficien �th on the cavity parameters
have been analysed below.

The theoretical reflectio coefficien has been varied from a maximum value of
10−3 to a minimum value of 10−10, while all the other parameters of the UPML
have been set to constant values: d = 0.5 µm, p = 3 and wupml = 0.75 µm. Figure
7.10 shows the conductivity of the UPML layer for different values of the theoretical
reflectio coefficient

For all simulations the resonant wavelength, λres, and quality factor, Q, have been
calculated and the result of this procedure is shown in Figure 7.11.

From this figur it can be clearly seen that a value of the theoretical reflectio
coefficient �th, lower than 10−5 can assure a good level of absorption of the radiated
electromagnetic waves and, as a direct consequence, a good level of accuracy of the
results. An explanation of this behaviour can be given by direct inspection of Figure
7.10. From this figur it can be seen that for the theoretical reflectio coefficient
�th = 10−3, the maximum value of the conductivity, σ , is lower with respect to
the other curves; this implies a lower absorption rate of the electromagnetic waves
propagating inside the UPML layer which are not completely absorbed before reaching
the end of the UPML layer and are reflecte back to the computational domain.
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Figure 7.10 Variation of the conductivity of the UPML absorber for different theoretical
reflectio coefficient , �th. (Reproduced with permission from Pinto, D. and Obayya, S.S.A.
(2008) 2D Analysis of multimode photonic crystal resonant cavities with the finit volume
time domain method.Opt. Quantum Electron., 40 (11–12), 875–890. Copyright 2008 Springer
Science and Business Media.)

Figure 7.11 Variation of the resonant wavelength, λres, and quality factor, Q, with the the-
oretical reflectio coefficien �th. (Reproduced with permission from Pinto, D. and Obayya,
S.S.A. (2008) 2D Analysis of multimode photonic crystal resonant cavities with the finit
volume time domain method. Opt. Quantum Electron., 40 (11–12), 875–890. Copyright 2008
Springer Science and Business Media.)
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Figure 7.12 Variation of the conductivity of the UPML absorber for different order, p, of
the polynomial grading. (Reproduced with permission from Pinto, D. and Obayya, S.S.A.
(2008) 2D Analysis of multimode photonic crystal resonant cavities with the finit volume
time domain method.Opt. Quantum Electron., 40 (11–12), 875–890. Copyright 2008 Springer
Science and Business Media.)

As a last example, the effects of the polynomial order, p, of the grading of the
UPML layer on the cavity parameters have been investigated. Different values of
the polynomial order, p, have been tested for the UPML layer while all the other
parameters have been maintained at constant values: d= 0.5 µm, = 10−5 and wupml =
0.75 µm. Figure 7.12 shows the conductivity of the UPML layer for different values
of the polynomial order.

For all simulations the quality factor, Q, and the resonant wavelength, λres, have
been calculated and the results are shown in Figure 7.13.

From this figur it can be clearly seen that for a polynomial order, p, higher than
2 the cavity parameters converge to constant values. From the simulations carried
out for the investigation of the effects of the UPML parameters on the PhC cavity
characteristics, optimum settings for best performance of the UPML layers have been
extracted and have been used for all simulations. The optimum values for the UPML
layers have been set to d = 0.5 µm, wupml = 0.75 µm, �th = 10−5 and p = 3.

7.3 FVTD Method Assessment: PhC Waveguide
As a last test for assessing the effectiveness of the absorption of the UPML bound-
ary conditions (BC), a PBG waveguide has been investigated. The PBG waveguide
consists of dielectric rods arranged by a square lattice with periodicity, a = 0.58 µm,
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Figure 7.13 Variation of the resonant wavelength, λres, and quality factor, Q, with the order,
p, of the polynomial grading. (Reproduced with permission from Pinto, D. and Obayya, S.S.A.
(2008) 2D Analysis of multimode photonic crystal resonant cavities with the finit volume
time domain method.Opt. Quantum Electron., 40 (11–12), 875–890. Copyright 2008 Springer
Science and Business Media.)

refractive index, nrods = 3.4 in air (n = 1.0) and radius, r = 0.18a, which possesses
a photonic bandgap for TE polarisation that extends from 0.302 to 0.443 in terms of
normalised frequency (a/λ) [4]. A schematic of this structure is shown in Figure 7.14.

The computational domain has been divided in 150 888 volumes and the time step
taken as dt = 0.0154 fs; the UPML thickness has been fi ed to 1.5 µm and it has been
divided into an approximate number of 30 volumes. The order of the profil function,

Figure 7.14 Schematic diagram of the PBG waveguide.
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Figure 7.15 Electric-fiel profil of the TE mode inside the PBG waveguide (a) launched
into waveguide at t = 20 fs, (b) propagating inside the PBG waveguide at t = 80 fs, (c)
impinging on the UPML ABC at t = 140 fs and (d) at t = 200 fs absorbed by UPML ABC.
(Reproduced with permission from Pinto, D. and Obayya, S.S.A. (2008) Accurate perfectly
matched layer finite- olume time-domain method for photonic bandgap devices. IEEEPhoton.
Technol. Lett., 20 (5), 339–365. © 2008 IEEE.)

p, has been set to 3, while the theoretical reflectio coefficient �th, has been fi ed to
10−5.

A Gaussian-shaped pulse in space with normalised frequency f norm = 0.387 (λ =
1.5 µm), modulated by a Gaussian pulse in time, has been launched into a PBG
waveguide. The propagation of the TE mode inside the PBG waveguide at different
times is shown in Figure 7.15. As may be clearly observed from these figures the
mode is nicely propagating inside the PBG waveguide, and as it approaches the UPML
region, it is clearly absorbed. The reflectio coefficien due to the UPML has been
calculated for this structure and it is shown in Figure 7.16. As can be clearly seen
from this figure the reflectio from the UPML is as low as −50 dB over the entire
range of frequencies of the source, proving the excellent absorbing properties of the
UPML boundary conditions.

7.4 FVTD Method Assessment: PBG T-Branch
Below, a PBG T-branch, whose schematic is shown in Figure 7.17, has beenis
analysed with the PBG material having same the characteristics as the PBG waveguide
considered in the previous example [4].

The source used was a Gaussian-shaped source in space and in time, as expressed
in Equation (7.1). The centre normalised frequency was set to f norm = 0.387 (λ =
1.5 µm) and the parameters of the Gaussian pulse in time were set in order to excite
the structure with a wideband signal. This structure has been discretised using 109
608 volumes and the time step was about dt = 0.0122 fs. The entire simulation took
almost 2 hours to run on a desktop PC (Pentium IV, 3 GHz with 1 GB of RAM). As
can be clearly seen from Figure 7.18, the results obtained with the developed FVTD
are in very good agreement with those published in [4].



P1: OTA/XYZ P2: ABC
c07 BLBK325-Obayya August 17, 2010 18:24 Printer Name: Yet to Come

Numerical Analysis of Linear and Nonlinear PhC-Based Devices 187

Figure 7.16 UPML reflectio coefficien for a PBG waveguide and energy-density spectrum
of the propagating pulse inside the PBG waveguide. (Reproduced with permission from Pinto,
D. and Obayya, S.S.A. (2008) Accurate perfectly matched layer finite- olume time-domain
method for photonic bandgap devices. IEEE Photon. Technol. Lett., 20 (5), 339–365. © 2008
IEEE.)

7.5 PhC Multimode Resonant Cavity
In further work, a different PhC resonant cavity has been considered. The structure
consists of a dielectric slab with refractive index, n2 = (11.4)1/2, in which air holes
(n = 1.0) of radius, r = 0.45a have been drilled with a triangular pattern with lattice
constant, a= 0.650 225 µm, as shown in Figure 7.19. From this figur it can be clearly

Figure 7.17 Schematic diagram of a PBG T-junction.
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Figure 7.18 Spectra of the normalised reflecte and transmitted power in the PBG T-brunch
shown in the inset. (Reproduced with permission from Pinto, D. and Obayya, S.S.A. (2008)
Accurate perfectly matched layer finite- olume time-domain method for photonic bandgap
devices. IEEE Photon. Technol. Lett., 20 (5), 339–365. © 2008 IEEE.)

observed that the cavity defect is represented by a missing air hole at the centre of the
PhC. For all simulations, the structure has been discretised using an unstructured mesh
with a density of points sufficien to place a minimum of 10 points along the diameters
of the dielectric rods, while the UPML layers were set using the optimum values of
the parameters obtained from the performance analysis of the previous section. The

Figure 7.19 Schematic diagram of a three-ring hexagonal PhC resonant cavity. (Reproduced
with permission from Pinto, D. and Obayya, S.S.A. (2008) 2D Analysis of multimode photonic
crystal resonant cavities with the finit volume time domain method. Opt. Quantum Electron.,
40 (11–12), 875–890. Copyright 2008 Springer Science and Business Media.)
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Figure 7.20 Magnetic-fiel distribution of the ‘monopole’ resonant mode inside the three-
ring hexagonal PhC resonant cavity. In the inset, the profil of the source used to excite the
resonant mode.

main characteristic of this PhC resonant cavity is that it can sustain different TM
resonant modes [3]. In order to extract all the parameters of each resonant mode, it is
necessary to isolate each single mode in order to avoid beating amongst the different
modes, which, as an ultimate result, makes it impossible to obtain useful data to use
for post-processing analysis. To accomplish this, a strategically chosen source profil
has been used in order to excite each single resonant mode. The firs resonant mode
analysed was the ‘monopole’ resonant mode.

To excite this mode, the magnetic fiel Hz has been excited with a source, expressed
by Equation (7.1), shaped like a Gaussian bell positioned at the centre of the cavity
(x0 = y0 = 0) with the width along the x- and y-axes f xed to X0 = a/3 and Y0 =
a/3, respectively, as shown in the inset of Figure 7.20. This source profil has been
multiplied by a Gaussian pulse in time modulated by a sinusoidal carrier with fre-
quency set to fs = 193.41 THz (λs= 1.55 µm). The parameters of the Gaussian pulse,
T0 and t0, were set to 30 fs and 90 fs, respectively, in order to excite the PhC resonant
cavity with a wide range of frequencies. A detector has been inserted at the centre of
the cavity to store the time-domain evolution of the magnetic field Hz. Exciting the
PhC cavity with this particular source assures the resonance of only one mode inside
the cavity itself. This assumption is confirme by Figure 7.20, in which the magnetic
fiel profile Hz, obtained from the simulation is shown.

As can be clearly seen from this figure the resonant fiel profil presents a single
peak at the centre of the PhC cavity from which the name ‘monopole’ derives. In
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Figure 7.21 Magnetic fiel distribution of the ‘quadrupole’ resonant mode inside the three-
ring hexagonal PhC resonant cavity. In the inset, profil of the source used to excite the
resonant mode.

this way, from the time-domain data stored by the detector it has been possible to
extract all the necessary parameters of the resonant mode. For the ‘monopole’ mode
the resonant wavelength has been calculated to be λres = 1.545 µm, while the quality
factor has been computed to be Q = 779.

A similar procedure has been followed for the extraction of the parameters of the
‘quadrupole’ resonant mode. For this mode, the source consists of four Gaussian bells,
with alternate signs for the peak values, placed at specifi points inside the PhC cavity,
as shown in the inset of Figure 7.21. The parameters of the Gaussian bells were fi ed
to x01 = −a/3, y01 = 0, X01 = a/5 and Y01 = a/5 for the firs Gaussian bell, x02 = 0,
y02 = a/2, X02 = a/5 and Y02 = a/5 for the second Gaussian bell, x03 = a/3, y03 = 0,
X03 = a/5 and Y03 = a/5 for the third Gaussian bell and x04 = 0, y04 = −a/2, X04 =
a/5 and Y04 = a/5 for the fourth Gaussian bell.

The parameters of the Gaussian pulse in time and the carrier frequency were set
to the same values of the previous example. In Figure 7.21 the magnetic fiel profil
inside the computational domain is shown. From this figure it can be clearly seen
that the ‘quadrupole’ mode is the only resonant mode that has been excited. From the
time-domain variation of the magnetic fiel it has been possible to extract the resonant
wavelength and the quality factor of the selected mode, which have been calculated
to be λres = 1.639 µm and Q = 1660, respectively.

The last mode to be selected from the PhC resonant cavity is the ‘hexapole’ resonant
mode. The source used for this example is a superposition of six Gaussian bells, with
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Figure 7.22 Magnetic-fiel distribution of the ‘hexapole’ resonant mode inside the three-ring
hexagonal PhC resonant cavity. In the inset, profil of the source used to excite the resonant
mode.

alternate signs for the peak values, placed at strategic points inside the PhC cavity, as
shown in the inset of Figure 7.22. The parameters of the Gaussian bells were chosen
to be x01 = −a/3, y01 = a/4, X01 = a/7 and Y01 = a/7 for the firs Gaussian bell,
x02 = 0, y02 = a/2, X02 = a/7 and Y02 = a/7 for the second Gaussian bell, x03 = a/3,
y03 = a/4, X03 = a/7 and Y03 = a/7 for the third Gaussian bell, x04 = a/3, y04 = −a/4,
X04 = a/7 and Y04 = a/7 for the fourth Gaussian bell, x05 = 0, y05 = −a/2, X05 =
a/7 and Y05 = a/7 for the fift Gaussian bell and x06 = −a/3, y06 = −a/4, X06 = a/7
and Y06 = a/7 for the sixth Gaussian bell. The time-domain parameters of the source
were fi ed to the same values used for the two previous examples. Figure 7.22 shows
the magnetic fiel profil inside the PhC cavity.

From this figure the profil of the ‘hexapole’ resonant mode can be observed,
which confirm that the source used for this simulation has excited only the ‘hexapole’
mode. Furthermore, from the time-domain evolution of the magnetic fiel the resonant
wavelength and the quality factor have been computed to be λres = 1.422 µm and
Q = 3223, respectively.

7.6 FDTD Analysis of Nonlinear Devices
Before proceeding with the analysis of a nonlinear periodic structure, a nonlinear slab
waveguide, shown in Figure 7.23, will firs be considered [5].
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Figure 7.23 Schematic diagram of a nonlinear slab waveguide [5].

This waveguide comprises a linear dielectric material core with refractive index,
n0 = 1.5, followed by a nonlinear dielectric material with a nonlinear part of the
nonlinear refractive index, α = 100 m2/V2, which is a typical value for a nonlinear
coefficien adopted in the literature [5], and width set to w = 1.5 µm. It should
mentioned that for this example the nonlinearity has been modelled using

ε = ε0εr = ε0n2 = ε0
(
n0 + α |E |2)2 (7.4)

where ε0 is the permittivity of the space, n0 is the linear part of the nonlinear refractive
index of the nonlinear dielectric medium, α is the nonlinear coefficien of the nonlinear
refractive index of the dielectric medium, and in this relationship it has units of m2/V2,
and where E is the electric field The structure is surrounded by air (n = 1.0). The
structure was excited, as shown below, using a CW source with the shape of the
fundamental TE0 mode profil

�s (y, t) = �0 (y) sin (2π f0t) (7.5)

where � represents the main electromagnetic-fiel component, in this case the electric-
fiel component Ez, f 0 = 0.6 × 1015 Hz is the modulation frequency and �0(y) is the
fundamental TE0 mode profile The power of the TE0 mode launched in the structure
was normalised to 1 W/m. Because of the relatively low value of the nonlinear
coefficien of the nonlinear media and the low value of the power of the source
employed for this example, a weak nonlinear effect is expected to influenc the
electromagnetic fiel of the fundamental mode propagating inside the nonlinear slab
waveguide. Figure 7.24 shows the electric fiel component, Ez, inside the nonlinear
slab waveguide obtained with the method developed here and with an FDTD code
that solves the wave equation. As clearly observed, the FDTD approach developed
here gives an electric-fiel distribution that is more accurate than the one obtained
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Figure 7.24 Electric-fiel component, Ez, in a nonlinear slab waveguide at T = 50 fs calcu-
lated with FDTD for wave equations and FDTD for all TE electromagnetic-fiel components.
(Reproduced with permission from Pinto, D., Obayya, S.S.A., Rahman, B.M.A. and Grat-
tan, K.T.V. (2006) FDTD analysis of nonlinear bragg grating based devices. Opt. Quantum
Electron., 38 (15), 1217–1235. Copyright 2006 Springer Science and Business Media.)

by solving the wave equation through an explicit FDTD procedure. The accuracy of
the developed method can be observed in the absence of spurious oscillations of the
electric fiel amplitude of the Ez component. As may be observed from the same
figure these spurious oscillations lead to amplitude fluctuation of the Ez component
,which is evident in the electric-fiel distribution obtained through explicit FDTD
updating of the wave equation. On the other hand, the results of the FDTD approach
developed here compare well with those obtained using a hybrid implicit–explicit
FDTD scheme [5].

In order to emphasise the self-phase-modulation (SPM) effect, the structure shown
in Figure 7.23 was excited with the fundamental TE0 mode profil modulated by a
Gaussian pulse in time, as shown below

�s (y, t) = �0 (y) sin (2π f0t) e
−

(
2(t−t0)
T0

)2

(7.6)

where � represents the main electromagnetic-fiel component, in this case the electric-
fiel component, Ez, f 0 = 0.6 × 1015 Hz is the modulation frequency, T0 = 5.0 fs
is the width in time (which also determines the bandwidth of the signal) and t0 =
3T0 is the time delay of the above-mentioned pulse. The time-domain variation of
the propagating electric fiel was monitored at different points inside the waveguide.
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Figure 7.25 Spectral distribution of the electric fiel observed at three different points in
the nonlinear slab waveguide. (Reproduced with permission from Pinto, D., Obayya, S.S.A.,
Rahman, B.M.A. and Grattan, K.T.V. (2006) FDTD analysis of nonlinear bragg grating based
devices. Opt. Quantum Electron., 38 (15), 1217–1235. Copyright 2006 Springer Science and
Business Media.)

Following the use of a fast Fourier transform (FFT) of these data, spectra of the
time-domain responses were obtained and are shown in Figure 7.25.

As can be seen from this figure spectral broadening, arising due to the SPM effect,
is evident. It can also be noted that this spectral broadening becomes larger and the
spectral peak is shifted towards lower frequencies as the pulse propagates further
inside the nonlinear waveguide. Figure 7.26 shows the electric-fiel profil at t = 50
fs at the centre of the waveguide, inside the nonlinear part, during its propagation. In
this figure the effect of the SPM can most noticeably be seen in the compression of
the pulse at the back and the rarefaction at the front.

An analysis of nonlinear periodic media will next be performed. The nonlinear
periodic structure considered firs is a Bragg reflecto (BR), consisting of alternating
layers of linear and nonlinear media with a periodicity equal to � and number of
periods equal to N, as shown in Figure 7.27. The waveguide width is w = 1.6 µm,
the refractive index of the waveguide and the BR linear medium is nw = 2.0, the
linear part of the nonlinear refractive index of the BR is n0 = 2.03 and the nonlinear
parameter, α, is variable. Also for this example the nonlinearity has been modelled
using Equation (7.4).

The structure is surrounded by air (n = 1.0). It is well known from previous work
[6] that in the BR region, composed of linear dielectric media, waves travelling in
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Figure 7.26 Electric-fiel profil at t = 50 fs inside the nonlinear part of the waveguide.
(Reproduced with permission from Pinto, D., Obayya, S.S.A., Rahman, B.M.A. and Grat-
tan, K.T.V. (2006) FDTD analysis of nonlinear bragg grating based devices. Opt. Quantum
Electron., 38 (15), 1217–1235. Copyright 2006 Springer Science and Business Media.)

opposite directions with propagation constants, ±β, at an angular frequency, ω, are
coupled. In this case the Bragg condition is expressed by

2β = K ≡ 2π

�
(7.7)

where K is the grating wavenumber. The wavelength that satisfie Equation (7.7) is
given by

λ = 2neff� (7.8)

Figure 7.27 Schematic diagram of a nonlinear Bragg reflecto (BR).
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where neff is the modal index of the planar waveguide. The small reflection caused by
each discontinuity in the layered media of the BR add constructively in the backward
direction. At wavelength, λ, the coupling between the opposite travelling waves inside
the BR is maximised, and, as a result, the transmission is minimised. In this example,
λ is fi ed at 0.99 µm, and for the waveguide considered here neff = 1.9806. With
these data, using Equation (7.8) the periodicity of the BR is � = 0.25 µm. The linear
case (α = 0 m2/V2) was firs considered for three different numbers of periods of
the BR, N =10, N = 20 and N = 30. The fundamental TE0 mode profile modulated
by a Gaussian pulse in time whose expression is given by Equation (7.6), was used
to excite the structure and the frequency f 0 was set to 300 THz (λ = 0.99 µm).
The parameters of the Gaussian pulse were set to the values used for the previous
example. The time-domain responses of the incident and reflecte electric field were
monitored for each of the three cases given for the number of periods of the BR. The
FFT of both the incident and the reflecte time-domain responses was performed in
the calculation of the reflectio coefficient Figure 7.28 shows the reflectio coefficien
spectra calculated for the three different cases mentioned above. In the same figur

Figure 7.28 Variation of the reflectio coefficien of a linear BR with wavelength for three
different values of number of periods,N. (Reproduced with permission from Pinto, D., Obayya,
S.S.A., Rahman, B.M.A. and Grattan, K.T.V. (2006) FDTD analysis of nonlinear bragg grating
based devices.Opt. Quantum Electron., 38 (15), 1217–1235. Copyright 2006 Springer Science
and Business Media.)
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analytical data points have been added in order to verify the accuracy of the FDTD
approach developed here for the linear case. Very good agreement can be noted
between the data points obtained from the FDTD simulations and the analytical data.
As can be seen from this figure the reflectio coefficien and the selectivity of the
BR both increase with the number of periods. This can be explained by noting that by
increasing the number of periods, the coupling between the forward and the backward
travelling waves inside the BR becomes stronger.

Next, nonlinear media were added to the previous BR structure with the nonlinear
part of the nonlinear refractive index given by α = 500 m2/V2. The fundamental TE0
mode profil modulated by a Gaussian pulse with the same values of the parameters
used for the linear structure was used as an excitation source, and its power was set
to 5 W/m.

Simulations were carried out for three different values of the number of periods of
the BR structure, N = 10, N = 20 and N = 30. The time-domain responses of the
incident and the reflecte electric fiel were monitored and the reflectio coefficient
for the three different structures were computed using the same procedure utilised
for the linear BR. Figure 7.29 shows the reflectio coefficien spectra calculated for

Figure 7.29 Variation of the reflectio coefficien of a nonlinear BR with the wavelength
for three different values of number of periods, N. (Reproduced with permission from Pinto,
D., Obayya, S.S.A., Rahman, B.M.A. and Grattan,K.T.V. (2006) FDTD analysis of nonlinear
bragg grating based devices. Opt. Quantum Electron., 38 (15), 1217–1235. Copyright 2006
Springer Science and Business Media.)
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Figure 7.30 Sinusoidal steady-state amplitude of a nonlinear BR with N = 20 excited with
a continuous wave of frequency f = 300 THz and power P = 5 W/m. (Reproduced with
permission from Pinto, D., Obayya, S.S.A., Rahman, B.M.A. and Grattan, K.T.V. (2006)
FDTD analysis of nonlinear bragg grating based devices. Opt. Quantum Electron., 38 (15),
1217–1235. Copyright 2006 Springer Science and Business Media.)

these structures. As can be noticed from this figure the reflectio coefficien and
the selectivity of the BR increase as the number of periods increases. Furthermore,
a shift in the peak wavelength of the reflectio coefficien towards higher values
may also be noted as the number of periods, N, increases. It can be also observed
that the reflectio coefficient obtained with the nonlinear BR are higher than their
counterparts obtained with a linear BR. Figures 7.30 and 7.31 show the contour plots
of the sinusoidal steady-state amplitude of the electric fiel at the interface between
the waveguide and the nonlinear BR.

The sinusoidal steady-state amplitude has been obtained through a numerical inte-
gration of the time-domain signal over one period, as shown in the work of De Pourcq
and Eng [7]. The characteristic of a sinusoidal source when its steady-state condition
is reached can be expressed as

f (t) = a + A cos (ωt + φ) (7.9)

where a represents the DC component, and A, ω, and φ represent the maxi-
mum amplitude, the angular frequency and the initial phase of the sinusoidal
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Figure 7.31 Sinusoidal steady-state amplitude of a nonlinear BR with N = 20 excited with
a continuous wave of frequency f = 254 THz and power P = 5 W/m. (Reproduced with
permission from Pinto, D., Obayya, S.S.A., Rahman, B.M.A. and Grattan, K.T.V. (2006)
FDTD analysis of nonlinear bragg grating based devices. Opt. Quantum Electron., 38 (15),
1217–1235. Copyright 2006 Springer Science and Business Media.)

steady-state signal, respectively. These values can be calculated from following
relationships

1
T

t0+T∫

t0

f (t) dt = a (7.10)

1
T

t0+T∫

t0

f (t) cos (ωt) dt = A
2

cos φ (7.11)

1
T

t0+T∫

t0

f (t) sin (ωt) dt = − A
2

sin φ (7.12)
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where T represents the period of the sinusoidal function, and t0 represent an initial time
for the integration. To obtain the steady state, the total field-scattere fiel approach for
the excitation source was implemented [8]. The number of periods of BR considered
in this example was N = 20, the power of the source was set to 5 W/m, and the
frequency of the sinusoidal signal was fi ed at f = 300 THz, a value at which the
reflectio coefficien of the BR has its maximum (∼= 0.84). The source section was
placed at 7 µm, while the BR interface was placed at 9 µm. From Figure 7.30, the high
reflect vity of the nonlinear BR can be clearly observed on the formation of a strong
standing-wave pattern whose peaks are evident in the region where the incident and
reflecte waves are contrarily propagating.

Figure 7.31 shows a contour plot of the sinusoidal steady-state amplitude of the
electric fiel obtained using sinusoidal signal frequency fi ed at f = 254 THz, at
which the reflectio coefficien of the nonlinear BR has a low value (∼= 0.12). The
standing wave is still present, but its peaks are less pronounced than was evident from
the previous case. Next, the reflectio coefficien for a nonlinear BR was calculated for
different numbers of periods N, and for different levels of power of the incident pulse.

For all the simulations carried out, the TE0 fundamental mode profil was used,
as expressed by Equation (7.6). The parameters of the Gaussian pulse used to
modulate the signal source in time were set to T0 = 5 fs and t0 = 3T0, and the
centre wavelength was fi ed at λ0 = 0.99 µm. Time-domain responses of the incident
and reflecte fiel were monitored for all time steps, and the FFT approach was ap-
plied to time-domain data. The reflectio coefficien was calculated as the peak value
of the division performed between the FFT of the reflecte and incident fields All
results are summarised in Figure 7.32. From this figure it may be seen that for a fi ed
value of the number of periods, N, the reflectio coefficien value increases with the
power of the incident source. Furthermore, the reflectio coefficien seems to reach a
saturation value once the power of the incident source becomes higher than 10 W/m.
Moreover, for a fi ed level of power it can be noted that the reflectio coefficien
increases as the number of periods, N, increases. Figure 7.33 shows the variation of
the wavelength of the peak of the spectrum of the reflectio coefficien with the power
of the incident signal for three different numbers of periods, N, of the Bragg grating.

As can be seen from this figure the shift towards lower frequency is greater as
the nonlinear effect become stronger. An explanation for the values of the reflectio
coefficien being greater than unity can be founded in the SPM effect in nonlinear
media. The spectral broadening, as can be seen from Figure 7.25, and the shift of
the reflectio coefficien peak towards lower frequencies, as can be noted in Figure
7.33, induces a band of frequencies for the reflecte signal to gain in magnitude with
respect to the same band of frequencies for the incident signal.

In further work, stacks of Bragg resonators have been investigated, and Figure 7.34
shows a schematic of the analysed structure. The resonator is composed of two BRs
separated by a phase-shift area made up of nonlinear material.
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Figure 7.32 Reflection-coe ficien variation with the power of the incident fundamental
TE0 mode for three different numbers of periods, N, of a nonlinear BR. (Reproduced with
permission from Pinto, D., Obayya, S.S.A., Rahman, B.M.A. and Grattan, K.T.V. (2006)
FDTD analysis of nonlinear bragg grating based devices. Opt. Quantum Electron., 38 (15),
1217–1235. Copyright 2006 Springer Science and Business Media.)

The refractive index of the linear media is nw = 2.0, the linear part of the nonlinear
refractive index is n0 = 2.03, while the nonlinear coefficien is α = 500 m2/V2; the
number of periods of the two BRs is firs set to N1 = N2 = 20, the periodicity of
the BRs is � = 0.25 µm, and the width of the phase shift area is l= �/2. The structure
is surrounded by air (n = 1.0). The TE0 fundamental mode profil was used, while
the parameters of the Gaussian pulse used to modulate the signal source in time and
the centre wavelength were set to the values used for the analysis of the BR structure.
Two different simulations were carried out using two different levels of power of the
input signal, and in order to obtain the reflectio coefficien for this structure the same
procedure utilised for the BR was used.

Figure 7.35 shows the variation of the reflectio coefficien with respect to the
wavelength. The data obtained are in good agreement with their counterparts reported
in the literature [5] using a hybrid implicit-explicit FDTD scheme, which requires the
solution of a system of equations at each time step. In contrast, the FDTD approach
presented employs an efficien and explicit way of updating the fiel quantities. Figure
7.36 shows the variation of the reflectio coefficien with the wavelength for different
values of the number of periodsN1 andN2 of the two BRs excited with the fundamental
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Figure 7.33 Wavelength variation of the reflectio coefficien peak with the power of the
incident fundamental TE0 mode for three different numbers of periods, N, of a nonlinear
BR. (Reproduced with permission from Pinto, D., Obayya, S.S.A., Rahman, B.M.A. and
Grattan, K.T.V. (2006) FDTD analysis of nonlinear bragg grating based devices.Opt. Quantum
Electron., 38 (15), 1217–1235. Copyright 2006 Springer Science and Business Media.)

TE0 mode with the power level set to 5 W/m. As can be seen from this figure the
reflect vity increases strongly with the addition of more periods to the BR structure. It
can also be noted that a shift of the entire spectra towards higher wavelengths occurs
as the number of periods increases, a result that can be related to a more intense SPM
effect in the nonlinear material.

Figure 7.34 Schematic diagram of stacks of Bragg reflectors
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Figure 7.35 Variation of the reflectio coefficien with the wavelength of stacks of BRs
for two different values of power of the incident fundamental TE0 mode. (Reproduced with
permission from Pinto, D., Obayya, S.S.A., Rahman, B.M.A. and Grattan, K.T.V. (2006)
FDTD analysis of nonlinear bragg grating based devices. Opt. Quantum Electron., 38 (15),
1217–1235. Copyright 2006 Springer Science and Business Media.)

7.7 FVTD Analysis of Nonlinear Photonic Crystal Wires
The structure analysed will be a photonic crystal wire (PhW) (whose width has been
fi ed to w = 0.38 µm in order to ensure single mode operation) consisting of a
dielectric waveguide with refractive index, n2 = 3.48, surrounded by air (n1 = 1.0). A
row of eight air holes has been added to the waveguide to form the photonic crystal.
The lattice constant is a = 0.3162 µm and the hole radius is r = 0.23a, while the
distance between the two central holes is varied in order to form a cavity whose size
is c = a, as shown in Figure 7.37.

Firstly, the structure was analysed in a linear regime. The source used to excite the
structure was a Gaussian pulse modulated in time by a sinusoidal function with the
shape of the fundamental mode profil of the waveguide, as expressed in Equation
(7.6), where � represents the main electromagnetic-fiel component, which in this
example is the magnetic-fiel component, Hz. The time-domain parameters of the
Gaussian pulse were fi ed to T0 = 30 fs and t0 = 3T0 in order to excite the structure
with a signal of an appropriate bandwidth, while the central frequency was set to f =
193 THz (λ = 1.55 µm). Different detectors were strategically inserted into the
structure: a detector was inserted at the input section of the structure in order to record
the time-domain variation of the incident field another was inserted at the output
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Figure 7.36 Variation of the reflectio coefficien with the wavelength of stacks of BRs for
four different values of the numbers of periods, N1 and N2. (Reproduced with permission from
Pinto, D., Obayya, S.S.A., Rahman, B.M.A. and Grattan, K.T.V. (2006) FDTD analysis of
nonlinear bragg grating based devices.Opt.QuantumElectron., 38 (15), 1217–1235. Copyright
2006 Springer Science and Business Media.)

section in order to record the time domain variation of the transmitted field the last
detector was inserted at the centre of the cavity in order to store the time-domain
variation of the resonant field Figure 7.38 shows the time-domain variation of the
magnetic field Hz, inside the cavity of the structure.

From this figur the resonance of the electromagnetic fiel can be clearly seen,
shown by the slow decrease of the magnetic fiel after reaching its maximum peak.

Figure 7.37 Schematic diagram of a linear PhW cavity. (Reproduced with permission from
Pinto, D. and Obayya, S.S.A. (2008) Nonlinear finit volume time domain analysis of photonic
crystal based resonant cavities. IET Optoelectron., 2 (6), 254–261. © 2008 IET.)
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Figure 7.38 Time-domain variation of the magnetic fiel inside the linear PhW cavity. (Re-
produced with permission from Pinto, D. and Obayya, S.S.A. (2008) Nonlinear finit volume
time domain analysis of photonic crystal based resonant cavities. IET Optoelectron., 2 (6),
254–261. © 2008 IET.)

Using FFT, it was possible to calculate the resonance frequency of the cavity. The
result of this operation is shown in Figure 7.39. The results observed from Figure
7.38 are confirme by this figur in which a clear sharp peak can be identifie
at wavelength λ = 1.515 µm. For the analysed structure the time cycle was T =
5.05 fs and, with the use of Equation (7.2), the quality factor was computed to be
Q = 190.

The FFTs of the incident and transmitted field have been used to compute the
transmission coefficien (calculated as the ratio of the transmitted and incident fields
of the structure. The result of this operation is shown in Figure 7.40. From this figur
it can be seen that the maximum transmission coefficien is about 0.5, which means
that half of the energy stored in the cavity is lost in radiation. An explanation for
this phenomenon can be found in the mode mismatch of the different sections of the
structure [9].

Next, the previous structure was modifie in order to insert nonlinear material into
the centre of the cavity, as shown in Figure 7.41.

The reason why the nonlinearity has been considered only at the centre of the cavity
is the fact that most of the electromagnetic fiel is strongly confine in the cavity itself,
as can be clearly seen in Figures 7.42–7.44.
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Figure 7.39 Energy-density spectrum of the resonant mode inside the linear PhW cavity.
(Reproduced with permission from Pinto, D. and Obayya, S.S.A. (2008) Nonlinear finit
volume time domain analysis of photonic crystal based resonant cavities. IET Optoelectron.,
2 (6), 254–261. © 2008 IET.)

Figure 7.40 Spectrum of the transmission coefficien for the linear PhW cavity. (Reproduced
with permission from Pinto, D. and Obayya, S.S.A. (2008) Nonlinear finit volume time
domain analysis of photonic crystal based resonant cavities. IETOptoelectron., 2 (6), 254–261.
© 2008 IET.)
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Figure 7.41 Schematic diagram of a nonlinear PhW cavity. (Reproduced with permission
from Pinto, D. and Obayya, S.S.A. (2008) Nonlinear finit volume time domain analysis of
photonic crystal based resonant cavities. IET Optoelectron., 2 (6), 254–261. © 2008 IET.)

Figure 7.42 Field distribution of the magnetic-fiel component, Hz, inside the PhW cavity.
(Reproduced with permission from Pinto, D. and Obayya, S.S.A. (2008) Nonlinear finit
volume time domain analysis of photonic crystal based resonant cavities. IET Optoelectron.,
2 (6), 254–261. © 2008 IET.)

Figure 7.43 Field distribution of the electric-fiel component, Ex, inside the PhW cavity.
(Reproduced with permission from Pinto, D. and Obayya, S.S.A. (2008) Nonlinear finit
volume time domain analysis of photonic crystal based resonant cavities. IET Optoelectron.,
2 (6), 254–261. © 2008 IET.)

Figure 7.44 Field distribution of the electric-fiel component, Ey, inside the PhW cavity.
(Reproduced with permission from Pinto, D. and Obayya, S.S.A. (2008) Nonlinear finit
volume time domain analysis of photonic crystal based resonant cavities. IET Optoelectron.,
2 (6), 254–261. © 2008 IET.)
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For this reason, the nonlinear interaction takes part in the cavity, while the other
sections of the structure give negligible contributions to nonlinear effects. In this
way, it is also possible to save computational resources for the update process of
the electromagnetic-fiel components. The nonlinearity considered is a Kerr-like
instantaneous nonlinearity modelled by

εr = εl + �εs

(
1 − e

(
− γ |E |2

�εs

))
(7.13)

where εl is the linear relative permittivity of the nonlinear medium, �εs is the maxi-
mum variation of the nonlinear permittivity, γ is a nonlinear coefficien related to the
nonlinear parameter, n2, through the relationship γ = cε0 εl nnl in which c is the speed
of the light and ε0 is the free-space permittivity, respectively, and E is the electric
field The nonlinear parameters of the material have been set to nnl = 1.43 × 10−17

m2/W and �εsat = 0.31 [10,11].
The expression of the source used to excite this structure is given by Equation (7.6),

with the parameters of the Gaussian pulse and central frequency having the same
values used for the linear case, while three different amplitudes of the magnetic field
Hz, were set. The incident and transmitted time-domain variation of the electromag-
netic fiel for each case have been recorded in order to calculate the transmission
coefficien of the structure. The result of this procedure is shown in Figure 7.45. From
this figure the shift of the transmission coefficien peak with the different source
magnitudes can be clearly observed.

Finally, each peak corresponds to the resonant wavelength of the cavity mode
of the structure excited with different amplitudes of input magnetic field It can be
also noted that the peak is shifted towards longer wavelengths (lower frequencies)
as the amplitude of the magnetic fiel increases, while the peak of the transmission
coefficient can be considered to be 0.5 with good approximation for all cases.

The resonant wavelength and the quality factor have been also computed for all
cases. All these results are summarised in Figure 7.46.

This figur confirm the shift towards longer wavelengths of the cavity resonance
as the amplitude of the exciting magnetic fiel increases, passing from λ = 1.515 µm
for the linear case to λ = 1.527 µm for the maximum value of the magnetic field
Hz = 5.4 × 108 A/m. The growing shift of the resonant wavelength towards longer
values can be explained by a stronger nonlinear effect due to the increasing amplitude
of the magnetic fiel applied to the structure. This deduction is also confirme in
[12], in which a different configuratio of PhC cavity, realised with dielectric material
exhibiting a Kerr-nonlinearity, was experimentally studied in the context of optical
bistability. The quality factor, Q, on the other hand, decreases as the peak of the
magnetic fiel increases, passing from a value of Q = 190 for the linear case to
Q= 180 for the maximum magnetic fiel value,Hz = 5.4 × 108 A/m. Furthermore, in
order to assess the initial assumption of considering the nonlinearity only at the centre
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Figure 7.45 Spectra of the transmission coefficient of the nonlinear PhW cavity for three
different amplitudes of the magnetic field (Reproduced with permission from Pinto, D. and
Obayya, S.S.A. (2008) Nonlinear finit volume time domain analysis of photonic crystal based
resonant cavities. IET Optoelectron., 2 (6), 254–261. © 2008 IET.)

Figure 7.46 Resonant wavelength, λ, and quality factor,Q, for different amplitudes ofHz for
the nonlinear PhW cavity. (Reproduced with permission from Pinto, D. and Obayya, S.S.A.
(2008) Nonlinear finit volume time domain analysis of photonic crystal based resonant
cavities. IET Optoelectron., 2 (6), 254–261. © 2008 IET.)
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Figure 7.47 Schematic diagram of a nonlinear PhW cavity with external tapers. (Reproduced
with permission from Pinto, D. and Obayya, S.S.A. (2008) Nonlinear finit volume time
domain analysis of photonic crystal based resonant cavities. IETOptoelectron., 2 (6), 254–261.
© 2008 IET.)

of the cavity, a simulation was carried out extending the nonlinear material along the
entire PhW structure. For this example, the source parameters have been fi ed to the
same values as the previous examples, while the maximum amplitude of the magnetic
fiel has been set toHz = 5.4 × 108 A/m. The resonant wavelength, λ, and the quality
factor, Q, have been computed to be 1.5271 µm and 179.9, respectively, results that
differ from the ones previously obtained considering a smaller nonlinear region by
less than 0.01%, which, ultimately, confir the validity and the good accuracy of
the data calculated when considering the nonlinearity to be only at the centre of the
resonant cavity.

In further work, modification were made to the previous structure in order to
increase the transmission coefficient Following the procedure suggested in [9], an
external taper were added at the input and output sections of the structure, as shown
in Figure 7.47.

The external taper consists of two air holes with gradually increasing radius and
distance between hole centres. The radius of the firs hole is fi ed to r1 = 51.93 nm
and the distance from the centre of the second hole of the taper is a1 = 262 nm, while
the radius of the second hole is fi ed to r2 = 63.94 nm and the distance from the
firs holes of the structure is a2 = 280 nm. Also for this example, the source used to
excite the structure is given by Equation (7.6) with the parameters of the Gaussian
pulse and central frequency of the same values as used for the previous example,
while two different amplitudes of the magnetic field Hz, have been set. Through
the recorded incident and transmitted time-domain variations of the electromagnetic
field the resonant wavelength, quality factor and transmission coefficien have been
calculated for both cases. In Figure 7.48 the spectra of the transmission coefficien
for both cases is shown. From this figure the resonant wavelength for the linear case
can be identifie at λ = 1.536 µm, while for the nonlinear case it is λ = 1.543 µm.

It can be also noted that for the linear case the transmission coefficien peak has
been increased up to about 0.66 compared to the previous structure without taper,
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Figure 7.48 Spectra of the transmission coefficient of the nonlinear PhW cavity with ex-
ternal tapers for different amplitudes of Hz. (Reproduced with permission from Pinto, D. and
Obayya, S.S.A. (2008) Nonlinear finit volume time domain analysis of photonic crystal based
resonant cavities. IET Optoelectron., 2 (6), 254–261. © 2008 IET.)

which shows a peak of about 0.5, as can be seen in Figure 7.45. This increase can
be attributed to the added taper, which performs an adiabatic conversion of the mode
from the fundamental mode of the waveguide to the (nonpropagating) Bloch mode of
the mirror of the cavity [9]. Further increase in the transmission coefficien peak can
be expected with increasing of number of sections of the external taper and with the
realisation of taper sections inside the resonant cavity also. With the use of Equation
(7.2), the quality factors, Q, have also been calculated. For the linear case the quality
factor has been found to beQ= 427, while for the nonlinear case it has been calculated
to be Q = 419. The increasing values of the quality factors can be also attributed to
the external tapers added to the structure which also reduce, as the ultimate result, the
overall losses of the cavity.
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8
Multiresolution Time Domain

8.1 Introduction
In the past, EM wave interactions with nonlinear optical materials have been modelled
with a variety of different numerical methods such as the bi-directional beam propa-
gation method (Bi-BPM) [1], the coupled-mode theory [2,3] and the method of lines
[4]. In the last decade, research efforts have addressed in particular the development of
accurate and efficien finite-di ference time-domain (FDTD) schemes that, unlike the
just-cited techniques, can provide a full-wave description of all quadratic nonlinear
phenomena in generic and even complex structures such as photonic crystals. In this
sense, FDTD has proved to be a robust and fl xible method that can be implemented
in a relatively straightforward way. Its scheme can be easily adapted to the analysis
of complex geometric features, dealing also with many different material properties.
For all these reasons, various modification and extensions of the conventional FDTD
scheme have been proposed in order to optimise its performance and numerical effi
ciency. These include hybrid methods, higher-order FDTD methods and Berenger’s
perfectly matched layer (PML) method, which allow the computational window to
be terminated with boundaries that are very close to the structure under investigation
[5]. Significan progress has also been made in the development of FDTD algorithms
for the analysis of electromagnetic propagation in nonlinear and dispersive materials
[5–7].

However, despite its many capabilities, the FDTD technique suffers from a high
numerical phase velocity error which puts a serious limit to the accurate modelling of
phase-sensitive nonlinear frequency-conversion phenomena, such as second harmonic
generation (SHG), which will be treated in Chapter 10. Being associated with high
numerical dispersion, a fin grid resolution in space is needed to minimise phase error
and thus ensure accurate results: a cell size of 15–20 times less than the minimum free
space simulated wavelength (λmin/15–20) is typically required [5]. The requirement
of fin grid resolution also implies a stricter limit on the choice of time-step size, �t,

Computational Photonics Salah Obayya
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as these two values are directly linked under the stability condition. Therefore, a large
number of unknowns, together with a small �t, results in an intensive use of computer
resources. The FDTD limitations on the choice of the step size in space become
particularly strict in nonlinear applications where a very large range of frequencies has
to be investigated in one time simulation. Looking at the SHG problem, FDTD requires
a discretisation in space of λsh/15–20, where λsh represents the second harmonic
wavelength generated at half the wavelength of the pump. In this context, the need for
an alternative time-domain technique that can alleviate some of the above problems has
become stronger. The multiresolution time domain (MRTD) method shows excellent
potential for fulfillin this requirement. The main purpose of the MRTD method
is to reduce the computational burden required for a determined accuracy of the
electromagnetic solution by use of a grid density close to the Nyquist sampling rate
(2–3 grid points per wavelength). Applying the multiresolution analysis, with the
use of scaling and wavelet functions, in the context of the method-of-moments-based
discretisation of Maxwell’s equations, is the foundation of the MRTD scheme. By
relying on a higher order of approximation of the spatial derivatives, as it will be shown
in this chapter, numerical dispersion in MRTD only arises from the approximation
used for the derivatives in time, which is the same as in FDTD. Hence, MRTD
is a computationally efficien solution to the numerical phase error associated with
FDTD and allows a decrease in the points per wavelength into which the problem is
discretised. Therefore, the basics of MRTD technique are presented here and used in
Chapter 10 to provide an efficien and yet accurate modelling tool for phase-sensitive
nonlinear optical problems. Besides the advantages in saving computational resources,
MRTD provides also a unifie and higher-order field- xpansion scheme for both the
FDTD and method-of-moments (MoM) methods. From this point of view FDTD can
be considered as the simplest version of the MRTD scheme.

8.2 MRTD Basics
8.2.1 Multiresolution Analysis: Overview
The MRTD technique for solving the Maxwell’s equations was firs proposed by
Krumpholz and Katehi in 1996 [8]. They proposed the use of wavelet expansion
that, at that time, had become very popular in many field as a way to increase both
the efficien y and the accuracy of numerical methods, in the context of the method
of moments for solving electromagnetic wave interaction problems. The technique
that they originally proposed in [8] is very fl xible and can be considered a generic
discretisation scheme to be used with different types of wavelet. Typically, the wavelet
scheme adopted in MRTD is orthonormal with scaling functions and a mother wavelet.
The scaling functions generate the mother wavelet from which all the other wavelets
are derived. The use of wavelet expansion makes it possible to talk about numerical
accuracy in terms of ‘levels’ of wavelet resolution. Each level consists of a set of
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functions that is added to the expansions to increase the discretisation accuracy [9].
The scaling functions ϕi (x) are define by

ϕi (x) = ϕ
( x
�x

− i
)

(8.1)

A wavelet coefficien ψr
i,p (x) is represented as

ψr
i,p (x) = 2r/2ψ0

(
2r/2

( x
�x

− i
)

− p
)

(8.2)

where r is the wavelet resolution and p is an integer in the range [0; 2r–1]. Each level
of resolution, r, consists in 2r wavelets that are misplaced in space by �x

/
2r .

The following relationships defin scaling functions and wavelet coefficient [10]

∫
ϕi (x) ϕ j (x) = δi, j (8.3)

∫
ϕi (x) ψr

j,p (x) = 0 ∀i, j, r, p (8.4)
∫

ψr
i,p (x) ψ s

j,q (x) = δi, jδr,sδp,q (8.5)

δi, j =
{

1
0

i = j
i �= j (8.6)

From the theory of wavelet expansion and multiresolution decomposition, it is known
that a set of subspaces {Vi }i∈Z is a multiresolution approximation of L2(R) if the
following hold [11]

. . . V−3 ⊂ V−2 ⊂ V−1 ⊂ V0 ⊂ V1 ⊂ V2 ⊂ V3 · · ·
⋃

i∈Z
Vi = L2 (R)

⋂

i∈Z
Vi = 0

where Z represents the set of all integers, while L2(R) is the set of all square integrable
functions.

All of these properties allow us to achieve the wanted level of accuracy by
increasing/decreasing the wavelet resolution.
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8.2.2 MRTD Scheme
The basic concept of MRTD is to represent firs the electric and magnetic field
as expansions in scaling/wavelet functions in space and time and then to apply the
method of moments to the conventional Maxwell’s equations.

For example, for a 1D scheme with arbitrary order of resolution up to rmax, the
expression used to expand each fiel component in scaling and wavelet functions is
the following

Fx (x) =
∑

n,i

hn (t)

⎡

⎣n Fx,φi ϕi (x) +
rmax∑

r=0

2r−1∑

p=0
n Fx,�i,r,p�

r
i,p (x)

⎤

⎦ (8.7)

where n Fx,φi and n Fx,ψi,r,p are the expansion coefficient and represent the magnitudes
of the scaling and wavelet functions. Discretisation is performed both in space and
in time. In time, pulse functions hn (t) are used in order to ensure causality. These
functions in fact don’t overlap in representing a given time step and thus prevent a
past event being determined by a future one. Finally, i indicates the position in space
along the x-direction. When a 2D or 3D system is considered, the products of all
scaling/wavelet functions in each dimension must be calculated.

For any wavelet basis adopted, the number of expansion coefficient for a given
resolution rmax, is determined by the formula

Number of coefficient = 2
D+ ∑

i=x,y,z
rmax,i

(8.8)

whereD represents the dimensionality of the system under investigation. The number
of basis functions calculated through the previous formula gives the number of equiv-
alent grid points [12]. The fiel coefficient in [8] are offset by half a cell to build a
scheme in space that is similar to the conventional Yee-FDTD scheme.

It should be noted that like in FDTD, the update equations in MRTD are fully
explicit. This means they are easy to implement but, on the other hand, the time step
must again be chosen below a stability limit, as will be discussed in detail in this
chapter. In particular, discretisation in time, based on pulse functions, results in a
leapfrog arrangement analogous to the one in FDTD, with E and H field that are
offset by half a time step. Once the fiel offset is chosen, the MRTD update scheme
is obtained by applying the method of moments.

8.2.3 Method of Moments
As one of the finite-di ference-based time-domain techniques, MRTD can be derived
from the MoM when specifi expansion and testing functions are applied [13]. The
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MoM was proposed in the past in order to solve equations that can be expressed in
the following compact form

L
(

�E, �H
)

− f
(

�J , ρ
)

= 0 (8.9)

A full explanation of the method can be found in [14]. It consists in representing firs
the unknown function as a sum of unknown coefficient multiplied by known basis
functions. The second step is error testing by means of a series of chosen test functions.
With the number of test functions equal to the number of unknowns, a system of linear
equations whose solutions allow us to determine the wanted coefficient is generated.

A brief explanation of the procedure for a 1D problem will be considered

f (x) = ∂b (x)
∂x

(8.10)

where f (x) and b(x) represent the unknown and known functions, respectively.
First, the function f (x) is expanded as follows:

f (x, t) =
N∑

n=0

ancn (x) (8.11)

where an are unknown expansion coefficient and cn(x) are the basis functions, which
are known. Next, a set of testing functions ωn(x) is chosen and the following inner
product is considered

〈ωn, f 〉 = 〈
ωn, b′〉 =

∫
ωn (x) f (x) dx (8.12)

A system of linear equations can be generated as

⎡

⎢⎢⎢
⎣

a1 〈ω1, c1〉 a2 〈ω1, c2〉 . . . aN 〈ω1, cN 〉
a1 〈ω2, c1〉 a2 〈ω2, c2〉 . . . aN 〈ω2, cN 〉

...
... . . . ...

a1 〈ωN , c1〉 a2 〈ωN , c2〉 · · · aN 〈ωN , cN 〉

⎤

⎥⎥⎥
⎦

=

⎡

⎢⎢⎢
⎢
⎣

〈
ω1, b′〉

〈
ω2, b′〉

...〈
ωN , b′〉

⎤

⎥⎥⎥⎥
⎦

(8.13)

and solved to calculate the unknown coefficients an.
When the following property for the testing functions holds

〈ωn, cn〉 = δm,n (8.14)
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the matrix becomes diagonal, the scheme is explicit and each coefficien can be
calculated as

an = 〈
ωn, b′〉 (8.15)

In particular, when the testing functions are the same as the basis functions and
Equation (8.14) is true, (the set of basis functions is orthonormal), the method is
named Galerkin’s procedure.

8.3 MRTD Update Scheme
8.3.1 Approximation in Time: Testing with Pulse Functions
The MRTD update in time is define by the choice of scaling/testing functions that
give the localisation of the expansion coefficient in time. In order to build an explicit
scheme, the expansion in time is performed through pulse functions whose derivatives
yield Dirac delta functions located at the edges of the pulses

∂hn+1/2 (t)
∂t

= δ (t − n�t) − δ (t − (n + 1) �t) (8.16)

Representation of this series of derivatives as Delta functions is given in Figure 8.1.
If these derivatives at time steps n + 1/2 represent B (and H) coefficients from

Maxwell’s equations we can represent D (and E) at time steps, n, with the pulse
functions at the bottom of Figure 8.1. The expansion of the E fiel in time is

Figure 8.1 Representation of the derivatives of the basis functions in time when hn are pulsed
functions.
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expressed by

E (�r , t) =
N∑

n=0

hn (t)n E (�r ) (8.17)

where n E (�r ) is the wavelet/scaling discretisation in space at time step n. For the B
fiel the expression is similarly written as

B (�r , t) =
N∑

n=0

hn+1/2 (t)n+1/2B (�r ) (8.18)

From the inner products with the pulses, hn, the following are obtained

〈hn (t) , E (�r , t)〉 = �tn E (�r ) (8.19)〈
hn (t) ,

∂B (�r , t)
∂t

〉
= n+1/2B (�r ) − n−1/2B (�r ) (8.20)

By applying these inner product operations to both sides of Maxwell’s equations, the
update relations of the field can be derived. For instance, for the component Bx, the
following is written

〈
hn,

∂Bx
∂t

〉
=

〈
hn,

∂Ey
∂z

− ∂Ez
∂y

〉
(8.21)

n+1/2Bx (�r ) − n−1/2Bx (�r ) = �t
[
∂n Ey (�r )

∂z
− ∂n Ez (�r )

∂y

]
(8.22)

Then, solving for the new term, n+ 1
2
Bx (�r ), the following is found:

n+1/2Bx (�r ) = n−1/2Bx (�r ) + �t
[
∂n Ey (�r )

∂z
− ∂n Ez (�r )

∂y

]
(8.23)

which represents the update equation for the component Bx and calculates the new
fiel at time n + 1/2 from the value at previous time step n − 1/2.

8.3.2 Approximation in Space: Testing with Wavelet/Scaling Functions
The basis functions in 3D space are expressed as � (x) � (y) � (z), where � represents
either ϕl scaling functions, or ψr

l,p wavelet functions, with l = i, j, k as the directional
index in the three space directions. In order to perform an approximation of the
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derivatives in the space domain, the test functions are applied together with the time
differentiated functions in Equation (8.23).

It is convenient to represent the discretisation of the fiel in vectorial notation [15]
that is a generalised form for any wavelet basis: all the wavelet/scaling coefficient
are written as

n+1/2Bx,i, j,k =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣

n+1/2Bx,ϕϕϕ

i, j,k

n+1/2Bx,ψϕϕ

i, j,k,0,0
...

n+1/2Bx,ϕϕψ

i, j,k,rmax .z ,2rmax .z−1

n+1/2Bx,ψψϕ

i, j,k,0,0,0,0
...

n+1/2Bx,ϕψψ

i, j,k,rmax .y ,2rmax .y−1

n+1/2Bx,ψψψ

i, j,k,0,0,0,0,0,0
...

n+1/2Bx,ψψψ

i, j,k,rmax .x ,2rmax .x−1,rmax .y ,2rmax .y−1,rmax .z,2rmax .z−1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦

(8.24)

Another vector, �, is define as follows

�i, j,k =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎢⎢
⎢⎢
⎢⎢
⎢⎢
⎣

ϕi (x) ϕ j (y) ϕk (z)
ψ0
i,0 (x) ϕ j (y) ϕk (z)

...
ϕi (x) ϕ j (y) ψ

rmax .z
k,2rmax .z−1 (z)

ψ0
i,0 (x) ψ0

j,0 (y) ϕk (z)
...

ϕi (x) ψ
rmax .y
j,2rmax .y−1 (y) ψ

rmax .z
k,2rmax .z−1 (z)

ψ0
i,0 (x) ψ0

j,0 (y) ψ0
k,0 (z)

...
ψ
rmax .x
i,2rmax .x−1 (x) ψ

rmax .y
j,2rmax .y−1 (y) ψ

rmax .z
k,2rmax .z−1 (z)

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎥⎥
⎥⎥
⎥⎥
⎥⎥
⎦

(8.25)

thus

n+1/2Bx (�r ) =
∑

i, j,k

�T
i, j,kn+1/2Bx,i, j,k (8.26)

The update equation for the B component can be derived by taking an inner
product of Equation (8.23) with each wavelet/scaling coefficient The update
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equation becomes

n+1/2Bx,i, j,k = n−1/2Bx,i, j,k + �t
�x�y�z

[
∑

m
U Bx
Ey ,mnEy,i, j,k+m +

∑

m
U Bx
Ez,mnEy,i, j+m,k

]

(8.27)

whereU represents the matrix of the inner products between the E basis functions and
the B basis functions. It has to be noted that E and B components are offset only along
the direction of differentiation of the E field The index, m, refers to the position in
space amongst all the neighbouring cells whose total number depends on the choice
of the basis functions.

The size of U matrices is equal to 23+rmax,x+rmax,y+rmax,z × 23+rmax,x+rmax,y+rmax,z and it
can be calculated before the actual start of the simulation. Its generic form is expressed
by the following

UF1
F2,m =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣

〈
F1�1,

∂ F2 �1|m
∂n

〉 〈

F1�1,
∂ F2

�2

∣∣
∣
m

∂n

〉

. . .
〈
F1�1,

∂ F2 �L|m
∂n

〉

〈
F1�2,

∂ F2 �2|m
∂n

〉 〈
F1�2,

∂ F2 �2|m
∂n

〉

... . . .
〈
F1�L ,

∂ F2 �L|m
∂n

〉 〈
F1�L ,

∂ F2 �L|m
∂n

〉

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦

(8.28)

where F1 is the fiel that has to be updated and F2 is the fiel on which this up-
date depends. m represents the offset in the direction of differentiation, ∂

/
∂n is the

derivative in space with n = y, z, if Equation (8.27) is considered as example. In this
case the (2,2) entry in Equation (8.28) is made explicate as follows when the fiel
offsets in x-, y- and z- directions are called sx, sy and sz, respectively

UBx1
Ey ,m,2,2 =

〈
ψ0
i,0 (x) ϕ j+sy (y) ϕk+sz (z) ,

∂

∂z
ψ0
i,0 (x) ϕ j+sy (y) ϕk (z)

〉
=

= ∫∫∫
ψ0
i,0 (x) ϕ j+sy (y) ϕk+sz (z)

∂

∂z
(
ψ0
i,0 (x) ϕ j+sy (y) ϕk (z)

)
∂x∂y∂z

(8.29)

Separating the integral by direction

∫∫∫
ψ0
i,0 (x) ϕ j+sy (y) ϕk+sz (z)

∂

∂z
(
ψ0
i,0 (x) ϕ j+sy (y) ϕk (z)

)
∂x∂y∂z =

= ∫
ψ0
i,0 (x) ψ0

i,0 (x) ∂x
∫

ϕ j+sy (y) ϕ j+sy (y) ∂y
∫

ϕk+sz (z) ∂ϕk (z)
∂z ∂z

(8.30)
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It is known the orthogonality of the basis functions, therefore
∫

ψ0
i,0 (x) ψ0

i,0 (x) ∂x
∫

ϕ j+sy (y) ϕ j+sy (y) ∂y
∫

ϕk+sz (z)
∂ϕk (z)

∂z
∂z

= �x · �y ·
∫

ϕk+sz (z)
∂ϕk (z)

∂z
∂z (8.31)

From Equation (8.31), it can be seen that only one integral has to be evaluated. Its value
depends on the choice of the basis functions so it can be solved either analytically or
numerically. However, these values can be tabulated referring to each basis functions
family and thus they don’t have to be calculated for each simulation. Through this pro-
cedure all the update equations for the components B and D can be similarly derived.

8.3.3 Media Discretisation
After updating theB andD components, the actualH andE field have to be calculated
by means of the constitutive relationships and depend on the media characteristics.
Generally material properties are a function of position inside the computational
domain. In this chapter, isotropic materials, in some applications also dispersive and
nonlinear, are considered. Assuming a medium with magnetic permeability µ = µ0,
the only constitutive relationship to be taken into account is the one to obtain the E
fiel from an update of D and it can be written as

E (�r , t) = 1
ε (�r , t)D (�r , t) (8.32)

where ε (�r , t) represents the space- and time- dependent permittivity tensor of the
medium. Equation (8.32) can be discretised by means of the scaling and pulse
functions in space and in time respectively, following the Galerkin’s method already
described in the previous paragraphs. The permittivity tensor, ε, that links the flu
density vector to the electric fiel is given by

ε (�r , t) =
⎡

⎣
εx (�r , t) 0 0

0 εy (�r , t) 0
0 0 εz (�r , t)

⎤

⎦ (8.33)

The constitutive relation is written in the form of scalar equations as

Dx = εx (�r , t) Ex (8.34a)

Dy = εy (�r , t) Ey (8.34b)

Dz = εz (�r , t) Ez (8.34c)
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Discretisation of these equations is considered for the case of expansion in scaling
functions in space only, for simplicity. The fiel expansions are expressed by

Fx (�r , t) =
+∞∑

k,l,m,n=−∞
k Fϕx

l+ 1
2 ,m,nhk (t) ϕl+ 1

2
(x) ϕm (y) ϕn (z) (8.35a)

Fy (�r , t) =
+∞∑

k,l,m,n=−∞
k F

ϕy

l,m+ 1
2 ,nhk (t) ϕl (x) ϕm+ 1

2
(y) ϕn (z) (8.35b)

Fz (�r , t) =
+∞∑

k,l,m,n=−∞
k Fϕz

l,m,n+ 1
2
hk (t) ϕl (x) ϕm (y) ϕn+ 1

2
(z) (8.35c)

where Fr (�r , t) = [
Er (�r , t) , Dr (�r , t)], with r = x, y, z. The coefficient k Fϕr

l,m,n are
the fiel expansion coefficient in terms of scaling functions. The indices l, m, n and
k describe the localisation in space and time. In time, the function hk(t) is given by

hk (t) = h
(
t

�t
− k

)
(8.36)

with

h (t) =
⎧
⎨

⎩

1 for |t | < 1
/

2
1/2 for |t | = 1

/
2

1 for |t | > 1
/

2
(8.37)

In space, the scaling function is define as

ϕm (x) = ϕ
( x
�x

− m
)

(8.38)

After substituting the fiel expansions into Equations (8.34a–c) and sampling them
with pulse functions in time and scaling functions in space, it is assumed that

εr (�r , t) = εr (x) εr (y) εr (z) εr (t) (8.39)

Sampling Equation (8.34a) with ϕl+1/2 (x), ϕm (y), ϕn (z) and hk (t) brings to

k Dϕx
l+1/2,m,n =

+∞∑

k ′,l ′,m ′,n′=−∞
ε (x)ϕxl+1/2,l ′+1/2 ε (y)ϕxm.m ′ ε (z)ϕxn,n′ ε (t)xk,k ′k ′Eϕx

l ′+1/2,m ′,n′

(8.40)
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where the coefficient ε (r )ϕxm,m′ and ε (t)xk,k′ represent the integrals

ε (r )ϕxm,m ′ = 1
�r

+∞∫

−∞
ϕm (r ) εx (r ) ϕm ′ (r ) dr (8.41)

ε (t)xk,k ′ = 1
�t

+∞∫

−∞
hk (t) εx (t) hk ′ (t) dt (8.42)

8.3.4 Numerical Dispersion
In order to choose the space and time-step size properly, numerical dispersion and
stability need to be considered for MRTD.

Due to numerical dispersion, there is a variation of the wavenumber, k, with the
angular frequency, ω. Under the assumption of a linear, nondispersive, isotropic
medium, by substitution of the solution for a monochromatic plane wave into
Maxwell’s equations, the following dispersion relationship is derived

k = ±ω

c
(8.43)

with

c = 1√
µε

(8.44)

In a 3D space, a wavevector, �k, is define in a Cartesian system as

�k = kx î + ky ĵ + kzk̂ (8.45)

where

k =
√
k2
x + k2

y + k2
z (8.46)

From these parameters, phase velocity vp, and group velocity vg are define

vp = ±ω

k
= ±c (8.47)

vg = ±∂ω

∂k
= ±c (8.48)
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From Equation (8.48), it can be seen that wavelength and frequency have a linear
relationship, and that phase and group velocity are independent of frequency.

Referring to a numerical scheme, these relationships become more complex as
an effect of the discretisation adopted in space and time. Time is considered as a
sequence of discrete time steps and space is a multiple of cells that, although small,
make the waves propagate in the directions define by the grid rather than in any other
direction. This makes the propagation velocity dependent on direction and frequency.
Compared to the dispersion equation for FDTD, (that is equivalent to MRTD with
Haar scaling functions only), it is demonstrated that increasing the resolution by one
level effectively doubles the resolution of the scheme. Thus, the generic relationship
can be obtained simply dividing the space step by 2rmax+1, as follows [12]

[
1
c�t

sin
(

ω�t
2

)]2

=
[

2rmax,x+1

�x
sin

(
kx�x

2rmax,x+2

)]2

+
[

2rmax,y+1

�y
sin

(
ky�y

2rmax,y+2

)]2

+
[

2rmax,z+1

�z
sin

(
kz�z

2rmax,z+2

)]2

(8.49)
The given dispersion analysis can be generalised for any wavelet basis and resolution
of wavelet with the following

[
1
c�t

sin
(

ω�t
2

)]2

=
[

2rmax,x+1

�x

(Ls−1∑

l=0

a (l) sin
(
kx�x

2rmax,x+2

))]2

+
[

2rmax,y+1

�y

(Ls−1∑

l=0

a (l) sin
(
ky�y

2rmax,y+2

))]2

+
[

2rmax,z+1

�z

(Ls−1∑

l=0

a (l) sin
(
kz�z

2rmax,z+2

))]2

(8.50)

8.3.5 Numerical Stability
For the case MRTD with expansion in scaling functions only (scaling-MRTD), the
condition for numerical stability is [9]

�t ≤ 1
Ls−1∑

i=0
|a (l)|

√
1

µε

(
1

�x2 + 1
�y2 + 1

�z2

) (8.51)
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Considering the 2D case in the xz-plane, the limit becomes

�t ≤ s
�

c0
(8.52)

where

s = 1√
2
∑Ls−1

l=0 |a(l)| (8.53)

where � = �x = �z in an uniform mesh, c0 is the speed of the light and the Courant
number, s, represents the stability factor in two dimensions and depends on the order
of the adopted basis functions [16]. The result is that the time limit for the MRTD
scheme is smaller than for FDTD with the same cell grid size. However, although the
single time step is smaller, it should be noted that generally MRTD allows a much
coarser grid than FDTD so that the computational efficien y improves overall.

It has been demonstrated in [12] that the generic formula, valid for any MRTD
basis and any level of wavelet resolution, is expressed as

�t ≤ 1

Ls−1∑

i=0
|a (l)|

√√√√√√√√

1
µε

⎛

⎜⎜⎜
⎝

1
(

�x
2rmax,x+1

)2 + 1
(

�y
2rmax,y+1

)2 + 1
(

�z
2rmax,z+1

)2

⎞

⎟⎟⎟
⎠

(8.54)

8.4 Scaling MRTD
8.4.1 Choice of Basis Functions: Cohen-Daubechies-Feauveau Family
The main purpose of the MRTD scheme is to minimise the number of unknowns,
which is the number of grid points per wavelength, without deteriorating the accuracy
of results. Practically, this means producing a better approximation of the fiel through
accurate wavelet expansion, which minimises the numerical dispersion error of the
algorithm for a given grid resolution. If ψl,m is the wavelet at level l and shifted
by m/2l units, while ψ̃l,m represents its dual, they both must hold the orthogonality
relationship

〈
ψl,m, ψ̃l,m

〉 = δ
(
l − l ′

)
δ
(
m − m ′) (8.55)

When ψl,m=ψ̃l,m , the wavelets are called orthonormal. The common requirements are
for the wavelet basis to be regular (smooth) with regard to the degree of differentiability
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of a function, and with vanishing moments define by

m1 (n) =
∫
xnψ (x) dx (8.56)

where n indicates the generic nth moment [17].
In particular, it has been found that a good approximation demands ψl,m to have as

many vanishing moments as possible, and ψ̃l,m to be as smooth as possible. It is also
required that the scaling/wavelet functions have minimal support in order to reduce
the number of computations needed. If specificall the set of orthonormal wavelet
families is considered, the two conditions of regularity and minimal support are found
to be in conflic [17].

The oldest and simplest scaling/wavelet family is the Haar basis functions. When
these basis functions are applied to an MRTD scheme, an algorithm very similar to
the Yee FDTD scheme can be generated [18]. The main advantages in the use of Haar
functions refer to their finit domain, so that they don’t overlap from one cell to the next
one, and the simplicity of performing derivatives and integral calculations due to their
pulse nature. Besides that, their main disadvantage is the lack of smoothness that brings
a higher numerical dispersion compared to other existing wavelet families. The MRTD
method that Krumpholz and Katehi proposed in 1995 is based on Battle–Lemarie
scaling/wavelet functions that are derived by B-spline functions [8]. They have been
shown to have very good regularity properties, but suffer from having noncompact
support. There is a theoretically infinit number of terms in the update equations and
thus, a truncation of the sequence of coefficient in the summation calculations (usually
8–12 on each side) is needed with consequences in terms of arithmetic precision that
could even destroy properties, such as zero moments and orthogonality [19]. The
property of having an exact number of interpolating coefficient or compact support is
achieved by Daubechies orthogonal wavelets [20,21], where the number of vanishing
moments is maximised. Cohen–Daubechies–Feauveau (CDF) biorthogonal scaling
functions have been chosen to develop the MRTD scheme here. In the literature,
it was found that this family of functions satisfie the requirements of the MRTD
scheme as it shows the maximum number of vanishing moments for a given support,
good regularity and compact support [16]. Thanks to these properties, the sequence of
MRTD coefficient in the update equations is rigorously finite while a good level of
regularity is still kept. The CDF notation (α, β) is adopted to indicate the lengths of the
reconstruction and decomposition filter of the family. Through this work, ϕ for the
fiel expansions of order (2,4) have been chosen from the CDF family. This order of
functions relies on a total number of coefficient equal to fi e (compact support) and
shows a good compromise between higher-order accuracy and the increased number
of operations required.

In [16], an extensive study of the numerical dispersion characteristics of the CDF-
MRTD scheme compared to other wavelet families is given. Dogaru and Carin showed
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that numerical dispersion depends on many factors, such as the spatial resolution, the
Courant number, the number of level of wavelets used to expand the field and
the angle of electromagnetic propagation. However, generally, it is found that the
MRTD scheme allows a grid resolution at least two times coarser than FDTD when
the same level of accuracy is required. Another important aspect is that dispersion
performances are heavily influence by the adopted Courant number. The choice of
a Courant number smaller than the required limit for stability means better results
in terms of numerical dispersion. As a consequence of this, when the same Courant
number is taken, the low-order CDF (2,4) family can achieve better accuracy than
the case in which both the scaling and the firs level of wavelet are included, which
implies a stricter stability limit on the time-step size.

8.4.2 Derivation of Update Scheme
For the analysis of a 2D problem in the xz-plane, assuming the y-axis as the homo-
geneous direction and the x-axis as the propagation direction, the fundamental
electromagnetic components of a TE mode are Ey, Hx, Hz, and from Maxwell’s
equations, the following 2D scalar equations can be derived:

∂Hx
∂t

= 1
µ0

∂Ey
∂z

(8.57a)

∂Hz
∂t

= − 1
µ0

∂Ey
∂x

(8.57b)

∂Ey
∂t

= 1
ε0εr

(
∂Hx
∂z

− ∂Hz
∂x

)
(8.57c)

where µ0 is the permeability of the free space and εr is the relative dielectric constant
of the medium.

With respect to the unit cell shown in Figure 8.2, the electromagnetic field are
expanded as a combination of scaling functions in space and Haar functions in time
using

Hx (x, z, t) =
+∞∑

n,i, j=−∞
nH x,ϕ

i+1/2, jϕi+1/2 (x) ϕ j (z)hn (t) (8.58a)

Hz (x, z, t) =
+∞∑

n,i, j=−∞
nHz,ϕ

i, j+1/2ϕi (x) ϕ j+1/2 (z)hn (t) (8.58b)

Ey (x, z, t) =
+∞∑

n,i, j=−∞
n+1/2Ey,ϕi+1/2, j+1/2ϕi+1/2 (x) ϕ j+1/2 (z)hn+1/2 (t) (8.58c)



P1: OTA/XYZ P2: ABC
c08 BLBK325-Obayya August 17, 2010 18:25 Printer Name: Yet to Come

Multiresolution Time Domain 229

Figure 8.2 Electric and magnetic expansion coefficient fiel as placed inside the MRTD
unit cell in the case of only scaling functions (S-MRTD). (Reproduced with permission from
Letizia, R. and Obayya, S.S.A. (2009) Efficien second harmonic generation through selective
photonic crystal-microcavity coupling. IEEE J. Lightwave Technol., 27 (21), 4763–4772.
© 2009 IEEE.)

where n, i, j, are the discrete indexes in time and in space, respectively, ϕ is the scaling
function chosen from the CDF(2,4) family, h is the Haar function and represents the
sampling in time, n+1/2Ey,ϕi+1/2, j+1/2, nH x,ϕ

i+1/2, j , nH
z,ϕ
i, j+1/2 are the expansion coefficients

The discretisation in space follows a scheme that is very similar to Yee’s scheme. As
shown in Figure 8.2, the components placed in a cell, on which the update iteration
takes place, are expansion coefficients The actual fiel at the time step t0 in a point
(x0, z0) has to be calculated from

Ey (x0, z0, t0) =
+∞∑

i ′, j ′=−∞
n′Ey,φi ′, j ′ϕi ′ (x0) ϕ j ′ (y0) (8.59)

where i′, j′ and n′ are the indexes in space and time, respectively. Due to the finit
support of CDF scaling functions, only a few terms of the previous summation have
to be considered.
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Substituting the fiel expansions in the form of Equations (8.58a–c) into the scalar
Maxwell’s Equations (8.57a–c) and testing them with the dual of the biorthogonal
scaling function, ϕ̃m (with m = i, j) in space and pulse functions in time, and follow-
ing the method-of-moments procedure, the following field-updat equations can be
obtained

n+1Hx,ϕ
i+1/2, j = nH x,ϕ

i+1/2, j −
�t

µ0�z

⎛

⎝
Ls−1∑

l=−Ls

a (l)n+1/2Ey,ϕi+1/2, j−l−1/2

⎞

⎠ (8.60a)

n+1Hz,ϕ
i, j+1/2 = nHz,ϕ

i, j+1/2 + �t
µ0�x

⎛

⎝
Ls−1∑

l=−Ls

a (l) n+1/2Ey,ϕi−l−1/2, j+1/2

⎞

⎠ (8.60b)

n+1/2Ey,ϕi+1/2, j+1/2 = n−1/2Ey,ϕi+1/2, j+1/2 + �t
ε0εi+1/2, j+1/2

×
⎛

⎝
Ls−1∑

l=−Ls

a (l)
(

− 1
�z n

Hx,ϕ
i+1/2, j+1/2 + 1

�x n
Hz,ϕ
i−l−1, j+1/2

)⎞

⎠ (8.60c)

where Ls, called the stencil size, represents the effective support of the basis function,
which determines the number of expansion coefficient considered in the summation
and it is equal to 5 for CDF (2,4), the connection coefficient a(l), [22], are obtained
numerically by Equation (8.61) and their values for the assumed scaling functions are
given in Table 8.1 [16].

The CDF functions have the advantage of making use of a compact support (finit
number of nonzero coefficient in the MRTD scheme) so a(l) is exactly equal to zero
for l > Ls − 1 and l < Ls. For l < 0, the a(l) values are known from the symmetry

Table 8.1 Connection coefficient and courant number at the stability
limit in two dimensions. (Reproduced with permission from Letizia, R. and
Obayya, S.S.A. (2008) Efficien multiresolution time-domain analysis of
arbitrarily shaped photonic devices. IET Optoelectron., 2 (6), 241–253.
© 2008 IET.)

l CDF(2,2) CDF(2,4)

1 1.229 166 7 1.291 813 4
2 −0.093 750 0 −0.137 134 8
3 0.028 761 7 0.028 761 7
4 0 −0.003 470 1
5 0 0.000 008 0
s 0.5300 0.4839
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relation a(−l) = −a(l − 1)

+∞∫

−∞
ϕi (x)

∂ϕ
i ′+

1
2

(x)

∂x
dx =

Ls−1∑

l=−Ls
a (l)δi+l,i ′ (8.61)

By virtue of their interpolation property, as biorthogonal wavelets, the expansion
coefficient for CDF families on which the updating takes place, can be taken as
physical fiel values with negligible error [16]. For instance, the fiel Ey at an arbitrary
point in space (x0 = i�x, z0 = j�z) at time t0 = n�t is given by

Ey (x0, z0, t0) =
∫ ∫

Ey(x, z, t)δ(x − x0)δ(z − z0)δ(t − t0)dx dz dt = n E y,φi, j

(8.62)
that allows the fiel coefficien to be taken as the fiel value.

This allows the building of a simple algorithm in which the computational overhead
of the total fiel reconstruction is reduced.

Figure 8.3 shows a sketch of the update process in a 1D space: the compo-
nent n Eϕ at position i is calculated from a number of components n− 1

2
Hϕ in the

range
[
i − Ls + 1

/
2; i + Ls − 1

/
2
]

that is determined by the stencil size Ls and are
weighted by the connection coefficient a(l).

In order to ensure the numerical stability of the MRTD scheme, the time step �t
has to be smaller than a certain limit as

�t ≤ s
�

c0
, (8.63)

s = 1√
2
∑Ls−1

l=0 |a(l)| (8.64)

Figure 8.3 Scheme of the update process in a 1D space for S-MRTD with compact basis
functions determined by the stencil size Ls.
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where � = �x = �z in an uniform mesh, c0 is the speed of the light and the Courant
number, s, represents the stability factor in two dimensions and is equal to 0.4839
for S-MRTD with CDF (2,4) (Table 8.1). Numerical experiments have revealed that
although this value is enough to guarantee the stability of the algorithm, it cannot
guarantee a good accuracy of the results with coarser meshes. Smaller values of s,
typically fi e times less the stability limit, can significantl improve the accuracy
of the method, even for coarser spatial discretisation. In the spirit of the numerical
comparison performed in [18], it has been found that the value s = 0.1 is the most
suitable to ensure numerical stability and also a high level of accuracy.

8.4.3 UPML in S-MRTD
One of the most important challenges in the fiel of computational modelling has
been the introduction of absorbing boundary conditions (ABCs) at the grid boundary,
allowing the simulation of an infinit region. Amongst all the possible techniques,
here the 2D-S-MRTD scheme is presented in conjunction with the UPML absorbing
boundary condition which efficientl terminates the boundaries of the space domain in
an absorbing artificia material medium. Starting from the traditional scalar equations
of UPML reported in the literature for FDTD [5,22], and already introduced in Chapter
7 for the termination of the FVTD scheme, they are now implemented in the framework
of the MRTD technique. Therefore, UPML derivatives in space are discretised by
testing them with the scaling functions through Galerkin’s procedure, while a second-
order central difference scheme is adopted for the derivatives in time. This procedure
leads to a two-step update scheme for each fiel component. Considering the TE
propagation and the geometry of the grid (Figure 8.2), the following discretised
equations are derived

n Bx,ϕi+1/2, j = n−1Bx,ϕi+1/2, j − �t
Ls−1∑

l=−Ls

a (l)

(
n−1/2Ey,ϕi+1/2, j+l+1/2

�z

)

(8.65a)

nH x,ϕ
i+1/2, j =

(
2ε0 − σz�t
2ε0 + σz�t

)

n−1Hx,ϕ
i+1/2, j +

(
2ε0 + σx�t
2ε0 + σz�t

)
1
µ0

n Bx,ϕi+1/2, j

−
(

2ε0 − σx�t
2ε0 + σz�t

)
1
µ0

n−1Bx,ϕi+1/2, j (8.65b)

n Bz,ϕi, j+1/2 =
(

2ε0 − σx�t
2ε0 + σx�t

)

n−1Bz,ϕi, j+1/2 +
(

2ε0�t
2ε0 + σx�t

) Ls−1∑

l=−Ls
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×a (l)

⎛

⎜⎜⎜
⎝

n−
1
2

Ey,ϕi+l+1/2, j+1/2

�x

⎞

⎟⎟⎟
⎠

(8.66a)

nHz,ϕ
i, j+1/2 = n−1Hz,ϕ

i, j+1/2 +
(

2ε0 + σz�t
2ε0

)
1
µ0

n Bz,ϕi, j+1/2 −
(

2ε0 − σz�t
2ε0

)

× 1
µ0

n−1Bz,ϕi, j+1/2 (8.66b)

n+1/2Dy,ϕ
i+1/2, j+1/2 =

(
2ε0 − σz�t
2ε0 + σz�t

)

nDy,ϕ
i+1/2, j+1/2 +

(
2ε0�t

2ε0 + σz�t

)

Ls−1∑

l=−Ls
a (l)

(

− nH x,ϕ
i+1/2, j−l−1

�z
+ nHz,ϕ

i−l−1, j+1/2

�x

)
(8.67a)

n+ 1
2
Ey,ϕi+ 1

2 , j+ 1
2

=
(

2ε0 − σx�t
2ε0 + σx�t

)

n E y,ϕi+1/2, j+1/2 +
(

2ε0

ε0εi+1/2, j+1/2 (2ε0 + σx�t)

)

(
n+1/2Dy,ϕ

i+1/2, j+1/2 − n−1/2Dy,ϕ
i+1/2, j+1/2

)
(8.67b)

where ε is the permittivity of the medium, σ x and σ z are the electric conductivity of
the UPML layers, whose profil takes the following form

σi (i) = σmaxim

dm
(8.68)

where i= x, z, d is the depth of the UPML andm stands for the order of the polynomial
variation. The choice of σ max that minimises the reflectio from boundaries is [15]

σmax ≈ (m + 1)
150π�

√
εr

(8.69)

where � is the uniform spatial discretisation adopted.
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9
MRTD Analysis of PhC Devices

9.1 Introduction
Validation of the MRTD scheme developed and presented in the previous chapter
is given here for the analysis of linear photonic devices. First of all, the rigorous
implementation of the uniaxial perfectly matched layer (UPML) scheme at the lattice
boundaries has been considered for validation in order to ensure efficien truncation
of the computational domain with negligible artificia reflections To this aim, the
reflectio coefficien from the UPML boundary is studied in a planar waveguide first
and then in a PhC-based waveguide. The obtained results are then compared to those
performed by the same boundary scheme when implemented into the conventional
FDTD method. Once the absorbing boundary condition has been validated and the
required parameters have been set, the numerical accuracy and efficien y of the MRTD
scheme are thoroughly investigated for Bragg resonators (1D-PhC) and PhC-optical
filter for linear applications. Specificall , a comparison between MRTD performance
and FDTD results is given for a Bragg resonator with different grid resolutions. This
particular case proves the computational efficien y of MRTD over FDTD, which
allows significan reduction in the required CPU running time when the same level of
accuracy is required.

9.2 UPML-MRTD: Test and Code Validation
9.2.1 UPML in Planar Waveguide
As a firs example, the simple slab waveguide shown in Figure 9.1 [1], has been
considered, where the width is w = 0.450 µm and the core and the cladding have
refractive indices of ncore =3.6 and ncl =3.42, respectively. The propagation of the
fundamental TEy mode in the x-direction is performed with the aim of demonstrating
the robustness of the UPML boundary condition incorporated into S-MRTD. The

Computational Photonics Salah Obayya
C© 2011 John Wiley & Sons, Ltd
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Figure 9.1 Schematic diagram of the planar waveguide simulated where ncl = 3.42, ncore =
3.6 and w = 0.45 µm, [1].

source fiel is expressed as

Ey,source (z, t) = ETE0 (z) sin (2π f0t) e
− (t−t0)2

T2
0 (9.1)

where ETE0is the profil of the fundamental TE0 mode, T0 = 15 fs is the bandwidth of
the Gaussian profil in time, t0 = 60 fs represents its delay and λ0 = c0

/
f0 =0.86 µm

is the central wavelength.
Figure 9.2 shows the time evolution of the pulse energy, normalised to the input

pulse, when the waveguide is assumed to be surrounded by a 20-cell UPML. The
results obtained from varying the parameter m in the many simulations performed in
this work show that, in most of the cases, for a 20-cell UPML medium, the best value
for m is 2.5. The results are obtained by adopting uniform mesh with cell size �x =
�z= � = 30 nm and time-step size �t = 0.01 fs. As may be noticed from Figure 9.2
and from Figure 9.3, which shows the electric-fiel patterns at different time intervals,
once the pulse has completely been injected, the fiel propagates with constant power
along the waveguide until it reaches the UPML edge in the longitudinal direction
(x). At this point, it rapidly decreases to a negligible value, showing that the UPML
boundary condition performs stably and rigorously.

Then, the reflectio coefficien due to a 15- and 20-cell UPML boundary truncating
the output of the waveguide has been calculated and compared to the one obtained
by running simulations for UPML in a conventional FDTD scheme with the same
mesh � [2]. The time variation of the electric fiel has been stored at the reference
point (Figure 9.1). By means of an FFT of both the incident and reflecte field at
this point, their spectral distribution ratio has been calculated to obtain the reflectio
coefficien variation with the wavelength. As shown in Figure 9.4, over the range of
wavelengths around the input λ0, the reflectio detected from S-MRTD simulations is
significantl lower than the one obtained with FDTD in both 15- and 20-cell UPMLs.
In particular, it should be noted that the developed UPML scheme in the S-MRTD
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Figure 9.2 Time evolution of the pulse energy using UPML-MRTD scheme. (Reproduced
with permission from Letizia, R. and Obayya, S.S.A. (2008) Efficien multiresolution time-
domain analysis of arbitrarily shaped photonic devices. IET Optoelectron., 2 (6), 241–253.
© 2008 IET.)

Figure 9.3 Time evolution of the electric-fiel pattern along the waveguide when the UPML
boundary condition is used to truncate the computational window. (Reproduced with per-
mission from Letizia, R. and Obayya, S.S.A. (2008) Efficien multiresolution time-domain
analysis of arbitrarily shaped photonic devices. IET Optoelectron., 2 (6), 241–253. © 2008
IET.)
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Figure 9.4 Variation of the UPML reflectio coefficien with the wavelength using both
FDTD and MRTD methods for 15- and 20-cell UPMLs. (Reproduced with permission from
Letizia, R. and Obayya, S.S.A. (2008) Efficien multiresolution time-domain analysis of
arbitrarily shaped photonic devices. IET Optoelectron., 2 (6), 241–253. © 2008 IET.)

algorithm can bring reflection from computational domain boundaries down to less
than −60 dB.

9.2.2 UPML in PhC Waveguide
In order to test the UPML scheme in a more complicated structure than the planar
waveguide seen in the previous chapter, a PhC waveguide is considered next. The
structure, whose schematic is shown in Figure 9.5, is a pillar-type PhC waveguide
in which pillars made of GaAs (n = 3.4) are surrounded by air. The arrangement
has periodicity a = 0.58 µm and fillin factor r/a = 0.18, where r is the radius of
the pillars. The TE Gaussian pulse given in Equation (9.1) with delay t0 = 30 fs,
bandwidth T0 = 90 fs, central wavelength of λ0 = c0

/
f0 =1.5 µm and where ETE0

represents the profil of the fundamental TE0 mode in the waveguide that has been
injected. The wavelength range of the source signal belongs to the photonic bandgap
of the periodic structure, thus it can propagate along the line defect.

As shown in Figure 9.5, a detector is used to record the incident electric fiel
and the reflecte fiel from the UPML boundary. The FFT of the recorded temporal
data and the ratio between reflecte and incident fiel give the value of the reflectio
coefficien from the boundary. In the case under investigation here, reflection coming
back from the UPML boundary at the right end of the waveguide are calculated for
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Figure 9.5 Schematic diagram of a pillar-type PhC-waveguide excited with a Gaussian
pulse at 1.5 µm in order to test the efficien y of UPML-MRTD scheme. (Reproduced
with permission from Letizia, R. and Obayya, S.S.A. (2008) Efficien multiresolution time-
domain analysis of arbitrarily shaped photonic devices. IET Optoelectron., 2 (6), 241–253.
© 2008 IET.)

different cases. Figure 9.6 shows the evolution of the reflectio coefficien obtained
by varying the depth of the UPML boundaries. From this figure it can be seen that
for a UPML depth of 1.74 µm, the reflectio coefficien is less than −40 dB at the
central wavelength λ0.

In Figure 9.7, the performance of the UPML is analysed for different values of σ max
adopted in the polynomial scaling. For σ max� = 0.0175/π , reflectio coefficien is as
low as −40 dB.

9.3 MRTD versus FDTD for the Analysis of Linear Photonic Devices
9.3.1 Bragg Resonators: Comparison with Analytical Approach
After studying the stability of the proposed method, the Bragg resonator (BR) problem
is considered next. The Bragg grating reflecto is an example of a 1D-PhC that
serves as a reflecto for frequencies within a photonic bandgap. In particular, it find
application in devices such as the distributed Bragg reflecto (DBR) laser and the
distributed feedback (DFB) laser.

Considering a medium of refractive index, n, containing a region of length, L, in
which the perturbed refractive index varies periodically with spatial period, �, and
indices in the range n ± n1 for n1

/
n � 1. This region comprises a distributed Bragg

phase grating that couples oppositely travelling waves with propagation constants,
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Figure 9.6 Variation of reflectio coefficien with the depth of the UPML boundaries.
(Reproduced with permission from Letizia, R. and Obayya, S.S.A. (2008) Efficien mul-
tiresolution time-domain analysis of arbitrarily shaped photonic devices. IET Optoelectron., 2
(6), 241–253. © 2008 IET.)

Figure 9.7 Variation of reflectio coefficien with the value of σ max adopted. (Reproduced
with permission from Letizia, R. and Obayya, S.S.A. (2008) Efficien multiresolution time-
domain analysis of arbitrarily shaped photonic devices. IET Optoelectron., 2 (6), 241–253.
© 2008 IET.)
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Figure 9.8 Schematic diagram of Bragg resonators (BR) with � = 0.25 µm and N = 20 [4].

±β, at angular frequency, ω. The Bragg propagation constant is define by

2βB = K = 2π

�
(9.2)

whereK represents the grating number. The Bragg condition is satisfie when β = βB.
The Bragg wavelength is λB = 2n̂� and the Bragg frequency is ωB = cK/2n̂ where
n̂ represents the modal index for the planar guide. At this frequency, the coupling
between oppositely travelling waves is maximised, and the transmission is minimised,
as the many small reflection from each phase perturbation add constructively in the
backward direction. The coupling produces a transmission stopband, centred at ωB,
in which transmission is forbidden [3].

Figure 9.8 shows the schematic diagram of the BR considered, where the waveguide
is designed with a core of refractive index, nc = 2, and a width, w = 1.60 µm,
surrounded by air (ncl = 1.0), [4]. The added Bragg resonators consist of N = 20
periods and for a central wavelength λ0 = 0.99 µm, the periodicity � is equal to 0.25
µm and n0 = 2.03 is the refractive index of the BR. This structure has been discretised
with � = �x = �z = �/4 and the adopted time step is �t = 0.02 fs. A Gaussian
pulse modulated by the fundamental TE0 mode profile Equation (9.1), is injected as
excitation with parameters T0 = 5 fs and t0 = 15 fs.

The reflectio coefficien spectra from the BR has been calculated and compared
to the results obtained by conventional FDTD for the analysis of the BR, as shown in
Figure 9.9. It may be observed from Figure 9.9 that the results from S-MRTD are in
good agreement with their FDTD counterparts [4], even though a resolution of only
four cells per period � has been used, whereas FDTD has required a resolution of 10
cells per period in order to achieve the same level of accuracy. A comparison of the
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Figure 9.9 Variation of the TE reflectio coefficien with the wavelength using both MRTD
method and FDTD with grid resolution �d = �x = �z of �/2 and �/5 respectively. (Re-
produced with permission from Letizia, R. and Obayya, S.S.A. (2008) Efficien multiresolu-
tion time-domain analysis of arbitrarily shaped photonic devices. IET Optoelectron., 2 (6),
241–253. © 2008 IET.)

CPU running time shows that for the case of MRTD, there is a saving equal to 1/2 of
that required by FDTD for the same level of accuracy.

Figure 9.10(a) shows the electric fiel pattern at the interface between the waveguide
and the BR when a sinusoidal continuous wave has been injected and has reached
a steady state. The wavelength of the sinusoidal wave is fi ed at λ = 0.99 µm,
which corresponds to the maximum reflectio coefficien for the BR, λB. The source
is injected at a length of 19 µm and the BR interface is placed at 32 µm. Figure
9.10(b) shows the fiel pattern as obtained in the case of a continuous wave input at
a wavelength of λ = 1.18 µm, at which the reflectio coefficien has a value of 10−3.
The amplitude of the electric fiel in this case has been normalised to the maximum
amplitude recorded in the case of maximum reflection It can be seen that the standing-
wave pattern is still present, but with peaks that are much lower than in the previous
case. The accuracy of the proposed approach has increased over the conventional
FDTD as a result of the high-order spatial finit difference employed. Multiresolution
analysis, combined with the second-order leapfrog finite-di ferences in time, based
on Haar scaling functions, allowes for a much coarser spatial discretisation. In order
to quantify the more linear dispersion characteristic of the S-MRTD scheme, the
variation of the maximum reflectio coefficien and its wavelength λB with respect
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Figure 9.10 Sinusoidal steady-state amplitude of reflecte fiel of the BR withN= 20 excited
with a continuous wave: of wavelength λ = 0.99 µm, (a); and excited with a continuous wave
of wavelength λ = 1.18 µm, (b). (Reproduced with permission from Letizia, R. and Obayya,
S.S.A. (2008) Efficien multiresolution time-domain analysis of arbitrarily shaped photonic
devices. IET Optoelectronics, 2 (6), 241–253. © 2008 IET.)
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Table 9.1 Relative Error (%) for MRTD and FDTD compared to analytical solution at
different spatial discretisations. (Reproduced with permission from Letizia, R. and Obayya,
S.S.A. (2008) Efficien multiresolution time-domain analysis of arbitrarily shaped photonic
devices. IET Optoelectron., 2 (6), 241–253. © 2008 IET.)

Maximum Reflectio
Coefficien Error Wavelength Peak Error

�/�d MRTD FDTD MRTD FDTD

10 1.5 3 0.3 1.1
8 3.8 4.5 0.8 1.4
6 3 7.8 1.6 1.9
4 12 13.7 0.9 3.4

to different grid resolution values has been investigated for both the MRTD and the
FDTD. The cell size varies from a resolution of 10 cells per period to one of four
cells per period. The results obtained from both the S-MRTD and the FDTD schemes
are reported in Table 9.1, where the analytical values of the maximum reflectio
coefficient calculated at λ = 0.99 µm, is taken as a reference value to express the
relative error. As expected, for both methods, when adopting a bigger stencil in space,
the error increases. However, the S-MRTD code still shows greater accuracy than the
FDTD in each case. Moreover, a slight shift of the peak reflectio coefficien from the
BR wavelength of 0.99 µm has been observed and reported in Table 9.1 for each cell
size value. Again, the proposed method shows better accuracy compared to FDTD. In
particular, this difference becomes more evident and significan as the grid resolution
decreases towards coarser values.

9.3.2 PhC-Based Optical Filter
Here, the design of a PhC-based optical filte is considered. The structure, whose
schematic diagram is given in Figure 9.11, consists of a single microcavity coupled
to a straight waveguide based on a PBG structure [5–15]. The periodic square array
consists of dielectric rods with refractive index, nrods = 3.4 in air, a lattice constan,t a
= 0.58 µm, and rod radius, rrods = 0.18a. The crystal shows the photonic bandgap only
for TE modes that extends in the range of 0.302 < ωa

/
2πc < 0.443 where ωa

/
2πc

represents the normalised frequency [15].
A source fiel of expression similar to Equation (9.1) is injected into the waveguide

with parameters T0 = 15 fs, t0 = 50 fs and central wavelength λ0 = c0
/
f0 =1.45 µm.

The geometry of the structure is discretised with a mesh of cell size �x = �z = � =
29 nm that leads to a simulation time interval �t ≈ 0.01 fs. Placing a detector at the
output port, the time variation of the electric fiel has been recorded and by means of
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Figure 9.11 Schematic diagram of the PhC microcavity coupled to a waveguide. (Repro-
duced with permission from Letizia, R. and Obayya, S.S.A. (2008) Efficien multiresolu-
tion time-domain analysis of arbitrarily shaped photonic devices. IET Optoelectron., 2 (6),
241–253. © 2008 IET.)

FFT, its spectral distribution has been calculated and normalised to the input. Figure
9.12 shows the resulting transmission coefficien obtained in three different cases:
the microcavity is formed in a lattice of [1 × 1], [2 × 2] or [3 × 3] rods with a
single-rod-missing defect in the middle of the waveguide. It can be noted from Figure
9.12 that from all the frequencies that propagate inside the waveguide, only the one
in which the microcavity shows resonance (at a normalised frequency of 0.39) can
pass through to be observed at the output port. The others are forbidden to propagate
and reflec back to the input port. Thus, the structure realises an optical filte tuned at
the resonance frequency of the PhC-microcavity. By increasing the number of rods
that assist the cavity, it can be seen that the transmission becomes sharper and more
selective as the quality factor increases as well.

Next, in order to investigate the tuning capability of the optical filte at a particular
frequency, the effect of varying the single-defect radius (rd) that forms the microcavity
shown in Figure 9.13, while the number of rods surrounding it is kept to three, will
be analysed. Figure 9.14 shows the variation of the resonance frequency and quality
factor, Q, calculated by the formula in Equation (6.3), of the cavity with rd.

Q = 2π
|Et |2

|Et |2 − |Et+T |2 (9.3)

It can be seen that by increasing the size of the defect rod, a shift towards lower
frequencies is possible, whereas the quality factor rises to higher values. In particular,
it the radius of the defect rod under the actual filling- actor value of the PhC was
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Figure 9.12 Variation of the transmission-fiel characteristic with the normalised frequency
when the cavity is separated from the waveguide by three rods (solid line), two rods (dotted
line) and one rod (dashed line). (Reproduced with permission from Letizia, R. and Obayya,
S.S.A. (2008) Efficien multiresolution time-domain analysis of arbitrarily shaped photonic
devices. IET Optoelectron., 2 (6), 241–253. © 2008 IET.)

Figure 9.13 Schematic diagram of the PhC microcavity coupled to the waveguide when the
single defect consists of a rod of smaller radius rd. (Reproduced with permission from Letizia,
R. and Obayya, S.S.A. (2008) Efficien multiresolution time-domain analysis of arbitrarily
shaped photonic devices. IET Optoelectron., 2 (6), 241–253. © 2008 IET.)
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Figure 9.14 Variation of the resonance frequency and quality factor Q with rd/a, where rd is
the defect radius and a is the lattice period. (Reproduced with permission from Letizia, R. and
Obayya, S.S.A. (2008) Efficien multiresolution time-domain analysis of arbitrarily shaped
photonic devices. IET Optoelectron., 2 (6), 241–253. © 2008 IET.)

Figure 9.15 Variation of the transmission-fiel characteristic with the normalised frequency
for different values of rd : rd = 0 (solid line), rd = 0.08a (dotted line), rd = 0.11a (dashed
line). (Reproduced with permission from Letizia, R. and Obayya, S.S.A. (2008) Efficien mul-
tiresolution time-domain analysis of arbitrarily shaped photonic devices. IET Optoelectron., 2
(6), 241–253. © 2008 IET.)
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varied in order to ensure the resonance mode had the same mode profil inside the
cavity. In Figure 9.15 the shift of the transmission spectra peak with the value of rd,
increasing this value from zero (rod-missing) to 0.08a and then 0.11a, is reported. As
it can be seen, the transmission resonance has shifted to a normalised frequency of
0.3508 and 0.336, respectively.
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10
MRTD Analysis of SHG
PhC Devices

10.1 Introduction
In recent years, there has been a great deal of attention dedicated to nonlinear optical
conversion in photonic-crystal-based devices as they have been found to be very
promising for the future of modern telecommunications. Nonlinear processes such as
second harmonic generation (SHG), can be exploited, in addition to the possibilities
offered by PhC technology to open a new way of generating short and coherent
wavelengths, not directly covered by laser sources, for innovative ultra-fast all-optical
circuits. FDTD modelling of nonlinear frequency-conversion processes requires that
the spatial interval in the propagation direction be a small fraction of the shortest
generated wavelength to limit the phase velocity error typical of FDTD schemes. This
constraint often results into an excessive cost in memory capacity and computational
time. Moreover, in SHG problems, the energy coupling between the propagating EM
fiel (fundamental wave) and the generated fiel (second harmonic wave) strongly
depends on the phase shift between the two interacting fields If this phase difference
is not accurately estimated, the calculation of the amount of coupled energy and
other relevant parameters will also be inaccurate. Therefore, in the fiel of nonlinear
photonics, it is crucial to rely on higher-order approximation schemes such as MRTD
that are capable of better accuracy than standard FDTD, while the computational
burden is also minimised.

Keeping in mind these considerations, this chapter starts with the validation of
the proposed nonlinear MRTD code in the cases of SHG in PhC waveguides and
compound PhC structures for selective frequency doubling. Next, a new and more
efficien design for selective SHG in nonlinear 2D photonic crystal-based devices is
proposed. It will be shown that fin selection of the SH wave is obtained by exploiting
the filterin properties of waveguide-microcavity coupling solutions.

Computational Photonics Salah Obayya
C© 2011 John Wiley & Sons, Ltd
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10.2 Second Harmonic Generation in Optics
10.2.1 Introduction
A wide range of designs for all-optical signal processing using the PBG
property of PhCs can be found in the literature, [1–5]. It is known that in a PhC,
the electromagnetic-fiel distribution can be manipulated in order to create local fiel
enhancement in one dielectric or in another. In nonlinear optics, this localisation of the
field can be exploited to enhance nonlinear effects that strongly depend on the strength
of the local field Near the photonic bandgap, low-frequency modes concentrate the
energy in the high-refractive-index regions, whereas the high-frequency modes con-
centrate their energy in the low-refractive-index regions [1]. Therefore, if a periodic
pattern is excited with a strong fundamental light source with wavelength close to the
low-frequency photonic bandgap edge, the fiel will concentrate in the high-index
medium, which can show a large value of nonlinear susceptibility. This strong fiel
localisation can significantl assist nonlinear interactions of the fundamental fiel
with the photonic crystal. Recently published work shows that the use of PhC-based
devices for nonlinear processes, such as the generation of a second harmonic, is one
of the most promising applications of this new design technology [6–11, 12].

10.2.2 Nonlinear Polarisation Vector
When a dielectric material is excited by an electric field a small (compared to atomic
dimensions) displacement of positive and negative charges is caused. Every molecule
of the material is characterised by an induced dipole moment and the material is
‘polarised’. This induced array of dipoles radiates its own electric fiel that is added to
the incident field If the frequency of the external fiel is very far from the resonance
frequencies of the material, the polarisation, define as the sum of all the dipole
moments, depends linearly upon the external field The polarisation vector, P, is
expressed as function of the external electric field E, by means of the susceptibility,
χ , as follows

Pi (ω) = ε0 ·
∑

j

χi j (ω) · E j (ω), i, j = (x, y, z) (10.1)

in which the three components in space have been separated and the frequency
dependence is expressed. From Equation (10.1) it can be seen that if the tensor, χ , is
not diagonal, generally P is not parallel to the electric fiel imposed. If the electric
fiel becomes strong enough, the relationship (10.1) doesn’t hold anymore and it
needs to be generalised into the following

P (ω) = ε0 · χ (1) (ω) · E (ω) + PNL (ω) (10.2)



P1: OTA/XYZ P2: ABC
c10 BLBK325-Obayya August 17, 2010 18:40 Printer Name: Yet to Come

MRTD Analysis of SHG PhC Devices 251

in which a nonlinear polarization term, PNL (ω), has been included in the linear
relation. The relationship between the vectorsP andE define the system and describes
all the properties of the material to which it refers. Generally, in nonlinear optics, this
optical response is described by expressing the polarization, P, as a power series of
the fiel strength, E, as

P = ε0χ
(1)E + ε0χ

(2)E2 + ε0χ
(3)E3 + · · · (10.3)

where ε0 is the dielectric constant in free space and χ (n) where n = 1, 2, 3 . . . , repre-
sents the susceptibility of order n.

Nonlinear susceptibilities are also strictly related to the structural symmetry of the
material. As a consequence, all materials having a centre of inversion symmetry show
all elements of all even-order susceptibility tensors identically equal to zero. Thus, it
is not possible to realise even-order nonlinear processes in these types of materials.

For simplicity, the propagation of a sinusoidal wave in an isotropic and nonlinear
medium, for which Equation (10.3) holds, is considered. The electric fiel is expressed
as

E = E0 cos (ωt) = E0

2
(
e jωt + e− jωt) (10.4)

If terms depending on susceptibilities of order greater than three are neglected, the
induced polarisation can be written as

P(t) = ε0

(
χ (1) E0

2
(
e jωt + e− jωt) + χ (2) E2

0
4

(
e2 jωt + e−2 jωt + 2

)

+ χ (3) E
3
0

8
(
e3 jωt + e−3 jωt + 3e2 jωt e− jωt + 3e−2 jωt e jωt

))
(10.5)

thus

P(t) = ε0

[
1
2
χ (2)E2

0 +
(

χ (1) + 3
4
χ (3)E2

0

)
E0 cos (ωt)

+ 1
2
χ (2)E2

0 cos (2ωt) + 1
4
χ (3)E3

0 cos (3ωt)
]

(10.6)

Equation (10.6) shows that the polarisation, P, parallel to the electric field E, as the
medium is assumed to be isotropic, consists of four terms with angular frequencies
of 0, ω, 2ω and 3ω, respectively.
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Therefore, it is possible to represent the terms of which the polarisation vector
consists in the frequency domain as follows

P(0) = ε0
1
2
χ (2)E2

0 (10.7a)

P(ω) = ε0

(
χ (1) + 3

4
χ (3)E2

0

)
E0 cos (ωt) (10.7b)

P(2ω) = 1
2
ε0χ

(2)E2
0 cos (2ωt) (10.7c)

P(3ω) = 1
4
χ (3)E3

0 cos (3ωt) (10.7d)

where P(0) refers to the term with zero frequency that does not lead to the generation
of electromagnetic radiation, but to a process of optical rectificatio (also called the
inverse Pockels effect), in which a static electric fiel is created within the nonlinear
crystal. The terms P(2ω) and P(3ω) instead represent the sources of the second
and third harmonics, respectively. Finally, the term P(ω) consists of both the linear
response at the frequency of the input signal, represented by ε0χ

(1)E0 cos (ωt), and a
term that depends on the third-order susceptibility, χ (3). The latter term can be used to
vary the refractive index of the medium, making possible self-focusing of the beam.

The system just assumed is very simplifie compared to reality. To generalise the
model, we need to consider the vector nature of the field and that the dielectric
susceptibilities are tensors in anisotropic materials. In the generic case of anisotropic
and nonlinear medium, the relationship between P and E becomes

Pi = ε0

⎛

⎝
∑

j

χi j E j +
∑

j,k

χ
(2)
i jk E j Ek +

∑

j,k,l

χ
(3)
i jkl E j Ek El + · · ·

⎞

⎠ , i, j, k, l = x, y, z

(10.8)

where Pi represents the i-component of polarisation vector, P, and Ej the j- component
of electric-fiel vector, E. In anisotropic materials, the nonlinearity, χ (n) of order n is
a tensor with rank n + 1 and consists of 3n+1 elements.

The polarisation vector plays a crucial role in the description of nonlinear processes.
By varying with time, in fact the polarisation can act as source for new components
of the electromagnetic field If, for instance, the wave equation is considered for the
case of nonlinear optical medium, we have

∇2 �E (t) − n2

c2
0

· ∂2 �E (t)
∂t2

= 4π

c2
0

· ∂2 �PNL

∂t2
(10.9)
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where n is the linear refractive index and c0 represents the speed of light in free space.
This expression can be interpreted as an inhomogeneous wave equation in which
the term �PNL, which is related to the nonlinear response of the medium, controls
the electromagnetic propagation. In particular, it says that when the term ∂2 �PNL/∂t2
is nonzero, the charges are accelerated and, according to Larmor’s theorem, they
generate electromagnetic radiation.

Typically, every nonlinear light–matter interaction can be expressed in terms of the
nonlinear contribution to the polarisation vector, as described by Equation (10.2).

10.2.3 Physics of Second Harmonic Generation
The demonstration of optical second harmonic generation by the irradiation of a
quartz crystal with a ruby laser in 1961 [13] marked the beginning of a new fiel
of nonlinear optics. Nonlinear polarisation allows power to be exchanged between
waves at different frequencies. Thus, SHG can be seen as a particular type of frequency
mixing. A single pump wave, the fundamental wave at frequency ω, is incident on
a nonlinear medium that exhibits second-order nonlinearity and generates a wave
at double the frequency, the second harmonic 2ω. Second harmonic generation is
described schematically in Figure 10.1.

Frequency conversion in optics can even be understood as the modulation of the
refractive index by an electric fiel at a given optical frequency, or frequencies,
through a second-order nonlinearity. The modulated index then produces sidebands at
the optical frequency, yielding harmonics, and sum and difference frequencies [14].

In Figure 10.2 the difference between linear and nonlinear response is shown at a
steady state: when the response is nonlinear, the polarisation keeps the same period

(a)

(b)

2ω

2ω

SHG

ω

ω
ω

ω

Figure 10.1 Schematic description of second harmonic generation process: (a) geometry of
SHG; (b) energy-level diagram describing SHG.
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Linear
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Electric field

time

time

Electric field

Linear Response

Non-Linear Response

(a)

(b)
Non-linear
Polarisation

Figure 10.2 (a) Sinusoidal incident electric fiel and consequent polarisation in case of linear
crystal and (b) of a crystal lacking of inversion symmetry with second order nonlinearity.

as the electric field but the sinusoidal variation is lost. It is possible to break down
the polarisation vector into its Fourier components, as shown in Figure 10.3.

If the material is lacking a symmetry inversion property, it has nonzero second-order
nonlinearity and thus it is possible to obtain a nonzero second-harmonic component
with generation of a new electromagnetic fiel at frequency 2ω. The amplitude of this
fiel is always orders of magnitude less than the incident or the transmitted fields
However, there are several methods that can be used to enhance the generation of
a second harmonic. All these methods refer to the concept of the phase matching
condition.

It can be demonstrated that conversion efficien y is proportional to a particular
term according to the following [14]

Pω

P2ω
∝ sin2 (�kL/2)

(�kL/2)2 , �k = k2ω − 2kω (10.10)
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Figure 10.3 Analysis of the nonlinear polarisation wave: (a) total nonlinear polarisation;
(b) firs harmonic of the P expressed through Fourier series; (c) second harmonic at frequency
2ω; (d) constant component at frequency zero.

where kω is the wave vector of the incident field k2ω is the wave vector at the second
harmonic, L is the interaction length of the dielectric material considered and Pω and
P2ω represent the power of the fundamental and second harmonic waves, respectively.
It is clear from Equation (10.10) that the optimal work condition to maximise the
conversion efficien y is �k = 0, and thus k2ω = 2kω. If the latter condition does not
hold, the phase mismatch between fundamental and second harmonic makes the two
waves travel with different phase velocities. As a consequence of this, in some sections
of the structure the fundamental wave is summed in phase with the generated second
harmonic, whereas in others the overlap between the two waves is destructive. This
oscillating response does not allow a consistent interaction between the fundamental
and the generated waves. Therefore, the conversion efficien y is maximised when the
two waves can travel at the same phase velocity, even if their frequency is different.
Perfect phase matching for SHG with collinear beams leads to the following:

n (ω) = n (2ω) (10.11)
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Figure 10.4 Schematic diagram of a 1D periodic layered structure (1D-PBG). Propagation
is along the horizontal direction.

This condition can’t be naturally achieved due to the chromatic dispersion effects
that materials show: the refractive index is a monolithically growing function with
frequency. With regard to this problem, through the last decades, research efforts have
made it possible to defin several techniques that allow phase matching to be satisfied
They will be presented in the following paragraphs.

10.2.4 Phase Matching Through Effective Index for Periodic Structures
A way to modify the topological dispersion of the medium to compensate chromatic
dispersion is presented here. The basic idea is to introduce a periodic modulation of
the linear refractive index of the medium to induce a phase-matching condition for
SHG typically by means of a uniform Bragg grating. Generally, photonic bandgap
structures offer this opportunity.

An enhancement of the SHG efficien y in periodic structures such as in Figure
10.4 was proposed for the firs time in the early 1970s. The firs generator of a
second harmonic based on a PBG structure was proposed in 1997 by Scalora et al.
[15], who showed that conversion efficien y was greatly enhanced, compared to that
obtained in a bulk medium of the same length, by aligning the fundamental fiel
with the maximum wavelength at the edge of the first-orde bandgap and the second
harmonic with the maximum wavelength at the edge of the second-order bandgap.
These numerical results were experimentally demonstrated by Dumeige et al. who
used a 1D PhC device constituting a stack of N alternated layers of AlGaAs and AlOx
[16]. Generally, a structure consisting of N levels which alternates two materials with
high index contrast is considered. The levels are transparent both at the fundamental
and the second-harmonic frequency and only one level has significan second-order
nonlinearity. The incident fiel is perpendicular to the stack which is isotropic in
the plane of the structure. Under this condition, the calculation of the transmission
coefficient T , and reflectio coefficient R, of the fundamental and SH waves is a
scalar problem that was solved analytically by Sprung et al. [17]. T depends on N, on
the transmission coefficien of the unit cell, Tu, and on the Bloch phase, β, which are
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properties of the infinit structure of the unit cell. The relationship is the following

T−1 = 1 +
[

sin (Nβ)
sin (β)

]2 (
T−1
u − 1

)
(10.12)

The complex effective index method [18–20], based on the effective dispersion
relationship, helps in understanding the properties of a finit multilayer stack and
allows the calculation of the effective refractive index of the structure. To derive an
explicit dispersion relationship for a structure of finit length, using the transfer matrix
method, a generic complex transmission coefficien is define [21]

t ≡ x + j y ≡
√
T e jϕt (10.13)

where
√
T is the transmission amplitude, ϕt = tan−1 (

y
/
x
) ± mπ is the total phase

accumulated as light propagates through the material and m represents an integer.
Considering an analogy with the case of a homogeneous medium, the total phase
associated with the transmitted fiel is expressed as

ϕt = k (ω) D = (ω/c) neff (ω) D, (10.14)

with k (ω) representing the effective wave vector and neff the effective refractive index
associated to the multilayer stack of length D.

As a result of a transmission spectrum with the presence of gaps, the effective index
is expected to be complex. The imaginary part should be large inside the gap to allow
scattering losses. Thus, the following expression for

√
T is assumed

√
T = |t | = e−γ D (10.15)

where γ = (ω/c) ni and ni is the imaginary component of the field The complex trans-
mission matrix is written as t = eln

√
T eiϕt = eiϕ = x + j y. Therefore the following

expression is derived

iϕ = iϕt + ln
√
T = i

(ω

c
n̂effD

)
(10.16)

where still ϕt = tan−1 (
y
/
x
) ± mπ . Equation (10.16) becomes

n̂eff = (
c
/
ωD

) [
ϕt −

(
i
/

2
)

ln
(
x2 + y2)] (10.17)

From Equation (10.17), it can be understood that at resonance, where T = x2 +
y2 = 1, the imaginary part of the index is identically zero. It is also possible to defin
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the effective index as the ratio between the speed of light in vacuum and the effective
phase velocity of the wave in the medium as follows

k̂ (ω) = ω

c
n̂eff (ω) (10.18)

Equation (10.18) expresses the effective dispersion relationship for the structure
and it generally holds without referring to a specifi periodicity [21].

For periodic structures, phase-matching conditions are automatically satisfie if
the fundamental and SH field are tuned at the resonance peaks on the right side of
the respective transmission spectrum [15]. The effective index can be expressed for a
periodic structure consisting of N periods as

n̂eff = c
ωNa

{
tan−1 [z tan (Nβ) cot (β)] + int

[
Nβ

π
+ 1

2

]
π

}
(10.19)

where β is the phase constant of an infinit structure with the same unit cell as the
finit structure under examination. Equation (10.19) also tells something more about
the localisation of the resonances at which phase-matched mixing of three waves is
possible. A structure consisting of 20 periods of layers λ/4 − λ/2 is considered as
example. This design allows the field at the band edges to be tuned in order to achieve
the PM condition and, at the same time, it results in high mode densities for all the
fields Transmittivity is a periodic function with Bloch phase, β, with period equal to
π/N and with N resonances belonging to a pass band in the range β ∈ [0, π], for the
firs pass band and β ∈ [π, 2π ] for the second pass band, and so on. It is interesting to
note that at the resonances of β (ω) = πl/N , T is in fact independent of Tu and thus
it does not depend on any of the geometric and optic local properties. In the case of
the SHG process, if the fundamental fiel is allocated to the firs peak on the right of
the first-orde bandgap in the transmission characteristic, the phase constant at λ f is

β (ω) = π
(N − 1)
N

(10.20)

Substituting Equation (10.20) into (10.19), the following is obtained

int
[
Nβ

π
+ 1

2

]
= π (N − 1) (10.21)

which represents the phase of the fundamental field
The phase-matching condition for SHG leads to

2keff (ω) = keff (2ω) (10.22)
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where keff represents the effective wave vector. Equation (10.22) can be written for
the phase constants as

2β (ω) = β (2ω) (10.23)

that, with regards to the second harmonic fiel phase, leads to

π (N − 1) = 1
2

tan−1 [z tan (Nβ) cot (β)] + int
[
Nβ

π
+ 1

2

]
π

2
(10.24)

From Equation (10.24), the following is derived

tan−1 [z tan (Nβ) cot (β)] = π (2N − 2 − M) (10.25)

where M is the integer part on the RHS in Equation (10.24). The tangent function is
define in the range [−π /2; π /2], thus Equation (10.25) is satisfie under the condition
M − 2N + 2 = 0.

Therefore, the phase constant is given by

β (2ω) = π (2N − 2)
N

(10.26)

Relation (10.26) describes the phase-matched condition for the second harmonic
fiel (SHF): it should be tuned at resonance (2N − 2), that is the second resonance
far from the second band edge.

The reasons for the enhancement in SHG efficien y are found firs of all in the
increased modal density near to the band edges; furthermore there is a strong overlap
of modes and the small group velocities allow for longer interactions [22].

In general, the approach presented above can be helpful when phase matching is
required in a wave-mixing nonlinear process.

In Figure 10.5, the numerical and experimental results of SHG in a 1D PBG
structure obtained in 2001 by Centini et al. are illustrated as an example [23].

It was shown that enhancement of the second-order interaction is possible by
exploiting the high density of modes, the strong fiel localisation and the increased
coherence length near the photonic band edge. Pioneering work in this sense was
firs done by Trull et al. in 1995 [24] and Martorell and Corbalan in 1997 [25], who
studied SHG in defective PhCs, both theoretically and experimentally. However, in
this initial study, SH was obtained by the nonlinear interfaces between layers that
would not allow conversion efficien y high enough to bring the design into practical
applications. Later, in 2001, Shi et al. proposed a defective PhC with nonlinear layers
for which numerical simulations registered an increment of SHG efficien y up to fi e
orders of magnitude compared to the past [26]. In this kind of defective PhC, the
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Figure 10.5 Calculated (circles) and measured (solid lines) transmission spectra around
fundamental and SH wavelength (indicated by vertical narrows), (top view). Density of modes
(DOM) (solid line) and effective refractive index (dashed line), (bottom view) [23].

phase condition for SHG is different from the one in a bulk nonlinear crystal or in
a periodic dielectric system. From the transmission spectra it is evident that there is
a resonance peak localised at the incident frequency (fundamental) belonging to the
PhC bandgap. This can be explained by the existence of some localised states inside
the defect that correspond to specifi frequencies allowed inside the forbidden gap;
because of the finit periods of the PhC, these states couple with the surrounding free
space and decay as resonance states.

The results of SHG efficien y from this structure are compared to the ones obtained
by a periodic structure with waves tuned at the band edges. As it is localised at one of
the defect states inside the bandgap, the fundamental fiel intensity was found to be
increased as happens at the edges of the bandgap inside a periodic structure. However,
the phase condition in these two cases is very different. In the case of a periodic
structure with waves tuned to the band edges, the phase-matching condition is crucial
and must be satisfie for an efficien conversion process. In Shi’s design this condition
is not essential to achieve efficien SHG. A detailed analysis of a 2D PhC structure with
a defect for SHG was proposed by Shi in [12] with the fundamental wave propagating
parallel to the plane of the structure. In this case, the 2D PhC structure consists of 17
periods with a = 0.5 µm and a fundamental wave, λ f = 1.362 µm, that corresponds
to a defect mode inside the PhC. As a consequence, the fundamental wave is well
confine inside the defect (PhC microcavity). Furthermore, it can be noted that the
coherence length of the structure is longer than the total dimensions of the PhC in
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the propagation direction, thus no phase-matching condition is necessary to achieve
efficien SHG.

Up to now, research work on SHG in PhC-based structures has shown that con-
version efficien y in these structures is still quite low if it is compared to results
achievable in bulk or waveguides that require dimensions on the scale of millimetres or
centimetres. However, the possibilities offered by PhC technology for the development
of SHG devices, making nonlinear effects available for integration onto microchips,
have strongly driven the research efforts in this direction. Different designs for SHG
in PhC waveguides and microcavities are currently under intense investigation for the
enhancement of generation efficien y [27–32].

10.3 Extended S-MRTD for SHG Analysis
10.3.1 TE/TE Coupling
The nonlinear process coupling the TE fundamental wave/ TE second harmonic in the
S-MRTD scheme is considered first Assuming the 2D problem in the xz-plane, the
y-axis as the homogeneous direction and the x-axis as the direction of propagation, the
fundamental electromagnetic components of the TE mode are Ey, Hx and Hz. From
the discretised Maxwell’s equations, we fin the following set of equations

nH x,ϕ
i+1/2, j = n−1Hx,ϕ

i+1/2, j −
�t

µ0�z

⎛

⎝
Ls−1∑

l=−Ls
a (l) n−1/2Ey,ϕi+1/2, j−l−1/2

⎞

⎠

(10.27a)

nHz,ϕ
i, j+1/2 = n−1Hz,ϕ

i, j+1/2 + �t
µ0�x

⎛

⎝
Ls−1∑

l=−Ls
a (l) n−1/2Ey,ϕi−l−1/2, j+1/2

⎞

⎠

(10.27b)
n+1/2Dy,ϕ

i+1/2, j+1/2 = n−1/2Dy,ϕ
i+1/2, j+1/2

+�t

⎛

⎝
Ls−1∑

l=−Ls
a (l)

(
− 1

�z n
Hx,ϕ
i+1/2, j−l−1 + 1

�x n
Hz,ϕ
i−l−1, j+1/2

)⎞

⎠

(10.27c)

Equation (10.27c) allows the calculation of Dy,ϕ at time step (n + 1/2) from the
values of Hx,ϕ and Hz,ϕ at time step (n). The constitutive relationship then, accounting
for second-order nonlinearity, is

Dy = ε0ε∞Ey + PNLy (10.28)
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Assuming a χ (2) = χ22
(2) nonlinear medium and instantaneous second-order non-

linearity, the only y-component of the nonlinear polarisation, PNLy, is nonzero and
given by

PNLy = ε0χ
(2)
22 E

2
y (10.29)

The nonlinear effect can then be included inside the permittivity of the dielectric
medium as follows. Using Equations (10.28) and (10.29), the constitutive relationship
can be rewritten as

Dy = ε0εrEy (10.30)

where

εr =
[
ε∞ + χ

(2)
22 Ey

]
(10.31)

Substituting Equation (10.31) in (10.30), the following relationship for the E-fiel
is obtained

Ey = Dy

ε0

[
ε∞ + χ

(2)
22 Ey

] (10.32)

Adopting Equation (10.32), the following updating equation is derived and inserted
into the S-MRTD algorithm in order to calculate the E-fiel component

n+1/2Ey,ϕi+1/2, j+1/2 = n+1/2Dy,ϕ
i+1/2, j+1/2

ε0

[
ε∞ + χ

(2)
i+1/2, j+1/2 · n−1/2Ey,ϕi+1/2, j+1/2

] (10.33)

where

χ
(2)
i+1/2, j+1/2 = χ

(2)
22

∣∣
∣
i+1/2, j+1/2

(10.34)

and it represents the nonlinear susceptibility value at the grid point of coordinates
(i + 1/2, j + 1/2).

It should be noted that in Equation (10.33), the latest value of Ey,ϕ is obtained by
iteration using the new value of Dy,ϕ and the old value of Ey,ϕ itself.
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10.3.2 TE/TM Coupling (χ (2) Tensor)
A TE polarised input wave is considered with E-fiel components in the xz-plane
and the fundamental H component in the longitudinal y-direction. SHG from TM-
polarised harmonic waves can be achieved with epitaxial growth of the Al30%Ga70%As
crystal on [001]-orientated GaAs substrate by aligning the x-axes along the principal
axes of the crystal [110]. The χ (2) tensor has the following components

χ (2) =
⎡

⎣
0 0 0 0 0 0
0 0 0 χ

(2)
24 0 0

0 χ
(2)
32 0 0 0 0

⎤

⎦ (10.35)

where it is assumed that χ
(2)
32 = χ

(2)
24 = 1 (arbitrary units). Due to the form of the non-

linear susceptibility tensor, the only nonzero component of the nonlinear polarisation
vector is PNLz and it is given by

PNLz = ε0χ
(2)E2

y (10.36)

and realises a TE/TM coupling of the fundamental/SH waves, respectively.
The discretised equation for the update of the nonlinear polarisation states

n+1PNLz
i, j = ε0χ

(2)
i, j

(
n+1Ey,ϕi, j

)2
(10.37)

From Equation (10.37) the following equations for the D-fiel components can be
written

n+1/2Dx,ϕ
i+1/2, j+1/2 = ε0ε∞i, j n+1/2Ex,ϕi+1/2, j+1/2 (10.38a)

n+1/2Dz,ϕ
i+1/2, j+1/2 = ε0ε∞i, j n+1/2Ez,ϕi+1/2, j+1/2 + ε0χ

(2)
i+1/2, j+1/2

(
n+1/2Ey,ϕi+1/2, j+1/2

)2

(10.38b)

Using Equations (10.38), the update equations for the E- fiel components for the
generated TM polarisation can be derived as

n+1/2Ex,ϕi+1/2, j+1/2 = 1
ε0ε∞,i+1/2, j+1/2

(
n+1/2Dx,ϕ

i+1/2, j+1/2

)
(10.39a)

n+1/2Ez,ϕi+1/2, j+1/2 = 1
ε0ε∞,i+1/2, j+1/2

(
n+1/2Dz,ϕ

i+1/2, j+1/2

)

− ε0χ
(2)
i+1/2, j+1/2

(
n+1/2Ey,ϕi+1/2, j+1/2

)2
(10.39b)
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From this point, the updates of the components Dx Dz and Hy follows the S-MRTD
equations for the case of TM polarised fiel propagation and are written as

n+1Dx,ϕ
i+1/2, j = nDx,ϕ

i+1/2, j +
�t
�z

⎛

⎝
Ls−1∑

l=−Ls

a (l) n+1/2Hy,ϕ
i+1/2, j−l−1/2

⎞

⎠ (10.40a)

n+1Dz,ϕ
i+1/2, j = nDz,ϕ

i+1/2, j −
�t
�x

⎛

⎝
Ls−1∑

l=−Ls

a (l) n+1/2Hy,ϕ
i−l−1/2, j+1/2

⎞

⎠ (10.40b)

n+1/2Hy,ϕ
i+1/2, j+1/2 = n−1/2Hy,ϕ

i+1/2, j+1/2

− �t
µ0

⎛

⎝
Ls−1∑

l=−Ls

a (l)
(

− 1
�z n

Ex,ϕi+1/2, j−l +
1

�x n
Ez,ϕi−l, j+1/2

)⎞

⎠

(10.40c)

while the set of Equations (10.27), combined with Equation (10.41) below, solves the
field for TE polarisation

n+1/2Ey,ϕi+1/2, j+1/2 = n+1/2Dy,ϕ
i+1/2, j+1/2

ε0ε∞
(10.41)

The solution of the equations is obtained through the following iterative process:

1. Calculation of the updated values of Hx and Hz with Equations (10.27a–b), using
the E-fiel value at the previous time step.

2. Substitution of the updated magnetic-field component into Equation (10.27.c) to
calculate the new value of Dy.

3. Next, calculation of the Ey component using Equation (10.41).

Once the field for TE polarisation have been updated, the following steps are
iterated to simulate the coupling with the TM-polarised harmonic:

1. Updating of nonlinear term of the polarisation, PNLz, through Equation (10.37).
2. At the same time step, calculation of components Dx and Dz from Equations

(10.38a–b) respectively.
3. Updating of electric-fiel components Ex and Ez with Equations (10.39a–b).
4. Finally, through Equations (10.40a–c), the set of new components for TM polari-

sation is calculated.
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Figure 10.6 Schematic diagram of 2D straight nonlinear PhC waveguide. The lattice para-
meters are: a = 1 µm, εs = 11.56 and radius = 0.475a. (Reproduced with permission from
Letizia, R. and Obayya, S.S.A. (2009) Efficien second harmonic generation through selective
photonic crystal-microcavity coupling. IEEE J. Lightwave Technol., 27 (21), 4763–4772.
© 2009 IEEE.)

10.4 SHG in PhC-Waveguides
10.4.1 PBG Property: Calculating the PhC Dispersion Diagram
First of all, in order to test the validity of the presented MRTD approach, the nonlinear
PhC waveguide analysed through condensed node spatial network method in [33] will
be considered.

The structure, shown in Figure 10.6, is an air-hole-type photonic crystal waveguide
in which circular holes, arranged in a square lattice, are drilled into a GaAs slab
(εs = 11.56) which presents a nonlinear coefficien χ

(2)
22 = 565pm/V. The photonic

crystal has periodic lattice of periodicity a = 1 µm and a fillin factor r/a = 0.475
where r is the radius of the holes.

Before proceeding with the analysis of the PhC waveguide through the non-
linear MRTD scheme, the PBG of the periodic lattice has been calculated around
the normalised frequency (ωa

/
2πc) of 0.281 for TE polarisation modes. In order

to calculate the dispersive diagram of the periodic structure when no defects are
included, an FDTD algorithm combined with periodic boundary conditions (PBC)
using a wrap-around approach has been used [34]. As the periodic arrangement is
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(a) (b)

Figure 10.7 (a) Unit cell, and (b) irreducible Brilluoin zone for a rectangular lattice with
period a.

rectangular, the total computational domain consists of the lattice unit cell, Figure
10.7(a), whose irreducible Brillouin zone is shown in Figure 10.7(b).

Due to the 2D translational symmetry of PhCs, the fiel quantities can be expressed
from Bloch’s theorem as

F(x + a, z) = e− jkxa F(x, z) (10.42)
F(x, z + a) = e− jkza F(x, z) (10.43)

whereF represents the fiel components forE andH. The PBCs are enforced by taking
the values of the fiel at the lower/left edge, multiplying them by a complex factor,
kx,za, that represents the required phase shift in the x and z-directions respectively,
and assigning the result to the upper/right boundary.

Figure 10.8 shows the band diagram for TE polarisation obtained by simulating a
unit cell with periodic boundary conditions applied. As may be observed from this
figure there is a photonic bandgap for the TE modes in the normalised frequency range
from 0.2142 to 0.306. Starting from this periodic structure, a waveguide is obtained by
removing a row of circular holes (single-missing-hole line defect). The computational
domain of [15a × 15a] is discretised with an average �x, z = 40 nm and a temporal
step size of �t = 0.05 fs has been adopted to ensure the code stability. To generate an
SH inside this waveguide structure, a sinusoidal TE wave at the normalised frequency
of 0.281 with amplitude 109 V/m modulated by a raised cosine in space, has been
injected as a source. It should be noted that the fundamental frequency belongs to
the photonic bandgap so that it is tightly confine inside the line defect and it can
propagate along the PhC.

10.4.2 Propagation Properties and SHG Efficienc
Figure 10.9 shows the time evolution of the electric fiel at an observation point
placed at the output end of the PhC waveguide. By using the FFT of these
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Figure 10.8 Transmission coefficien of the periodic lattice of Figure 10.16 where the PBG
extends from 0.2142 to 0.306 in the normalised frequency domain. (Reproduced with per-
mission from Letizia, R. and Obayya, S.S.A. (2009) Efficien second harmonic generation
through selective photonic crystal-microcavity coupling. IEEE J. Lightwave Technol., 27 (21),
4763–4772. © 2009 IEEE.)

Figure 10.9 Time variation of the electric fiel recorded at the observation point inside the
PhC waveguide. (Reproduced with permission from Letizia, R. and Obayya, S.S.A. (2009)
Efficien second harmonic generation through selective photonic crystal-microcavity coupling.
IEEE J. Lightwave Technol., 27 (21), 4763–4772. © 2009 IEEE.)
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Figure 10.10 Normalised spectral distribution of both fundamental and SH waves inside the
PhC waveguide. (Reproduced with permission from Letizia, R. and Obayya, S.S.A. (2009)
Efficien second harmonic generation through selective photonic crystal-microcavity coupling.
IEEE J. Lightwave Technol., 27 (21), 4763–4772. © 2009 IEEE.)

time-domain data, the spectral distribution of the electric fiel is calculated and
normalised to the fundamental spectrum peak input. The result of this procedure is
shown in Figure 10.10.

As maybe noted from this figure the second harmonic of the input frequency is
generated inside the waveguide as result of the nonlinear interaction between the
electric fiel and the nonlinearity of the medium. The SHG efficien y is calculated
using

Eff = |Esh|2max

|Ef|2max
(10.44)

where |Esh|max and |Ef|max represent the maximum value of electric fiel for the
fundamental and SH waves, respectively. The calculated efficien y is about 19% and
agrees well with the efficien y results shown in [33]. In this case, the second harmonic
fiel (SHF) is mixed with the fundamental fiel (FF), which is also still propagating in
the waveguide. Furthermore, the second harmonic wave is not well guided inside the
structure as its frequency does not belong to the photonic bandgap of the waveguide.
This is confirme in Figure 10.11, where the electric field-profil of both the funda-
mental and SH waves are shown along the transverse section of the PhC waveguide.

It can be noted from Figure 10.11 that the fundamental frequency mode is strongly
guided inside the core (line defect), whereas the SH wave penetrates for some rows
inside the periodic pattern at the edges as the photonic bandgap guiding principle does
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Figure 10.11 Electric-fiel profil of both the fundamental and the SH waves along the
transversal section of the PhC waveguide. (Reproduced with permission from Letizia, R.
and Obayya, S.S.A. (2009) Efficien second harmonic generation through selective photonic
crystal-microcavity coupling. IEEE J. Lightwave Technol., 27 (21), 4763–4772. © 2009
IEEE.)

not hold at its frequency. This results in a weak guidance of the SH wave and in the
spread of some of the total SH energy through the PhC cladding.

10.5 Selective SHG in Compound PhC-Based Structures
10.5.1 Introduction
Due to the relatively small size of PhC devices, it has been clearly demonstrated that
achieving high conversion efficien y in PhC devices is relatively difficul [6–11, 12].
In particular, the generation of harmonics in a PhC waveguide can encounter some
problems due to the absence of a photonic bandgap at high frequencies. This will
result in very weak guiding of the generated wave. As the photonic bandgap guiding
process is compromised at these frequencies, instead of being confined it tends to
spread outside the core into the periodic arrangement.

However, as an attempt to enhance the conversion efficien y and selectivity of the
SH wave, Satoh et al. [10] have proposed, for the firs time, a compound nonlinear
PhC structure that can convert an input frequency into its second harmonic by using
the nonlinear property of the medium. Two different nonlinear PhC waveguides, built
in two different periodic lattices, are coupled together through a tapered section to
achieve selection of only the second harmonic frequency at the output of the second
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waveguide. The compound arrangement firs of all provides the PhC waveguide with
the ability to guide the second harmonic and secondly, the stopband characteristics
forbid the fundamental wave to propagate. Thus, selection of the only the second
harmonic at the output of the generation structure is realised.

Simulation results from the 2D frequency converter proposed in [10] will be given
as further validation of the numerical code.

However, this approach suffers from a low value of frequency conversion efficien y
due to the radiation losses encountered in the tapered waveguide region, and that
significantl reduces the power of the second harmonic at the output of the PhC
waveguide. Moreover, the fundamental frequency is not completely suppressed at the
output waveguide.

10.5.2 Selective SHG: Coupling PhC Waveguides Through
a Tapered Section

The structure for the 2D frequency converter proposed in [10] by Satoh’s group is
considered to further investigate the validity of the developed code. The structure, in
Figure 10.12, consists of two different pillar-type PhC waveguides placed together to
allow only the SH wave as output. The parameters are the same as the structure in
Figure 10.6 for the input region, used now to assist the harmonic generation, while
the lattice period is changed to half in the output waveguide (a2 = a/2). This, due
to the PBG property, will prevent the fundamental wave propagating in the output

Figure 10.12 Schematic diagram of a frequency converter consisting of two different PhC
waveguides coupled through a tapered section. The output waveguide takes place in a lattice
having a2 = a/2. The input waveguide is excited with a Gaussian pulse at ωa/2πc = 0.381.
(Reproduced with permission from Letizia, R. and Obayya, S.S.A. (2008) Efficien multires-
olution time-domain analysis of arbitrarily shaped photonic devices. IET Optoelectron., 2 (6),
241–253. © 2008 IET.)
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Figure 10.13 Spectral distribution of the electric fiel recorded at the detector point in output
at x = 22 µm from the input section. Efficien y of selective SHG is calculated at about 2%.
(Reproduced with permission from Letizia, R. and Obayya, S.S.A. (2008) Efficien multires-
olution time-domain analysis of arbitrarily shaped photonic devices. IET Optoelectron., 2 (6),
241–253. © 2008 IET.)

waveguide. In order to assist the coupling between the two PhC waveguides, a tapered
section is arranged at the interface.

The structure is excited with a Gaussian pulse TE polarised of t0 = 30 fs and
T0 = 90 fs at a normalised frequency of 0.381 and an amplitude of 109 V/m. A
detector is placed inside the output waveguide at x= 22 µm from the input source. In
Figure 10.13, the FFT of the recorded time data in this point is shown. It is apparent
that only the generated second harmonic wave can be found in the output as the PBG
characteristic of the second PhC waveguide acts like a mirror for the fundamental
frequency. This can be clearly noted in Figures 10.14 and 10.15, where the evolution
of both the fundamental and second harmonic waves is shown along the longitudinal
direction of the frequency converter. The SHG efficien y calculated is about 2%,
again, this value agrees well with the results reported in [10].

10.6 New Design for Selective SHG: PhC Microcavity Coupling
10.6.1 Introduction
The coupling of two PhC waveguides through a tapered section enables the collection
of the SH from the generation waveguide and address it into the output waveguide
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Figure 10.14 Fundamental electric-fiel variation along the longitudinal direction of the two
waveguides that make up the frequency converter. The fundamental frequency is prevented
from propagating inside the output photonic crystal waveguide. (Reproduced with permission
from Letizia, R. and Obayya, S.S.A. (2008) Efficien multiresolution time-domain analysis of
arbitrarily shaped photonic devices. IET Optoelectron., 2 (6), 241–253. © 2008 IET.)

while the fundamental wave is reflecte back. However, due to the radiation losses
encountered in the taper, the whole SHG efficien y deteriorates [10]. Moreover, the
fundamental wave can still partially propagate in the output waveguide section leading
to a low-quality selection of the SH wave. Alternatively, a new and more efficien
design for an SH converter, whose schematic is shown in Figure 10.20, is suggested
here. The basic idea is that in addition to the original waveguide where SH conversion
takes place, there is another side-coupled PhC waveguide, designed to allow only the
propagation of the SH wave.

10.6.2 Stopband Properties
As seen in the previous chapters, the photonic bandgap property is directly related to
the lattice constant of the periodic structure. Therefore, by scaling down the lattice
constant from 1 to 0.5 µm, the PBG of the new periodic structure is expected to be
in the frequency band of the SH wave. By following this concept, the side-coupled
PhC waveguide is designed in a lattice of periodicity a2 = 0.5 µm. By carrying out a
simple FDTD analysis to fin out the dispersion diagram for the new unit cell with
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Figure 10.15 Second harmonic electric-fiel variation along the longitudinal direction of the
two waveguides that make up the frequency converter. The output photonic crystal waveguide
assists the propagation of the SH wave. (Reproduced with permission from Letizia, R. and
Obayya, S.S.A. (2008) Efficien multiresolution time-domain analysis of arbitrarily shaped
photonic devices. IET Optoelectron., 2 (6), 241–253. © 2008 IET.)

period a2, it can be easily verifie that a PBG lies in the range 0.4 < ωa/2πc < 0.55.
Therefore, the generated SH wave belongs to the PBG of the second periodic lattice
and hence it will have a better confinemen inside its line defect. As shown in Figure
10.16, this second PhC waveguide is placed in parallel to the firs PhC waveguide to
form a compound structure that generates SH in two stages as follows:

First stage – the SH wave is generated in the firs PhC waveguide as a
result of nonlinear interaction of second order.

Second stage – the SH wave is filtere and dropped from the firs wave-
guide to the second waveguide in order to achieve as high selectivity and
efficien y as possible.

The dimensions of the new structure are [11a × 11a] for the firs region plus
[12a2 × 22a2] for the second region, where a2 = a/2, with a = 1 µm. Spatial average
discretisation is chosen to be �x, z = 50 nm and time interval is fi ed at �t = 0.06 fs.
Initially, the two PhC waveguides coupled in this compound structure are simulated
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Figure 10.16 Schematic diagram of a frequency converter consisting of two different and
coupled PhC waveguides. The secondary waveguide is in a lattice of period a2 = a/2. The
primary waveguide is excited with a Gaussian pulse at ωa/2πc = 0.2257. (Reproduced with
permission from Letizia, R. and Obayya, S.S.A. (2009) Efficien second harmonic generation
through selective photonic crystal-microcavity coupling. IEEE J. Lightwave Technol., 27 (21),
4763–4772. © 2009 IEEE.)

to understand how the field are coupled into the secondary waveguide. A Gaussian
pulse, with width in time T0 = 600 fs and delay t0 = 1500 fs at a centred normalised
frequency of 0.2257 with amplitude 109 V/m, and modulated in space by a raised
cosine, is injected as source. The time variation of the electromagnetic fiel has been
recorded at a detector point placed at the output end of the secondary waveguide.
Figure 10.17 shows the spectral distribution of both the fundamental and SH waves
at the output, normalised to the spectrum of the fundamental wave launched into
the primary waveguide. It is apparent that at the output waveguide the coupled SH
signal is very weak and it is still mixed with a significan portion of the fundamental
wave. Therefore, a specifi design engineered to enhance the coupling of the SH wave
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Figure 10.17 Transmission of the electric fiel at the output end of the secondary waveguide
in the case with no cavity. (Reproduced with permission from Letizia, R. and Obayya, S.S.A.
(2009) Efficien second harmonic generation through selective photonic crystal-microcavity
coupling. IEEE J. Lightwave Technol., 27 (21), 4763–4772. © 2009 IEEE.)

into the secondary waveguide and avoid interference from the fundamental frequency
propagating in the primary waveguide, is needed.

10.6.3 Coupling Waveguides and Cavities
In order to design PhC based photonic integrated circuits, it is essential to understand
and control the coupling of light between a PhC cavity and a PhC waveguide [35, 36]
or between two PhC waveguides [37]. When a PhC resonant cavity is attached at a
side oif a PhC waveguide, like a tuned stub is used in microwave engineering, the
system behaves like wavelength filte . Following this concept, a pair of waveguides
can be coupled to a cavity to build a very sharp filte through resonant tunnelling.

The filterin characteristics of all these systems are determined by the geometry
of the cavity that is attached to the waveguide and correspond to a specifi frequency
response of the resonator itself. In order to drop a wavelength from a waveguide, it
is necessary to couple a single-mode cavity that is tuned at that specifi wavelength
and that, through resonance, is able to drop the signal from the waveguide and couple
it back to the same waveguide or send it to a second waveguide. In Figure 10.18, the
process of resonance tunnelling is displayed: the signal which is dropped to waveguide
2 corresponds to the resonant single-mode of the cavity [38].



P1: OTA/XYZ P2: ABC
c10 BLBK325-Obayya August 17, 2010 18:40 Printer Name: Yet to Come

276 Computational Photonics

Figure 10.18 Sketch of selective coupling of two waveguides through a single-mode resonant
cavity tuned at λR. The mode that propagates inside waveguide 1 at wavelength λR is dropped
by the resonator and sent into waveguide 2. All the other wavelengths (λi) that are different
from the resonance mode carry on propagating along waveguide 1.

Furthermore, Figure 10.19 shows two generic cases of coupling waveguides to
resonators: the case of side coupling in Figure 10.19(a) with the cavity placed at
the side of the infinit waveguide, and then the case of two half waveguides that are
coupled together via resonant tunnelling through the centre cavity, Figure 10.19(b).

(a)

(b)

Figure 10.19 Sketch of two generic cases of coupling between waveguides and resonators:
(a) side coupling, and (b) resonant coupling in which two waveguides are coupled by a high
Q cavity.
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Figure 10.20 Schematic diagram of the frequency converter proposed, which consists of
two different PhC waveguides and coupled through a row of microcavities. (Reproduced with
permission from Letizia, R. and Obayya, S.S.A. (2009) Efficien second harmonic generation
through selective photonic crystal-microcavity coupling. IEEE J. Lightwave Technol., 27 (21),
4763–4772. © 2009 IEEE.)

10.6.4 Enhancement of Efficienc and Selectivity Through
Selective PhC Microcavities

To enhance the performance of the suggested compound structure, a new arrangement
is proposed and shown in Figure 10.20. In order to transfer the SH into the output
PhC waveguide and avoid the losses due to its weak guidance inside the primary
waveguide, a row of PhC microcavities is arranged as a coupling region between the
two waveguides. These microcavities are realised by single-hole point defects inside
the square lattice, finel tuned to resonate at the SH frequency. The aim of adding
microcavities is to build an optical filte able to maximise the SH transfer to the
secondary waveguide. Coupled resonator optical waveguides (CROWs) can be found
in the literature in the design of narrow-band resonance filter or add/drop structures
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[36–46]. The concept of coupling the waveguide to a tuned microcavity is applied
here for the firs time, to the best of the author’s knowledge, to design a high-efficien y
SHG-based frequency converter. The basic concept behind this kind of structure is
that by placing a point defect, the microcavity, near to a PhC waveguide, a PhC-based
resonance filte can be realised. The main advantage of this arrangement is that the
dropping frequency of the filte can be tuned simply by engineering the single-defect
microcavity. In the proposed converter the same concept is applied and the dropping
frequency of the filte in this example is the SH frequency generated in the primary
waveguide. The PhC microcavity resonating at the SH frequency is able to trap this
frequency from the primary waveguide and drop it into the secondary waveguide
where it can propagate by means of the PhC’s engineered stopband characteristics. In
particular, by chaining a row of side resonators instead of only one, the filte efficien y
can be greatly improved.

10.6.5 PhC-Microcavity Design
A preliminary study of the cavity properties has been carried out to investigate the
resonance frequency and the mode profil inside the cavity itself. The resonator is
obtained by removing a single-hole point defect in a lattice of [7a2 × 7a2]. By varying
the point-defect geometric properties, the resonance frequency can be controlled and
tuned to the desired value [2]. In this work, the lattice period of the PhC surrounding
the single-hole defect, a2, is varied in order to design a microcavity exactly tuned to
the SH frequency of 0.4515. The cavity is excited with a point source that evolves in
time as a Gaussian pulse of amplitude 1 V/m, t0 = 50.6 fs and T0 = 20 fs. By taking
the FFT of the recorded time variation of the electric fiel at the centre of the cavity,
the spectral distribution of the resonant mode has been calculated. Figure 10.21 shows
the variation of the normalised resonance frequency with a2/a, and it can be noted
from this figur that when a2 = 0.5a, the cavity resonates exactly at the SH frequency
(normalised frequency 0.4515). For a2 = 0.5a, the spectral energy distribution of the
resonant mode is shown in Figure 10.22 and its contour profil in the plane of the
structure is reported in Figure 10.23. The quality factor, Q, of the PhC microcavity is
calculated using [47]

Q = 2π
|Et |2

|Et |2 − |Et+T |2 (10.45)

where Et is the electric fiel taken at a particular time step t, T is the time cycle
of the resonant mode and Et+T is the recorded electric fiel after one cycle. In this
microcavity the time cycle is T = 7 fs and the quality factor has been calculated to be
Q = 222.
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Figure 10.21 Variation of the resonant frequency with a2/a where a2 is the PhC microcavity
period and a = 1 µm. (Reproduced with permission from Letizia, R. and Obayya, S.S.A.
(2009) Efficien second harmonic generation through selective photonic crystal-microcavity
coupling. IEEE J. Lightwave Technol., 27 (21), 4763–4772. © 2009 IEEE.)

Figure 10.22 Spectral energy density of the electric fiel inside the microcavity. The cavity
shows only a resonant mode at the SH normalised frequency of 0.4515. (Reproduced with
permission from Letizia, R. and Obayya, S.S.A. (2009) Efficien second harmonic generation
through selective photonic crystal-microcavity coupling. IEEE J. Lightwave Technol., 27 (21),
4763–4772. © 2009 IEEE.)
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Figure 10.23 Contour profil of the resonant mode on the plane of the cavity. (Reproduced
with permission from Letizia, R. and Obayya, S.S.A. (2009) Efficien second harmonic gen-
eration through selective photonic crystal-microcavity coupling. IEEE J. Lightwave Technol.,
27 (21), 4763–4772. © 2009 IEEE.)

In order to maximise the efficien y, the cavities are carefully placed along the
propagation direction. It is expected that the location of the microcavities plays a
crucial role in determining the efficien y at the output of the secondary waveguide as
a consequence of the phase matching condition between the pump and the generated
wave. Along the primary waveguide in fact, the velocity phase difference between the
two waves will change, affecting the efficien y of nonlinear frequency conversion.
Figure 10.24 shows the variation of the amplitude of the SHF and FF along the
propagation direction in the primary waveguide when the total length is 42 µm. From
this figure it is clear that the SH wave reaches its maximum at distance x = 6.3 µm
from the source section. Thus, cavity 3 is placed at this value along the longitudinal
direction of the compound structure.

10.6.6 Simulation Results
Next, the effect of inserting one cavity, two cavities and a row of fi e cavities
on the overall device performance will be investigated. A detector point is placed
in the middle of the microcavity and from the FFT of the recorded time-domain
data, the spectral distribution, normalised with respect to the injected mode energy,
is calculated.
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Figure 10.24 Variation of fundamental (dashed line) and second harmonic fiel amplitude
(solid line) along the propagation direction for a PhC waveguide of length 42 µm. The SH
wave reaches its maximum at distance x= 6.3 µm from the source. Cavity 3 in the compound
structure is carefully placed at this distance along the propagation direction x. (Reproduced with
permission from Letizia, R. and Obayya, S.S.A. (2009) Efficien second harmonic generation
through selective photonic crystal-microcavity coupling. IEEE J. Lightwave Technol., 27 (21),
4763–4772. © 2009 IEEE.)

Figure 10.25 shows the results when only one microcavity is placed, cavity 1. It
can be noted that, compared to the previous case, without a cavity, the conversion
efficien y has lowered to about 1.5% while, in terms of selectivity, no significan
change is recorded. However, the situation changes when the order of filterin is
increased by adding a second microcavity. Thus, both the fundamental and the SH
normalised spectra are computed for the case of two resonators, cavity 1 and cavity 2,
with a separation distance of three periods and the results are shown in Figure 10.26.

Comparing Figures 10.25 and 10.26, it is clearly demonstrated that inserting the
second microcavity has resulted in an improvement in the selectivity of the filte and
also an enhancement of the SH efficien y which has increased to about 2.8%.

Finally, the case of fi e microcavities is considered. Compared to the previous
results, Figure 10.27 shows the variations of the fundamental and SH normalised
spectra as observed at the centre of cavity 3. It can be noted that only 0.5% of the
fundamental fiel can be detected in the resonator and the efficien y has significantl
increased to about 8.5%. Therefore, placing a row of microcavities to side-couple
the PhC waveguide can dramatically improve the selection of the SH frequency. This
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Figure 10.25 Normalised spectra of the fundamental and SH waves at the output in the case
of one cavity (cavity 1). (Reproduced with permission from Letizia, R. and Obayya, S.S.A.
(2009) Efficien second harmonic generation through selective photonic crystal-microcavity
coupling. IEEE J. Lightwave Technol., 27 (21), 4763–4772. © 2009 IEEE.)

Figure 10.26 Normalised spectra of the fundamental and SH waves at the output in the
case of two cavities (cavities 1 and 2). (Reproduced with permission from Letizia, R. and
Obayya, S.S.A. (2009) Efficien second harmonic generation through selective photonic
crystal-microcavity coupling. IEEE J. Lightwave Technol., 27 (21), 4763–4772. © 2009
IEEE.)
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Figure 10.27 Normalised spectra of the fundamental and SH waves at the output in the
case of a row of fi e cavities (from cavity 1 to cavity 5). (Reproduced with permission from
Letizia, R. and Obayya, S.S.A. (2009) Efficien second harmonic generation through selective
photonic crystal-microcavity coupling. IEEE J. Lightwave Technol., 27 (21), 4763–4772. ©
2009 IEEE.)

Figure 10.28 Normalised spectra of the fundamental and SH waves at the output of the
primary waveguide in the case of a row of fi e cavities (from cavity 1 to cavity 5).
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value of 8.5% SHG efficien y in photonic crystal waveguides is about three times
higher than the best value reported in the literature [10].

Figure 10.28 shows that when the observation point is taken at the output of the
primary waveguide, the pump wave propagates independently and that there is still
a portion of the SH wave, about 5%, that will need a longer simulation time to be
coupled. The separation between microcavities is a critical parameter in determining
the overall selectivity and efficien y of SH at the output. If the separation between
microcavities increases, the quality factor of individual cavities should increase; how-
ever, due to the relatively weak interaction between these microcavities, the overall
selectivity would deteriorate. Based upon different numerical experiments that have
been carried out through this work, it has been found that a separation of three periods
gives the best filterin performance.
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11
Dispersive Nonlinear MRTD for
SHG Applications

11.1 Introduction
In this chapter, the MRTD approach based on the expansion in terms of only
scaling functions (S-MRTD) is successfully extended for nonlinear SHG applica-
tions in dispersive media. Chromatic dispersion of materials makes the dielectric
characteristics of the media vary with frequency. As a result, two or more waves
at different wavelengths propagate into the medium with different phase velocities
creating a phase mismatch that cannot be ignored in SHG processes; on the contrary
it can significantl affect the entity of converted SH power. Therefore, in order to
accurately describe SHG processes, the numerical scheme should include a model
of the material dispersion of the medium and account for the deriving change in the
refractive index.

In FDTD schemes, analysis of dispersive materials has been carried out through
two main methods: the piecewise linear recursive convolution technique [1] and the
auxiliary differential equation (ADE) scheme [2]. In this chapter, the ADE-MRTD
scheme with Lorentz chromatic dispersion model to reproduce the characteristic linear
susceptibility of the medium is proposed. First, the equations are derived in the case
of TE/TE coupling between fundamental and second harmonic waves and then the
case of TE/TM coupling, which also performs a polarisation conversion, is presented.

Validation of the developed ADE-MRTD scheme is given for the generation of
the second harmonic in a planar asymmetric waveguide. A comparison between the
ADE-FDTD and the proposed ADE-MRTD scheme shows that numerical dispersion
of the latter scheme increases more slowly than in FDTD and, as a result, accuracy
can be ensured, even though the mesh discretisation is coarse. Looking at the CPU
running time required by the two different numerical codes, it is evident that the
accuracy obtained by FDTD with a fin mesh can be equally well performed by using
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fewer points in MRTD. This shows that the ADE-MRTD code is again more efficien
overall than ADE-FDTD.

Next, a more challenging example is reported to show the potential and ability
of nonlinear dispersive MRTD in a case of TE/TM coupling. Results show that the
nonlinear ADE-MRTD scheme ensures the accurate analysis of SHG processes in
photonic devices, while coarse meshes are allowed. Therefore, MRTD can be an
efficien and promising alternative modelling technique to the more popular FDTD
for the computation of nonlinear optical devices.

11.2 Dispersion Analysis
11.2.1 Introduction
In its original formulation, MRTD doesn’t deal with the dispersive nature of mate-
rials. This can be negligible in some traditional electromagnetic problems such as
microwave plane wave scattering at single frequencies from complicated structures.
However, when the interaction of light with optical materials is studied, linear dis-
persion must be taken into account to ensure accurate results. This is especially true
for TD simulations with pulsed excitations and a wideband frequency response, and
for nonlinear problems involving two frequencies very distant one from each other,
such as the SHG process. Thus, the variation of the material’s permittivity and/or per-
meability with frequency occurring at low-intensity E and H field must be included
in the MRTD equations. With regard to this problem, the algorithm proposed from
Chapter 8 to Chapter 10 has been extended for the modelling of Lorentz media by
means of an ADE scheme, developed by Kashiwa and Fukai in 1990 [2]. The ADE
technique consists in the solution of a differential equation deriving from the consti-
tutive relationship and is second-order accurate in the space stencil �x. The stability
and phase-error properties of the ADE, when applied to conventional FDTD schemes,
have been deeply investigated in the past few years [3]. It has been found that the
overall scheme for the study of dispersive medium is generally more dispersive than
the standard FDTD and their accuracy depends strongly on how well the chosen time
step resolves the shortest timescale. Therefore, it is expected that for the analysis of
dispersive media, the size of chosen time and space steps become even more crucial
in determining the accuracy of the results.

11.2.2 Dispersive Materials: Lorentz Model
In general, the macroscopic propagation characteristics of a medium depend on the
frequency, due to a phenomenon called chromatic dispersion that is experimentally
measurable. The phase velocity of propagating waves varies with frequency as a result
of the monotonically increasing variation of the refractive index.
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The relationship linking the variation of optical properties in dielectric materials
and semiconductors to the strength of the electric fiel is linear through first-orde
susceptibility, χ (1), and is expressed as

�P (ω) = ε0χ
(1) (ω) �E (ω) (11.1)

whereP represents the polarisation vector at relatively low illumination intensity. With
high -intensity light as a source, a nonlinear response of the material can occur and
the chromatic dispersion will become the linear contribution at the total polarisation
vector, P.

The Lorentz model [4] provides a definitio for the linear susceptibility, χ (1), so
that the effect of P with frequency can be included in the determination of the E fiel
by means of a constitutive relationship. Lorentz media defin a complex function in
the frequency domain that is characterised by one or more pairs of complex-conjugate
poles. For the case of a single-pole-pair medium, the linear susceptibility becomes

χp (ω) = �εpω
2
p

ω2
p + 2 jωδp − ω2 (11.2)

where �εp = εs,p − ε∞,p represents the variation of the relative permittivity due to
the Lorentz pole pair from the value at zero and infinit frequency, respectively, ωp is
the frequency of the pole pair and δp is the damping coefficient By inverse Fourier
transformation, the function χ (t) in time domain can be derived as

χp (t) = �εpω
2
p√

ω2
p − δ2

p

e−δpt sin
(√

ω2
p − δ2

pt
)
U (t) (11.3)

From the generic expression of χ (1) for a number, P, of pole pairs, the relative
permittivity can be define by the following

ε (ω) = ε∞ +
P∑

p=1

�εpω
2
p

ω2
p + 2 jωδp − ω2 (11.4)

11.2.3 Auxiliary Differential Equations
According to the constitutive relationship for the linear case, the following holds

D = ε0ε∞E + PL (11.5)
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where PL is the linear polarisation term that is modelled through Lorentz scheme with
a single pole pair as

PL (ω) = ε0χ
(1)
L (ω) E (ω) (11.6)

with

χ
(1)
L (ω) = (εs − ε∞) ω2

p

ω2
p + 2 jωδp − ω2 (11.7)

where εs and ε∞ refer to the relative permittivity at zero and infinit frequency,
respectively.

Substituting the expression (11.7) into Equation (11.6), the ADE is finall obtained

ω2
p PL + 2δp

∂PL

∂t
+ ∂2PL

∂t2
= ε0�εω2

pE, �ε = εs − ε∞ (11.8)

and it is discretised through central differences into

ω2
p,i, j PL|ni, j + 2δp.i. j

PL|n+1
i, j − PL|n−1

i, j

2�t
+ PL|n+1

i, j − 2 PL|ni, j + PL|n−1
i, j

�t2
= ε0�εi, jω

2
p,i, j E |ni, j (11.9)

Thus, the explicit relation for PL|n+1
i, j is

PL|n+1
i, j = αi, j PL|ni, j + βi, j PL|n−1

i, j + γi, j E |ni, j (11.10)

where

αi, j = 2 − �t2ω2
p,i, j

1 + δp,i, j�t
(11.11a)

βi, j = δp,i, j�t − 1
δp,i, j�t + 1

(11.11b)

γi, j = ε0�εi, jω
2
p,i, j�t2

1 + δp,i, j�t
(11.11c)
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11.3 SHG-MRTD Scheme for Dispersive Materials
11.3.1 TE/TE Coupling
The nonlinear process coupling the TE fundamental wave/TE second harmonic in
S-MRTD scheme is considered first Assuming the 2D problem in the xz-plane, the y-
axis as homogeneous direction and x-axis as direction of propagation, the fundamental
electromagnetic components of a TE mode are Ey, Hx and Hz. As seen in Chapter 8,
Equations (8.70a–c) hold.

The constitutive relationship accounting for linear dispersion and second-order
nonlinearity is modifie as

Dy = ε0ε∞Ey + PLy + PNLy (11.12)

Using Equations (11.12) and (8.72), the constitutive relationship can be rewritten as

Dy = ε0εrEy + PLy (11.13)

where

εr =
[
ε∞ + χ

(2)
22 Ey

]
(11.14)

Substituting Equation (11.14) in (11.13), the following relationship for the E fiel is
obtained

Ey = Dy − PLy

ε0

[
ε∞ + χ

(2)
22 Ey

] (11.15)

Adopting Equation (11.15), the following updating equation is derived and inserted
into the S-MRTD algorithm in order to calculate the E-fiel component

n+1/2Ey,ϕi+1/2, j+1/2 = n+1/2Dy,ϕ
i+1/2, j+1/2 − n+1/2PLyi+1/2, j+1/2

ε0

[
ε∞ + χ

(2)
i+1/2, j+1/2 · n−1/2Ey,ϕi+1/2, j+1/2

] (11.16)

where

n+1PLy,ϕ
i, j = αi, j n PLy,ϕ

i, j + βi, j n−1PLy,ϕ
i, j + γi, j n E y,ϕi, j (11.17)

and

χ
(2)
i+1/2, j+1/2 = χ

(2)
22

∣
∣∣
i+1/2, j+1/2

(11.18)
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and it represents the nonlinear susceptibility value at the grid point of coordinates
(i + 1/2, j + 1/2).

11.3.2 TE/TM Coupling (χ (2) Tensor)
A TE polarised input wave is considered with E-fiel components in the xz-plane
and the fundamental H component in the longitudinal y-direction. An SHG with TM-
polarised harmonic waves can be achieved with epitaxial growth of an Al30%Ga70%As
crystal on [001]-orientated GaAs substrate by aligning the x-axes along the principal
axes of the crystal [110]. The χ (2) tensor is shown in Equation (10.35) and the nonlinear
polarisation vector is expressed by Equation (10.36).

From the discretised equation for the update of the nonlinear polarisation (10.37)
and the constitutive relationship (11.12), the following equations for the D-fiel
components can be written

n+1/2Dx,ϕ
i+1/2, j+1/2 = ε0ε∞i, j n+1/2Ex,ϕi+1/2, j+1/2 + n+1/2PLx,ϕi+1/2, j+1/2 (11.19a)

n+1/2Dz,ϕ
i+1/2, j+1/2 = ε0ε∞i, j n+1/2Ez,ϕi+1/2, j+1/2 + n+1/2PLz,ϕi+1/2, j+1/2

+ε0χ
(2)
i+1/2, j+1/2

(
n+1/2Ey,ϕi+1/2, j+1/2

)2
(11.19b)

where

n+1PLx,ϕi, j = αi, j n PLx,ϕi, j + βi, j n−1PLx,ϕi, j + γi, j n Ex,ϕi, j (11.20a)

n+1PLz,ϕi, j = αi, j n PLz,ϕi, j + βi, j n−1PLz,ϕi, j + γi, j n Ez,ϕi, j (11.20b)

Using Equation (11.20), the update equations for the E- fiel components for the
generated TM polarisation can be derived as

n+1/2Ex,ϕi+1/2, j+1/2 = 1
ε0ε∞,i+1/2, j+1/2

(
n+1/2Dx,ϕ

i+1/2, j+1/2 − n+1/2PLx,ϕi+1/2, j+1/2

)

(11.21a)

n+1/2Ez,ϕi+1/2, j+1/2 = 1
ε0ε∞,i+1/2, j+1/2

(
n+1/2Dz,ϕ

i+1/2, j+1/2 − n+1/2PLz,ϕi+1/2, j+1/2

)

−ε0χ
(2)
i+1/2, j+1/2

(
n+1/2Ey,ϕi+1/2, j+1/2

)2
(11.21b)

From this point, the update of the components Dx, Dz and Hy are expressed by the set
of Equations (10.40.a–c) while the set of Equations (10.27a–c) solves the field for
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TE polarisation with fundamental electric component calculated by

n+1/2Ey,ϕi+1/2, j+1/2 = n+1/2Dy,ϕ
i+1/2, j+1/2 − n+1/2PLyi+1/2, j+1/2

ε0ε∞
(11.22)

The solution of the equations is obtained through the following iterative process:

1. Calculation of the updated values of Hx and Hz with Equations (10.27a–b), using
the E-fiel value at the previous time step.

2. Substitution of the updated magnetic-fiel components into Equation (10.27c) to
calculate the new value of Dy.

3. At the same time step, PLy update through Equation (11.17).
4. Next, calculation of the Ey component with Equation (11.22).

Once the field for TE polarisation have been updated, the following steps are iterated
to simulate the coupling with the TM-polarised harmonic:

5. Updating of nonlinear polarisation term of polarisation, PNLz, through Equation
(10.37).

6. At the same time step, calculation of components Dx and Dz from Equations
(11.19a–b) respectively.

7. Calculation of PLx and PLz through Equation (11.20a) and Equation (11.20b).
8. Updating of the electric-fiel components Ex and Ez with Equations (11.21a–b).
9. Finally, Equations (10.40a–c) are used to update the set of components for TM

polarisation.

11.4 Simulation Results
11.4.1 SHG in a Planar Waveguide
In order to test the validity and efficien y of the nonlinear S-MRTD code proposed for
the analysis of SHG, the asymmetric waveguide shown in Figure 11.1 is considered
first The device consists of a core that has width Lcore = 0.44 µm and refractive index
ncore = 3.6, between substrates with index n = 3.1 and with air as cladding (n = 1)
[5].

The propagation of the fundamental TEy mode in the x-direction is performed
by launching a CW at a fundamental wavelength of λf = 1.55 µm modulated by
the TE-mode profil in space. As a result of the nonlinearity of the dielectric mate-
rial, χ (2) = 200 pm

/
V, generation of the second harmonic is expected at wavelength

λsh = 0.775 µm.
By performing post-processing numerical filterin of the electric fiel recorded at

the detector point, Figure 11.2 shows the variation of the electric fiel with time for
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Figure 11.1 Schematic diagram of the planar waveguide simulated where ncore = 3.6, sub-
strate has index n = 3.1, cladding is in air (n = 1) and Lcore = 0.44 µm.

both the fundamental and the second harmonic waves, (continuous and bold lines,
respectively). It can be noted from this figur that the numerical method is stable. From
the FFT of these temporal data, the frequency response normalised to the fundamental
spectrum peak is obtained and shown in Figure 11.3. The figur shows the second
harmonic generated at wavelength 775 nm with efficien y |Esh|2

/∣∣E f
∣∣2 ≈ 30%,

Figure 11.2 Time variation of fundamental (fin line) and second harmonic wave (bold line)
recorded at the detector point of the waveguide. (Reproduced by permission from Obayya,
S.S.A. (2010) Novel Auxiliary Differential Equation-Multiresolution Time Domain Scheme
for Dispersive Nonlinear Photonic Devices. J Quantum Electron., 46 (5), 837–845. © 2010
IEEE.)
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Figure 11.3 Normalised spectra of fundamental and SH wave for MRTD with discretisation
�x = �z = 110 nm. (Reproduced by permission from Obayya, S.S.A. (2010) Novel Aux-
iliary Differential Equation-Multiresolution Time Domain Scheme for Dispersive Nonlinear
Photonic Devices. J Quantum Electron., 46 (5), 837–845. © 2010 IEEE.)

where Esh and Ef represent the electric-fiel components of fundamental and SH
waves, respectively.

Aiming to validate these results, the same structure has been simulated by using a
nonlinear FDTD algorithm and a much fine mesh which applies to a cell size �x =
�z = 20 nm. Frequency-domain variation of the electric fiel stored at the detector
point is shown in Figure 11.4. As can be clearly seen from this figure the second
harmonic is generated from the input source with an efficien y that agrees well with
the value obtained by means of the S-MRTD method combined with a coarser grid.

In order to investigate the improved computational efficien y of S-MRTD over
conventional FDTD, an extensive study of the effect of varying the cell size has
been carried out. Simulations have been performed varying the cell size in the range
[Lcore/22; Lcore/4] that in nm corresponds to [20 nm; 110 nm]. Figure 11.5 reports the
value of SHG efficien y as calculated for each different mesh resolution with both
FDTD and S-MRTD methods. The figur clearly shows a quite stable response of
the MRTD code to the different grid sizes with very little effect on the efficien y
of generation. On the other hand, the FDTD scheme suffers significantl from the
choice of an inappropriate cell size leading to mistaken values of SHG efficien y. In
particular, it has been seen that it is the amplitude of the generated SH found in the
output that gradually decreases as the cell size is enlarged, whereas the fundamental
wave keeps quite a similar value. This can be explained by recalling the requirement
for a discretisation of λsh/15–20 in the FDTD scheme, where λsh represents the second
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Figure 11.4 Normalised spectra of fundamental and SH wave for FDTD with discretisation
�x = �z = 20 nm. (Reproduced by permission from Obayya, S.S.A. (2010) Novel Aux-
iliary Differential Equation-Multiresolution Time Domain Scheme for Dispersive Nonlinear
Photonic Devices. J Quantum Electron., 46 (5), 837–845. © 2010 IEEE.)

harmonic wavelength. When the cell size increases, in fact, high frequencies are the
firs to be affected by the FDTD numerical dispersion, thus a specifi grid resolution
can still be small enough to describe frequencies at the fundamental wavelength, but
it is already over the limit for the second harmonic window.

To complete the study, CPU running time was recorded for each of the previous
simulations and results are shown in Figure 11.6 to compare the computational costs

Figure 11.5 Comparison of SHG efficien y variation with unit cell size � for FDTD and
S-MRTD scheme.
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Figure 11.6 Comparison of CPU running time variation with unit cell size � for FDTD and
S-MRTD scheme.

of S-MRTD and FDTD. As expected, the running time for the MRTD scheme is
longer for each case, with a difference compared to FDTD that increased as the cell
size becomes smaller. This fact is due to the limit on the choice of �t imposed
for stability reasons that is stricter in the MRTD scheme than in FDTD. However
the situation changes if the results of Figures 11.5 and 11.6 are combined together.
Accuracy comparable to FDTD with smaller cell sizes can be achieved by S-MRTD
by using the largest one. This means that with the same level of accuracy, the CPU
running time for S-MRTD becomes smaller than that required by conventional FDTD,
proving the actual efficien y of the presented method, Table 11.1.

11.4.2 SHG in 1D Periodic Structure
Next, second harmonic generation is investigated through the ADE-S-MRTD scheme
in the more challenging problem of a high-contrast grating added to the waveguide,

Table 11.1 Relative Error (%) for MRTD and FDTD vs CPU running time. (Reproduced by
permission from Obayya, S.S.A. (2010) Novel Auxiliary Differential Equation-
Multiresolution Time Domain Scheme for Dispersive Nonlinear Photonic Devices.
J Quantum Electron., 46 (5), 837–845. © 2010 IEEE.)

Relative Error on SHG Efficien y �/Lcore CPU Running Time (minutes)

FDTD <3% 0.05 25
S-MRTD <3% 0.25 12



P1: OTA/XYZ P2: ABC
c11 BLBK325-Obayya August 4, 2010 19:28 Printer Name: Yet to Come

298 Computational Photonics

Figure 11.7 Schematic diagram of the 1D photonic bandgap structure with number of
periods, N. (Reproduced by permission from Obayya, S.S.A. (2010) Novel Auxiliary Dif-
ferential Equation-Multiresolution Time Domain Scheme for Dispersive Nonlinear Photonic
Devices. J Quantum Electron., 46 (5), 837–845. © 2010 IEEE.)

while dispersion analysis is added to allow a complete description of the process.
This periodic structure was proposed in a modelling exercise in the COST-P11 project
(http://w3.uniroma1.it/energetica/). This type of device consists practically in a 1D
photonic bandgap structure and is used in the SHG process because of its ability
to modify topologically the dispersion characteristic in such a way that the phase
matching condition through the waveguide is achieved when the effective index
of the device at the fundamental frequency is equal to the effective index at the
second harmonic frequency [6, 7]. The result is a great enhancement of the SHG
conversion efficien y. Furthermore, the intensity of the field is increased by means
of the resonances inside the 1D periodic structure [6].

The structure analysed to achieve SHG and TE/TM coupling , consists of a periodic
grating in a planar waveguide, as shown in Figure 11.7. The dielectric structure made
of Al0.3Ga0.7As with refractive indices of nff = 3.28 at the fundamental wavelength
λf = 1.55 µm and nsh = 3.50 at the second harmonic wavelength λsh = 0.775 µm, is
surrounded by air (n = 1).

The waveguide that couples the input/output of the device has width d = 0.18 µm
and the grating consists of N periods, where each period a = 0.18 µm is formed
by a dielectric part (L1 = 0.135 µm) and air (L2 = 0.045 µm). With this design
the waveguide supports a single TE mode for the fundamental λf = 1.55 µm (only
one electric component with out-of-plane direction, Ey), and a single TM mode for
the second harmonic at λsh = 0.775 µm (only one magnetic component with out-of-
plane direction, Hy). A normalised nonlinear coefficien is considered, χ (2) = 1, that
allowsTE/TM coupling.

AlGaAs chromatic dispersion is accurately introduced by the Lorentz model for
the linear susceptibility with parameters: ε∞ = (3.549)2, �ε = (εs − ε∞) = 4, ωp =
2π · 108.51 × 1012 rad

/
s, and δp = 10−6ωp. The dispersion curve of the real part

of the dielectric refractive index that is obtained with Lorentz model is shown in
Figure 11.8.
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Figure 11.8 Lorentz model of dispersion curve for the real part of Al0.3Ga0.7As refractive
index. The curve reports nsh = 3.500 54 at the second harmonic λsh = 0.775 µm and nff =
3.279 96 at fundamental λf = 1.55 µm. Both values approximate well the experimentally
calculated indices, which are 3.50 and 3.28, respectively. (Reproduced by permission from
Obayya, S.S.A. (2010) Novel Auxiliary Differential Equation-Multiresolution Time Domain
Scheme for Dispersive Nonlinear Photonic Devices. J Quantum Electron., 46 (5), 837–845.
© 2010 IEEE.)

Figure 11.9 Spatial fiel distribution at the phase-matched SH wavelength for the case of
N = 20 (thick line); the thin line represents the normalised profil of the refractive index along
the x-direction. (Reproduced by permission from Obayya, S.S.A. (2010) Novel Auxiliary Dif-
ferential Equation-Multiresolution Time Domain Scheme for Dispersive Nonlinear Photonic
Devices. J Quantum Electron., 46 (5), 837–845. © 2010 IEEE.)
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Figure 11.10 SHG conversion efficien y calculated for N = 20.

The structure is discretised with cell size � = �x = �z = d/8 and the adopted
time step is �t = 0.008 fs. A Gaussian pulse modulated by the fundamental TE mode
profile ET E (z) in Equation (11.12), is injected as excitation with bandwidth in time
T0 = 20 fs, delay t0 = 80 fs and λf = c0/f 0 = 1.55 µm is the central wavelength

Ey,∫ source (z, t) = ETE (z) sin (2π f0t) e
− (t−t0)2

T2
0 (11.23)

The spatial fiel distribution against the profil of the refractive index along the x-
direction, at a phase-matched SH wavelength for the case of N = 20 is displayed in
Figure 11.9. Next, Figure 11.10 shows the calculated SHG efficien y after N = 20
periods in the second harmonic wavelength range. Results are in agreement with what
is reported in the literature [7].
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facet 78–80
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auxiliary differential equation (ADE) 6,
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36–7, 39, 50, 61–3, 67, 78–9, 86,
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39, 71, 81, 95–8, 104, 115–6, 120,
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194, 196–8, 200–4, 235–6, 238–42,
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coupling PhC waveguides 269–84

tapered section 269–71
microcavity 271–84
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232
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free-space radiation mode (FSRM) 68,
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Fresnel’s formula 88

full vectorial BPM 5, 9–23, 25–63
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(IDVFEBPM) 36–7, 39

Galerkin’s method 16–7, 222
Gauss’ law 13

Helmholtz equation 68
high-contrast grating 297–300
high-order 81, 84, 107, 242
hole pitch 33–43, 46–7, 49
hybridness 46, 50

imaginary propagation distance 26
impedance 14, 59–60, 124, 152–3

characteristic 59–60, 152
matching 14

interpolation 16, 231

junction 67, 72–80, 187–8

Lagrangian polynomial 19
lattice 42, 106–7, 113, 129–31, 133, 135–6,

138, 168, 175, 177, 180, 184, 187,
203, 244–5, 247, 265–7, 269–70,
272–4, 277–8

leapfrog scheme 98–100
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Marcatili 25, 30–3
matrix 19, 21–2, 68, 70–2, 81, 83–5, 97–8,
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125, 144, 161, 170, 214–16, 217, 230,
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method of lines 67, 80, 213
microcavity 244, 245, 249, 260, 271, 278,
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mode propagation constant 26
multiresolution time domain (MRTD) 6,

213–33, 235–7, 239, 241, 242, 244,
249, 261, 262, 264, 265, 287–8, 291,
293, 295, 297

basis functions 216–18, 219, 221–2,
226–7
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method-of-moments 214, 230
scaling functions 214–15, 219, 223, 225,

227–30, 232, 242, 287
testing functions 216–18
update scheme 216, 218, 228, 232
wavelet functions 214, 216, 219, 227

nematic liquid crystal 42, 45
nonlinear optics 4, 163–4, 250–3

intensity-dependent refractive index
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Kerr nonlinearity 208
MRTD for SHG 249–84, 287–300
nonlinear FDTD 168–70,

191–203
nonlinear FVTD 170–73, 203–11
second harmonic generation 163, 164,

165, 213, 249, 250, 253, 297
third harmonic generation 165–6
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69, 75, 83, 86, 95, 97, 115–21,
123–8, 130, 131, 160, 213
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161–3, 175, 176, 180–4, 185–6,
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phase matching 50, 60, 254, 255, 256–61,
280, 298
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cavity 128, 132, 135, 175, 184, 189, 190,

191, 208, 275
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optical filte 235, 244, 245, 277
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271–84
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radiation modes 22, 67, 68, 70, 80, 81, 83
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resonant tunnelling 275, 276
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function 214, 215, 219, 223, 225, 227,

228, 229, 230, 232, 242, 287
scaling MRTD (S-MRTD) 226, 231, 232,

235, 236, 241, 242, 244, 287, see
also multiresolution time domain

for SHG 261–5, 293, 295, 297
stencil size 230, 231
update scheme 228, 232

semi vectorial BPM 10, see also beam
propagation method

shape function 15, 16
polynomial 16

slanted interface 92
slowly varying envelope approximation 17,

18
soft glass 42, 45, 46, 47, 49
space-fillin mode 38
splitting technique 120, 121
SPM effect 193, 194, 200, 202
square-root operator 81, 84, 85
steady-state 198, 199, 200
step

space 103, 105, 114, 128, 131, 154, 182,
214, 225, 288

time 95, 100, 101, 103, 104, 105, 107,
108, 109, 110–15, 126, 127, 128,

129, 130, 131, 132, 143, 154, 156,
159, 169, 172, 173, 185, 186, 200,
201, 213, 216, 218, 219, 224, 225,
226, 228, 229, 231, 236, 241, 261,
264, 266, 278, 288, 293, 298

supermode 28, 29
susceptibility 164, 165, 166, 167, 250, 251,

252, 262, 263, 287, 289, 292, 298
switch 25, 46, 50, 54, 61, 138

Taylor’s series 68, 71, 81, 84, 85, 86
T-branch 186
time stepping 99, 103, 109, 169, see also

step-time, leapfrog scheme

uniaxial anisotropy 122

wave equation 9, 10, 13, 14, 18, 81, 99, 103,
118, 164, 165, 166, 170, 192, 193,
252, 253

electric fiel formulation 12–13
magnetic fiel formulation 11–12

wavelength division multiplexing (WDM)
138–40

wide-angle approximation 11, 19
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cell 100, 104, 105, 106, 107, 108, 113,
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scheme 96, 98, 100, 216, 227, 229
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