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Abstract
We have carried out a new evaluation of the eighth-order contribution to the electron g—2
using FORTRAN codes generated by an automatic code generator GENCODEN. Comparison of the
“new” result with the “old” one has revealed an inconsistency in the treatment of the infrared
divergences in the latter. With this error corrected we now have two independent determinations
of the eighth-order term. This leads to the revised value 1 159 652 182.79 (7.71) x 10712 of the
electron g—2, where the uncertainty comes mostly from that of the best non-QED value of the fine

structure constant . The new value of « derived from the revised theory and the latest experiment

is o~ = 137.035 999 084 (51) [0.37 ppb] , which is about 4.7 ppb smaller than the previous a~!.
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I. INTRODUCTION AND SUMMARY

The anomalous magnetic moment of the electron has played a central role in testing the
validity of QED [L, [2]. The test became very stringent when the precision of measurement
of the electron and positron was improved by three orders of magnitude over the best earlier

result [3] by the University of Washington group in the Penning trap experiment [4]

ae.- = 1159 652 188.4 (4.3) x 107** [3.7ppb],
ae+ =1 159 652 187.9 (4.3) x 107'%  [3.7ppb], (1)

where a, = (9—2)/2 and g is the g-factor of electron. The main source of the remaining
uncertainty in Eq. (I is the uncontrolled shift of the frequency due to the resonance between
the electron and the metal cavity of hyperbolic shape. Brown et al. [5] showed that this
source of uncertainty can be reduced significantly using a metal trap with the cylindrical
cavity whose resonance structure can be calculated analytically.

The recent Harvard measurement is based on the cylindrical cavity. Their value an-

nounced in 2006 is [6]
a.(HV06) = 1 159 652 180.85 (0.76) x 1072  [0.66ppb], (2)

which has a 5.5 times smaller uncertainty than the previous measurements listed in Eq. ().
Very recently, the same Harvard group has succeeded in reducing the uncertainty further by

a factor 2.7 [17):
a.(HV08) =1 159 652 180.73 (0.28) x 107"  [0.24ppb] . (3)

To match the precision of the measurement the theory of a, must include radiative cor-
rections of up to the eighth-order of QED perturbation theory as well as the hadronic and

weak contributions
a. = a.(QED) + a.(hadron) + a.(weak). (4)

The hadronic [8;19, 10, [11] and weak contributions [12] to a. are very small, but not entirely

negligible relative to the measurement uncertainties (2)) or (3):

a.(hadron) = 1.682 (20) x 1072, (5)
ac(weak) = 0.0297 (5) x 1072, (6)



The QED contribution a.(QED) can be divided further into four parts taking account of

the presence of other leptons:
a.(QED) = Ay + Ay(me/my,) + As(me/m;) + As(me/m,, me/m.), (7)

where m,, m,, and m, are masses of the electron (e), muon (1) and tau-lepton (7), respec-
tively. Aj, being dimensionless, depends only on the fine structure constant a. Ay denotes
contributions from the Feynman diagrams which have closed loops of either muon or tau-
lepton. Ajz stands for the contributions of the Feynman diagrams which contain both p loop
and 7 loop. Each A; can be calculated by the QED perturbation theory

A= AP (2) 4 A (%)2 + A (%)3 o (8)

™

The purpose of this paper is to give a detailed account of derivation of the revised value

of the eighth-order coefficient of A; reported recently [13]
® _ _
A® = 19144 (35) . (9)

Making use of our automating algorithms in handling ultraviolet (UV) and infrared (IR)
divergences [14, [15], we are now able to generate the eighth-order FORTRAN codes very
easily and swiftly. However, numerical evaluation of these codes is still nontrivial and
requires a huge computational resource. Thus far the “new” calculation has achieved a
relative uncertainty of about 3 % . Although this is still more than an order of magnitude
less accurate than that of Ref. [16], it is good enough for the purpose of checking the old
calculation.

Comparison of the “new” numerical result with the old one has revealed an inconsistency
in the treatment of the IR divergence in the latter. With this error of the old calculation
corrected, we now have two independent determinations of Aﬁg). Of course, precise evaluation
of all terms of “new” Af” by the integration routine VEGAS [17] requires an enormous
amount of computation. Fortunately, as is described in Sec. [V D] the correction term itself
can be evaluated easily and very precisely. This is why we are able to give the uncertainty
in Eq. (@) which is essentially identical with that of the previous calculation [16].

Besides A® the known terms of Eq. () are as follows [2, 18, 19, 120, 21, 122, 23, [24, 25,



26, 27, 128, 129):
A® =05,
AW = —0.328 478 965 579 - - - ,
A©® = 1,181 241 456 587 - - - |
A0 = 0.0 (4.6),

AY (mg/my,, me/my) = 0.190 945 (62) x 10712 (10)

Here, A§2), A§4), and A§6) are known analytically. Agl), A§6) and AéG) are known analytically
as functions of mass ratios so that their uncertainties are due to those of measured lepton
masses only. Note that Aglo) is actually unknown and the value listed above is an educated
guess calculated by the recipe proposed in Ref. [29] to indicate a likely range of the value
taken by Aglo). This will soon be replaced by a real number, which is being evaluated
by FORTRAN codes generated with the help of the automatic code generator GENCODEN
[14,115]. Until then A§1°> in Eq. ([I0) is the largest source of theoretical uncertainty.

In order to obtain the numerical value of the theoretical g —2, an explicit value of the
fine structure constant «, which is determined by the physical phenomena other than g—2,
is required. At present the best values of « available in the literature are from the Cesium

atom experiments |30, 131] and the Rubidium atom experiment [32]

a1 (Cs06) = 137.036 000 00 (110) [8.0ppb], (11)

o~ '(Rb06) = 137.035 998 84 (91)  [6.7ppb]. (12)
They lead to the theoretical predictions of a.:

a.(Cs) = 1 159 652 172.99 (0.10)(0.31)(9.32) x 1072,

ac.(Rb) =1 159 652 182.79 (0.10)(0.31)(7.71) x 107 '3, (13)

respectively, where the uncertainty 0.10 comes from the eighth-order result (), 0.31 is an
estimated uncertainty of the tenth-order term, and 9.32 and 7.71 come from the uncertain-

ties of the input values of the fine structure constants given in Eqgs. (II) and (I2)). The
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uncertainty due to the hadronic and weak contributions (@) is 0.02 x 107'2. The revised
theoretical anomaly a. is in closer agreement with the experimental values (2)) and (B]) than
the old value [16].

Unfortunately, the precision of a. given in Eq. (I3]) is not high enough for direct confronta-
tion between the experimental and theoretical a.’s. This is because the uncertainties in a,
due to these a’s amount to 9.3 x 1072 for a(Cs06) and 7.7 x 1072 for a(Rb06), respectively,
which are an order of magnitude larger than the experimental uncertainty 0.76 x 10712 and
the theoretical uncertainty 0.28 x 1072 of a,.

This implies that, assuming the validity of QED, the electron g—2 is in fact the best source
of the fine structure constant «, an order of magnitude better than any alternative. Because
of high precision of the experiments (2)) and (3] the fine structure constant o determined
from a, is rather sensitive to the revision of the theoretical prediction. Equating the Harvard

measurements (2)) or ([B]), and the theory (@), we obtain |7, 33, 134]

o~ (a.(HV06 = ThO7)) = 137.035 999 070 (12)(37)(90) [0.71ppb], (14)
o~ (a.(HVO08 = Th07)) = 137.035 999 084 (12)(37)(33) [0.37pph], (15)

where the first and second uncertainties come from the numerical uncertainties of A§8) and
Aglo), respectively, and the third in Eq. (I4) or Eq. (I5)) comes from the experiment (2] or
@), respectively.

These values of a~! are smaller than the old a™!(a.(HV06 = Th06)) by —6.411 80(73) x
10~7 which is about 4.7 ppb (or about 7 s. d.), but are still in good agreement with ! (Rb06)
of Eq. (II) and a~'(Cs06) of Eq. (I2), whose uncertainties are about 7 ppb.

The organization of the paper is as follows. In Sec. II, we briefly overview the “old”
and “new” approaches to the numerical calculation of the electron g—2 in QED. In Sec.
ITI, the diagrams of Group V of the eighth-order term are discussed. We compared the
results of the “old” and “new” calculations and found an unaccountable difference in the
results of the diagram Mjg. In Sec. IV, the diagram Mg is closely examined instead of
Mig. This is because Mg has a similar structure to Mg, but somewhat simpler. We found
a source of the discrepancy between the “old” and “new” results and the errors in the “old”
calculation of Mg and Mg are corrected. Sec. V gives the summary of the updated value
of the eighth-order contribution to the electron g—2.

Appendix A presents the tests of the automation system GENCODEN for the fourth-order
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and sixth-order g —2’s. Appendix B gives our renormalization scheme of the magnetic
moment amplitude in the “new” approach. Similarly, Appendix C gives the renormalization

scheme of the renormalization constants in the “new” approach.

II. OLD VS NEW APPROACH

The purpose of this paper is the presentation of the results of evaluation of A§8) by two
independent methods. Although these methods started from the same Feynman-parametric
representation of A&g), they took different approaches, in particular, in the handling of the
self-energy subdiagrams and associated infrared (IR) divergences. Furthermore, the “new”
approach was instrumental in discovering an error in the handling of infrared divergence in
the old method [16]. After correcting this error, we now have two independent evaluations

of Aﬁg), enhancing substantially the credibility of the calculation.

A. Common starting point

The anomalous magnetic moment a, is given by the static limit of the magnetic form
factor that is related to the proper vertex part I'V. Throughout this paper our attention
is focused on the ¢-type diagrams, namely, proper vertex diagrams that have no closed
lepton loops. In both old and “new” formulations, we use a relation derived from the Ward-
Takahashi identity [35, 36|

3Awﬁxqq _ 0%(p)
00  J,0  Opu

Nm@:—wl (16)

between the self-energy part ¥(p) and the sum of vertex parts A”(p, q) obtained by inserting
an external vertex in the lepton lines of Y in all possible ways. Here, the momentum of
the incoming lepton is p — %q and that of the outgoing lepton is p + %q. By means of
Eq. (I0) a set of vertex diagrams are amalgamated into a single self-energy-like diagram,
which reduces the number of independent integrals substantially. For the eighth-order ¢-
type diagrams, the number of Feynman diagrams is reduced from 518 to 74. Taking into
account the time-reversal symmetry, the number is further reduced from 74 to 47.

The amplitude of the magnetic moment contribution of a diagram is obtained by apply-

ing Feynman-Dyson rules of QED in the momentum space. Carrying out the momentum



integration analytically, we can express the amplitude of 2nth-order diagram G as an integral

over the Feynman parameters z;:

2n 1 " 1 E0+Co E1—|—Cl
ME = (_Z) (n— 1)!/(dz)g [n_l <U2V“—1 + Tayns +)

No + Zy Ny + 7,
T ( U2yn T {3y n—1 _'_"')}’ (17)

where (dz)g =[], dzi0(1 — ), ;). The factor (/7)™ is omitted for simplicity.

The quantities Ej, Ck, Ng, and Z; are polynomials of symbols called building blocks
Bij, A;, and Cj; [35]. The symbols B;; and U are homogeneous polynomials of Feynman
parameters, related to the flow of loop momenta in the diagram. The symbol A; is called
scalar current that is associated with the flow of external momenta. They are functions of
B;;, U, and z;. The symbol Cj; is given by z;, B;; and U. The denominator function V' is
defined by

V = Z Zi — G, G = Z ZZ'AZ', (18>

where the summation is over the electron lines only, and the electron mass is chosen to unity

for simplicity.

B. Different structure of integrand

Although the “old” and “new” methods have the common starting point, they have an im-
portant difference in practice. In the “old” version of the programs, the size of the integrand
was reduced by taking symmetries of a diagram into account. One type of modifications was
applied to the integrand by using 8 “junction laws” and 4 “loop laws” satisfied by the scalar
currents A; (where Feynman parameters z; play the role of resistance) 35, 36]. Another
type of modification was to reduce the number of integration variables by exploiting the
fact that in some diagrams the integrand depends only on a particular combination of Feyn-
man parameters. These resulted in substantial reduction in the size of integrands and the
amount of computing time required to achieve desired precision. In the “new” version, those
modifications were not employed at all because they are diagram-specific and not suitable
for automation. As a result, the size of FORTRAN source code for My, (see Fig. [), which

requires only vertex renormalization, is about 515KB in the “new” version in contrast to



316KB of the old version. A more notable difference is seen for the diagram M, which
requires IR subtraction. The “new” My occupies 630KB while the old M;js occupies only
21KB. As a consequence, the old and “new” integrals have much different forms so that they

can be regarded to be independent of each other as far as numerical integration is concerned.

C. Ultraviolet (UV) divergence

The amplitude Mg has (logarithmic) UV-divergences in general. Suppose we want to find
out whether Mg diverges when all loop momenta of a subdiagram S consisting of Ng lines
and ng closed loops go to infinity. In the parametric formulation this limit corresponds to
the vanishing of U when all 2; for ¢ € § vanish simultaneously. To find the criterion for the
UV divergence from S, consider the part of the integration domain where z; for ¢ € S satisfy

Y ics % < €. In the limit € — 0 one finds [36, 37]

V=001), U=O0(@")

O(e*s=1) fori,jesS,
O(e™s)  otherwise.

The UV-divergent part can be identified by the following procedure called K-operation:

(a) In the limit (I9) keep only terms with the lowest power of € in U, B;;, and A;. In this
limit U factorizes as UsUg/s where G/S is obtained from G by shrinking S to a point in

G. B;; factorizes similarly. V' is reduced to Vg,s, where Vs is the V' function defined
on G/S.

(b) Replace Vg/s by Vg/s + Vs.

(c¢) Rewrite the integrand of Mg in terms of parametric functions redefined in (@) and (b)),
and drop all terms except those with the largest number of contractions [35] within S.

The result is denoted by KsMg, in which Kg stands for an operator acting on Mg.

By construction, KsMg has the same UV divergence as Mg in the same integration domain.
Therefore it can be used as a pointwise subtraction term in the subtractive renormalization.
An important feature of K-operation is that the resulting integral can be factorized exactly

into a product or a sum of products of lower-order quantities that consists of a leading



UV-divergent part of the renormalization constant and the magnetic moment part. The
K-operation associated with a UV-divergent subdiagram S produces, when S is of vertex

type, the subtraction term of the form [36, 137
KsMg = Lg" Mgys , (20)

where LYV is the leading UV-divergent part of the vertex renormalization constant Ls and
Mg /s is the magnetic moment part of the reduced diagram G/S. When S is a self-energy
subdiagram, the K-operation yields [36, [37]

KsMg = émg" Mgs i+ + BS" Mgyis. (21)

where émy" is the leading UV-divergent part of the mass-renormalization constant dmg,
BYV is the leading UV-divergent part of the wave-function renormalization constant Bs, and
the reduced diagram G/[S, ] is obtained from G by removing S and a lepton line ¢ adjacent
to S.

The whole UV-divergent structure of the amplitude Mg can be recognized by Zimmer-
mann’s forest formula [14]. A forest is a set of UV-divergent subdiagrams in which any
pair of subdiagrams is either disjoint (they do not share lines or vertices) or inclusive (one
subdiagram is a subgraph of the other subdiagram). Each subtraction term corresponds
to a forest. In our formulation, the subtraction term is obtained by successive application
of K-operations for every element of the forest. The UV-finite amplitude M created by

K-operation is thus expressed in the form
Mg=Mg+ Y [](-Ks) Mg, (22)
I Sef
where the summation is taken over the normal forests of the diagram G that do not include

G itself as an element.

N. B. In both old and “new” approaches UV divergence is treated by the same K-operation.

D. Infrared (IR) divergence

A diagram may have an IR singularity when some of the internal photon momenta vanish.
In order that this singularity becomes actually divergent, however, it must be enhanced by

vanishing of denominators of two or more electron propagators (called enhancers) due to
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kinematical constraints. Such a situation occurs in diagrams that have self-energy-like sub-
diagrams. In Eq. (I7) this corresponds to the vanishing of V-function of the denominators

in the integration domain characterized by [36, 137]

O(9) if 7 is an electron line in R,
zi =4 0(1) if ¢ is a photon line in R, (23)
O(e), e~ ifieS,
where R = G/S.
This enables us to obtain a simple IR power-counting rule for identifying IR divergent
terms. When there are two enhancers, the amplitude shows a logarithmic IR divergence. We

can identify and construct the corresponding subtraction term by the following procedure

called J-operation [36, 37]:

(a) In the limit (23] keep only terms with lowest power of € and § in U, B;;, A;. The

numerator then factorizes to the product
F— F’RFS y (24)

where Fr is a numerical factor obtained by replacing all scalar currents A; in the diagram

R by one.

(b) Make the following replacements:
U— UsUR, V — VS + VR, F — Fo[LR]Fs, (25)

where Fy[Lg| is the no-contraction part of the vertex renormalization constant defined

in R. The difference between Fy[Lg] and Fr causes a finite difference of the integration.

(¢) Rewrite the integrand of Mg in terms of redefined parametric functions, keeping only

the IR-divergent terms.

In the “old” method all logarithmic IR divergences have been subtracted by means of the
J-operation. However, the case involving linear IR divergence, which has three enhancers,
was handled by an ad hoc manner instead of a systematic approach. Actually, the cause
of linear IR-divergence is easy to identify. It is caused by our treatment of self-energy

subdiagram by means of K-operation which subtracts only the UV-divergent part of the
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self-mass. The unsubtracted part of self-mass keeps the number of enhancers unchanged,
except in second-order case where the K-operation subtracts the self-mass term completely.

In the “new” approach, a systematic method is developed to handle the linear IR di-
vergence. To remove the finite remnant of self-mass term completely, an R-subtraction
operation [15] is newly introduced. After the R-subtraction operation is carried out, which
decreases the number of enhancers to two, only logarithmic IR divergences remain, which
can be handled by the [-subtraction operation similar to, but different in detail from, the
J-operation of the “old” method.

For a formal treatment, we introduce two operators for these subtractions. The R-

subtraction operator Rg acts as
RsMg = dmsMg s vy (26)
where dmy is the residual part of the mass renormalization constant defined by
5m§ =dms — 5m + Z H KSI 5m5 (27)
f S'ef
in which the leading UV-divergent part 5m};V and the subdivergent parts associated with

the forests [[g o, (—Ks') Sms are subtracted away, where dm = ém — om"V

The Isubtraction operator Is acts on the UV-renormalized amplitude Mg as
IsMg = LY sMs, (28)
where Lfg{/ s is the residual part of the vertex renormalization constant defined by

L§s = Los — Lg)s + Y [ (-Ks') Lass (29)
;o S'ef

in which the leading UV-divergent part Lg /s and the subdivergent parts associated with the
forests [[gc; (—Ksr) Lg/s are subtracted away, where L = L — LUV,

N. B. The IR power counting rule identifies only IR-divergent terms. It does not specify
how to handle IR-finite term. The “new” I-subtraction operation handles the IR-finite terms
differently from the “old” J-operation. The I-subtraction operation needs not deal with the
IR divergence associated with a vertex subdiagram of the self-energy-like diagram, while the
J-operation directly acts on the vertex subdiagram.

The whole set of IR subtraction terms can be obtained by the combinations of these two

operations, both of which belong to annotated forests |15]. An annotated forest is a set of
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self-energy-like subdiagrams, to each element of which the distinct operation of -subtraction
or R-subtraction is assigned. The IR-subtraction term associated with an annotated forest

is constructed by successively applying operators I or R, and takes the form
(—Is,)...(—Rs,)... Mg (30)

where the annotated forest fconsists of the subdiagrams §;, ...and S;, .. ..
N. B. The IR divergence is treated differently in the old and “new” approaches. This

difference plays an important part in ensuring the independence of two calculations.

E. Residual renormalization

Because of difference in the handling of IR divergences in the “old” and “new” methods,
we obtain different forms of residual renormalization. Since the “old” residual renormaliza-
tion is described in Refs. |36, 137], let us consider here only the “new” residual renormaliza-
tion.

In the “new” approach the UV- and IR-finite amplitude has the form

AMg=Mg+> [[(-Ks)Mg+> (-Is) -+ (—Rs,) - - Mg, (31)
I ser 7

where M is the UV-finite quantity defined by Eq. ([22). AMg can be readily turned into
a numerical integration code by GENCODEN [14, [15] and is to be evaluated by numerical
means.

This procedure is different from the standard on-shell renormalization which is defined
by the on-shell quantities. The difference between the on-shell quantities and the quantity
evaluated by Eq. (BI]) must be compensated by products of known lower-order quantities.

We call this step the residual renormalization. See Appendix B for details.

III. EIGHTH-ORDER TERMS

The eighth-order term A§8) receives contributions from 891 Feynman diagrams. The
373 of them have closed lepton loops and had been evaluated by two or more independent
methods [16]. The remaining 518 diagrams of ¢-type form one gauge-invariant set (Group V).
In our approach they are represented by 47 independent diagrams shown in Fig[ll by using
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LY. V- V-V

FIG. 1: Eighth-order Group V diagrams represented by 47 self-energy-like diagrams Mg—My7.

the relation derived from Ward-Takahashi identity and the time-reversal symmetry. Thus
far, there is only one complete evaluation of the eighth-order term, which was performed
by numerical means [16]. Some of these diagrams have linear IR divergence, which was
treated by an ad hoc subtraction method. In contrast GENCODEN is capable of dealing with
such hard IR divergence in a systematic fashion |15]. The application of GENCODEN to the
calculation of the eighth-order ¢-type diagrams provides us the opportunity not only to test
if it works properly, but also to check the previous result.

Even in the eighth-order case GENCODEN creates FORTRAN programs very rapidly. The
entire 47 program sets are generated in less than ten minutes on hp’s Alpha. The numerical
evaluation is, however, quite non-trivial and requires a huge computational resource. For
the preliminary evaluation we have used 64 to 256 Xeon CPU’s per diagram and run the
programs over a few months. To our surprise it uncovered an inconsistency in the treatment
of IR subtraction terms in the old calculation. In Secs. [IIl and V] we describe how this
inconsistency was uncovered by a detailed comparison of the old code and the code generated

by GENCODEN.
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FIG. 2: Self-energy-like diagrams of Mg and Mig. Feynman parameters assigned to the electron

lines are z; ~ z7 and those to the photon lines are z, ~ z4.
A. IR treatments of the eighth-order diagrams

The treatments of IR subtraction terms are different in GENCODEN and the “old” ap-
proach. The difference of IR subtraction terms leads to the difference of the finite part
of the amplitude AM; (i = 01, ---, 47). The difference AM' — AMP®™ between the old
amplitude AM?Y and the “new” one AMP®¥ is finite and can be expressed analytically in
terms of finite lower-order quantities. We will see if this difference is numerically reproduced
by substituting the numerical values calculated separately for these lower-order quantities.
If the numerical discrepancy is found, there must be something wrong in either the “old” or
“new” calculation. This is what we tried to find out.

We noted in Sec. that the subtraction of UV divergences is achieved by the same
K-operation in both GENCODEN and “old” calculation. Therefore, the difference between
AMPM and AMPV | if it exists, comes exclusively from the difference of IR subtraction

I

procedures between the ‘new” and “old” calculations. To examine this difference more
closely let us begin by considering relatively simple diagrams which contain only one second-
order self-energy subdiagram. Diagrams belonging to this class are My, Moz, Moy, Mis,
My, My, Moz, Moy, Moy, Mys, My, As an example let us consider the diagram My.

The IR divergence occurs in My, from the second-order self-energy subdiagram which
consists of an electron line “2” and a photon line “b” in Fig. B(a). In the W-T summed
diagram this subdiagram plays dual roles. One part of this subdiagram behaves as a genuine
self-mass term and the associated UV singularity is removed completely by the Ks-operation.
Another part works as the second-order magnetic moment Ms, and the residual diagram

surrounding M, behaves like a sixth-order vertex diagram Lggs of Fig. Bi(b), which is IR-

divergent.
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@ (b)

FIG. 3: (a) Self-energy-like diagram of My4. (b)Vertex diagrams 6¢5 and 4/ from which the vertex

renormalization constants Lggs and Ly, respectively, are derived.

In the “old” approach, the finite contribution AM;4 was defined by

AMP = My + Z H(_KS)MM — (Isgs + ALy ) M. (32)
f Sef

Here the second term on the right-hand side is the sum of UV subtraction terms given by
the K-operation. The last two terms beginning with the letter “I” are the IR subtraction
terms generated by the J-operations Jy34567 and J13(1 — Jy34567) in the “old” approach. They
arise from the “magnetic-moment part” of the self-energy-like subdiagram mentioned above.

Note that they are exactly identical with the IR-divergent parts of Lggs:
Legs = Togs + LALy + ALggs — > [[(—Ks)Legs + Loy - (33)
o Sef
Here the sum appearing on the right-hand side denotes all the UV subdivergences contained
in Lggs (whose explicit form is — LYV Ly, — LYV L, + (LYY)2L,), and the last term is the
overall UV divergence of Lggs.

In the “new” (or GENCODEN) approach, we introduce a term Lg, s defined by

LEs = Logs — Ligs + Y [ [ (—Ks)Legs (34)
f Sef
and AMPFY by
AMEY = My, — I My, (35)

where I, is an [-subtraction operation associated with the self-energy-like subdiagram S =

{2, b}, and yields

Iy My = Liys Ms. (36)
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From Eqs.([33) and ([34) we obtain
L6Rg5 = ]6g5 "— ]2AL41 —|— AL6g5. (37>

This is UV-finite and consists of not only IR divergent terms but also a completely finite

term ALggs. It follows that AMPY and AMPS™ differ by
AMPS — AM™ = ALgys Mo . (38)

Since ALggs is UV- and IR-finite, it can be computed without encountering with UV or IR
divergence. This is true for every AMP'Y — AMPY as it originates from the choice of finite
pieces that accompany the singular terms. The choice adopted in AM7¥Y turned out to be
preferred since it leads to a simpler formula and can be readily extended to other cases.

All eleven diagrams listed above can be analyzed in the same manner. The diagrams My,,
My, Myy, My7, Mag, Msg, which contain two or three second-order self-energy-like subdia-
grams, are slightly more complicated, but can be treated in a similar manner. Evaluation
of the diagrams with one self-energy subdiagram of fourth- or sixth-order such as Mg, My,
Mg, Msg, My, My is more complicated and needs the residual self-mass renormalization,
the R-subtraction, as well as the I-subtraction. But they do not present particular diffi-
culty as far as IR subtraction is concerned. (See Appendix B for more information on these
diagrams.)

The diagrams Msg, My, Mys, Myg, M,y are even more complicated due to nested struc-
ture, but they can also be handled by slight extensions. (See Appendix B.)

The most difficult of the eighth-order ¢-type diagrams are those containing one second-
order self-energy-like subdiagram and one fourth-order self-energy-like subdiagram, namely,
Mg and Mg of Fig. The difficulty originates from the fact that these diagrams have

linear IR divergence. Detailed analysis of these diagrams is deferred to Sec. [V]

B. Numerical result of eighth-order calculation

We present the results of our numerical study for AM4 — AMPeY in Tables [Tl [ and [TIl
In these tables, the second columns list the analytic expression of AMP'Y — AMPY in terms
of finite pieces of lower-order renormalization constants and magnetic moment amplitudes

multiplied by the multiplicity, which is 1 for the time-reversal-symmetric diagram and 2
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TABLE I: Comparison of the numerical calculation of My —Mis of the eighth-order Group V
diagrams. The second column shows the analytic expression for AMP4 — AMPY for each diagram
M; in terms of lower-order finite quantities multiplied by the multiplicity. The value A in the third
column is obtained by substituting the values of lower-order renormalization constants, such as
AMya, ALys and AMy,(1+y, for the corresponding expression in the second column. See Appendices
[Bl and [Tl for the detail. In contrast, the value for AM? — AMPY in the fourth column, denoted
by value B, is obtained by taking the direct difference between the value of AM;’ld quoted from
Ref. [16], and the one of AMP*Y calculated via GENCODEN in the “new” IR subtraction procedure
[14,115]. The fifth column lists up the differences A — B. If the whole calculation is done correctly,
A — B must vanish within the numerical uncertainty. In evaluating AM"®Y the double precision
is used for the diagrams without a self-energy subdiagram, while the quadruple precision is used

for the remainder.

Diagram difference value A value B A-B
Moy O 0 —0.0129(47)  0.0129(47)
Moz  2ALgp Mo —0.0063(2) 0.0060(110) —0.0124(110)
Moz ALgps My —0.1133(1) —0.1055(100) —0.0078(100)
Mos  2(ALgg1 + ALggz) Mo 0.3350(2) 0.3408(175) —0.0058(175)
Moys O 0 0.0020(28) —0.0020(28)
Mo O 0 —0.0223(61)  0.0223(61)
Moz O 0 —0.0102(40)  0.0102(40)
Mg 2(A6MagAMigrey + ALicAMi,) —2.1809(7)  —2.1790(121) —0.0019(121)
Moy  2ALgpa Mo 0.0806(1) 0.0894(109) —0.0088(109)
Mo 2(AémapAMyy1+) + ALega Mo + ALy AMyp) 15.8898(49)  15.8795(147)  0.0103(155)
My 2ALggs M, 0.6949(2) 0.6827(112) 0.0122(112)
Mis  (2ALga1 + ALgas) Mo 1.2842(0) 1.2875(74) —0.0034(74)
Mz  2ALgp Mo —0.4211(2) —0.4238(48)  0.0027(48)
My 2ALggs Mo 0.0892(2) 0.0960(95) —0.0068(95)
Mis  2ALgg1 Mo 0.0883(2) 0.0893(71) —0.0009(71)
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TABLE II: Comparison of the numerical calculations of Mjg—Msy of the eighth-order Group V

diagrams.

Diagram difference value A value B A—B

Mg 2(AdmaaAMyp+y + ALoar Mo + ALysAMy,) —2.6042(6)  —2.6316(235)  0.0274(235)

Myr  2(ALger + ALgay) Mo —2.1201(2) —2.1010(189) —0.0173(189)

Mg 2{A6mayAMypir) + ALysAMy, 16.9686(39)  17.1897(206) —0.2207(210)
+(ALgp + ALgag) Ma}

My 0 0 0.0002(3)  —0.0002(3)
My 0 0 0.0010(17) —0.0010(17)
My, 0 0 0.0003(3)  —0.0003(3)
My 0 0 —0.0090(25)  0.0090(25)
Moy 2ALgpaMo 0.0501(2)  0.0438(59)  0.0064(59)
Myy  2ALggoM, 0.0789(2)  0.0945(61) —0.0155(61)
My 0 0 —0.0031(20)  0.0031(20)
My Admgs(Mae — My [I]) 2.5119(3)  2.5369(95) —0.0250(95)
My;  2ALgga My —0.0630(1)  —0.0459(90) —0.0171(90)
Mas  2{Admega(Mor — Mo [I)) + ALgeaMs} ~7.5332(5)  —7.5307(153) —0.0025(153)
My 2ALgesMo —0.2857(2)  —0.2809(109) —0.0048(109)
Msg  Admge(Max — Mox[I]) + 2A Ly M, 0.2763(6)  0.2675(153) 0.0088(153)

otherwise. Each value in the third columns, called “value A”, is obtained by substituting
the values of these renormalization constants, etc., listed in Table IV, for the corresponding
expression in the second columns.

In contrast to value A, each value in the fourth columns, called “value B”, is obtained
by taking the difference between the numerical value AM?' quoted from the literature [16]
and the one AMP*" newly calculated via GENCODEN according to the “new” IR subtraction
procedure [15]. The fifth columns list up the difference of value A and value B for each 1,
denoted by A — B. It must be zero within numerical precision if the whole calculation has
been done correctly. If value A and value B are different, there are two possible sources.
One possibility is that the program used for a numerical calculation has a bug. It means

that either AM? or AMP®Y is wrong, or both are wrong. The other possibility is that we
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TABLE III: Comparison of the numerical calculations of Mg;—My7 of the eighth-order Group V

diagrams.

Diagram difference value A value B A-B
Mz 0 0 0.0007(5) —0.0007(5)
Mz 0 0 —0.0024(10)  0.0024(10)
Mss 0 0 0.0001(3) —0.0001(3)
Msy 0O 0 —0.0010(13)  0.0010(13)
Mszs 0 0 0.0001(13) —0.0001(13)
Mss 0 0 —0.0027(22) 0.0027(22)
M7 0 0.0004(5) —0.0004(5)
Mss  Admgp(Max — Mo [I] ) —0.9088(3) —0.9112(40)  0.0024(40)
Mszg 0 0 —0.0031(18)  0.0031(18)
My 2A6megg(Mar — Max[1] ) 3.8281(3) 3.8326(71) —0.0045(71)
My Admag(AMyqor)) + ALgp AMyq, 0.9809(3) 0.9713(83)  0.0096(83)
M Admee(Mas — Mye[I)) + ALyAMy, —7.0218(4) —7.0202(114) —0.0016(114)

+AM4a{AMypary — Admgs (Max — Ma-[I])}
Mys  ALgps My 0.4724(1) 0.4703(42)  0.0022(42)
My, 2ALggz My —0.0748(1) —0.0499(69) —0.0250(69)
Mys  Admge(Max — Mo« [I]) + ALge3 Mo —0.0523(3) —0.0498(90) —0.0025(90)
Mys  AdmapAMyqeory + ALgesMa + ALy AMy, —7.9339(22) —7.9232(86) —0.0107(89)
My7  Admegy(Max — Mos[I]) + ALgps My + ALyAMy, 10.5872(15) 10.5864(102) 0.0008(103)

—I—A5m4b{AM4b(2*) — A5MQ* (Mg* - MQ* [I])}

incorrectly identified the analytic difference between the “old” and “new” methods.

For a diagram M; without any self-energy-like subdiagrams, the analytic expression of

A —

AM?P™ is trivially zero, as it does not have IR divergence. We can see from the

corresponding values B in Tables and that this is confirmed within the numerical

precision employed.

The diagrams containing self-energy-like subdiagrams suffer from IR divergence. Tables[Il

M and [l show that “old” and “new” calculations are in good agreement for most of these
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TABLE 1IV: Finite renormalization constants used in Table [[, [, and Sixth-order vertex

renormalization constants are shown in this table. Their validity is checked by comparing the sum

XiBp = Z?:l ALgy; + %AB&C + 2Admgz, x = a,---h to the previous Xrypp values listed in

Ref. [16].

ALga 0.539604( 45) ALgss  —0.167211(81) ALgas 1.489159( 98)
ALgy — —1.479745(109) ALgp 0.582944(106) ALgs — —0.016344( 73)
ALgei  —0.219365( 98) ALges 0.071504( 87) ALgs  —0.552261(107)
ALga 0.834949( 96) ALgz  —0.090796( 92) ALz —0.499995( 97)
ALgas  —1.378190(109) ALggs 0.694916(101)

ALgr — —0.741904(144) ALgo  —0.285670(108) ALgs — —0.141787(122)
ALgr  —0.006322(114) ALgps 0.080648( 97) ALgss — —0.226693(106)
ALgg1 0.088204( 70) ALggo 0.078922(103) ALgs — —0.074834( 92)
ALgys  —0.062995( 85) ALggs 0.089213( 69)

ALgni  —0.421132(108) ALgns 0.050140(108) ALy 0.944887(116)
Admg,  —0.15331(26) N 1.83795(19) Admg.  —3.05047(17)
Admgg ~ —1.90117(11) Admee 0.11193(13) Abmgy 1.25594(10)
Adme, 0.95702(6) Admg,  —0.45441(5)

diagrams. However, a large discrepancy —0.221 (21) is found for the diagram Mjs. Though

no detectable discrepancy is found for Mg, it has a structure similar to M;g and is somewhat

simpler to analyze. In Section [Vl we thus look for the origin of such a discrepancy through

a detailed investigation of Mig.

IV. DETAILED EXAMINATION OF Mg

In the “old” approach the finite contribution AM;s was given by [36, 3§]

AM = My + ) [[(—Ks) Mg

I Sef
1

— Tger My — §J66M2 — Iy AMyq — Admiag Lyp1vy + Ios Admya Mo,

20

(39)



TABLE V: Finite renormalization constants used in Table [I, [T and Fourth-order and second-

order quantities are given here.

ALy, 0.003387(16) ALy, —0.481834(54)
ALy, 0.407633(20) ALy 0.124796(67)
ABy, —0.039811(15) ABy, —0.397283(15)
Admy, —0.301485(61) Admyy 2.20777(44)
AMy, 0.218359(39) A My, —0.187526(39)
AMy41) 3.6192(31) AMyq(00) —3.6003(19)
AMyp(1) 4.2486(15) AMgpy(o0) 1.6432(15)
AM, 0.5 A Mo« 1
AMy- (1] -1 Admas —0.75
ADBs 0.75 ABy:[I] —05
ALox —0.75 A Box 1.5
while the “new” version is given by
AM™ = Mg+ Y [[(-Ks)Mig
I Sef
— Ly My — L AMyq — AdmagM gy + Ly Admag My (40)

where LY = I,.. Note that “2*” denotes the second-order diagram with a two-point vertex
inserted into the internal lepton line. “4b(1*)” denotes the diagram obtained from the

fourth-order diagram 4b by inserting a two-point vertex into the lepton line 1 .

A. Unrenormalized amplitude and UV subtraction terms of Mg

We began our examination by comparing the unrenormalized amplitude Mg and its UV
subtraction terms in the “old” and “new” programs. For this purpose we used the “spot-
check” method, by which the values of “old” and “new” integrands are compared at the
same set of numerical values of integration variables. The integrand of M4 is defined in the

Feynman parameter space that spans a hyperplane in 11-dimensional space satisfying

ittt ottt =1 (41)
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In the “new” version, this hyperplane is mapped onto a unit 10-dimensional hypercube. On
the other hand, in the “old” version the integration space is mapped onto an 8-dimensional
hypercube, since the integrand depends only on the combination of Feynman parameters
z137 = 21 + 23 + z7. To carry out the spot check, we must use the same mappings, so we
changed the mapping of the “new” integrand to the “old” one defining z; = 23 = 27 =
(1/3)z137. In practice the set of input parameters is chosen from the neighborhood of the
singular point of interest where numerical disagreement is likely to be magnified. But points
too close to the singular point are avoided, where the noise due to round-off error obscures
the meaningful information. The “old” integrals and “new” integrals of the unrenormalized
term and UV subtraction terms should be algebraically equivalent but have different forms
because of extensive simplification of the “old” integrands by means of various relations
among scalar currents. The “spot-check” comparison of “old” and “new” unrenormalized
and UV integrands proves unambiguously that they have nevertheless the same values within

the precision of numerical evaluation. (Typically more than 10 digits in 14 digits precision.)

B. IR subtraction terms of Mg

The “spot-check” method, however, is not directly applicable for comparison of “old” and
“new” IR subtraction terms, because they are algebraically different by construction. For
this purpose we need to understand precisely the analytic structure of the IR subtraction

b

terms in both “old” and “new” methods. Thus we follow an alternative approach by which
we can identify how they differ from each other in the analytic form.

In the “old” method, the IR singularities of Mg are isolated by the Jr-operations, where
R ={1,3,7,a},{1,2,3,7,a,b},or {1,3,4,5,6,7,a,c,d}. Thus, the formal expression of the

IR~free contribution of Mg is given by [37]
AMyg = (1 — T1a7)(1 — Tizaser) (1 — Ti2z7r) My, (42)

where M, is the UV-finite amplitude obtained by the K-operations. The product
J134567T1237 gives no contribution, since they overlap each other and cannot take these IR
limits simultaneously.

Following the “old” prescription in Ref. [37], individual IR subtraction terms of Eq. (42)
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can be written as follows:

— Jizaser M 15 = — L1 Mo, (43)
- 31237M16 = —14cAMy, — M4b(1*)[I]A5m4aa (44)
- j137(1 - j134567)(1 - j1237)M16 = + 1o Aoy, My . (45)

Is.1 and I, are the no-contraction terms of the vertex renormalization constant Lg.; and
Ly, respectively. Myy+) is the magnetic moment amplitude, which is obtained from the
fourth-order diagram My, with the two-point vertex inserted into the fermion line 1. Its
argument [I] implies that the numerator of the no-contraction term of Myp(i+) is replaced by
that of the vertex renormalization constant L,,, while discarding the contraction terms.

If there were only logarithmic IR divergence, AM ¢ defined in () would be IR-finite,
but it is not. The problem here is that I and Myya+)[/] in Egs. (43) and ({@4) have linear
IR divergence. The J-operation prescription is constructed so that it only deals with the
leading IR singularity. Of all eighth-order ¢-type diagrams, M and Mg have the linear IR
divergence. Since these are the only cases, we chose to deal with their next-to-leading-order
IR divergences by an ad hoc method rather than constructing a general rule.

In the Jy34567 limit of Eq. (43]), the diagram Mg decouples into the vertex diagram Lg.
which consists of lepton lines 1, 3,4, 5,6, 7 and photon lines a, ¢, d and the magnetic moment
part M, which consists of lepton line 2 and photon line b. All IR singularities originate from
the vertex diagram Lg.;. The no-contraction term Lg.1 [Fp|, namely Ig.1, includes the leading
linear IR singularity as well as the next-to-leading logarithmic singularity.

The logarithmic IR singularity also arises from the J;3;-limit of the one-contraction term

L [F1]). To deal with this, we constructed the quantity in which the numerator

Junrenorm.
6c

is the Jy37 limit of Lg.[Fi], but the denominator V and U is the same as Lg,. The UV

divergences of Jyrrenor™- are removed by the Kysq, Ksg, Kys-operations:
6c 56, 1856, 1845

1 1 fi
e = (1~ Ke) (1~ Ka)(1 ~ Ko (35 [ (@daysiins )
f1 — —16[345(2 - A6> —|— 2B46(1 - 2145) + B56(2 — A4)] 5 (46)

where S = {2, b}.
Next we consider the Jjo37-limit of Eq. (44)). In this limit, the self-energy-like subdiagram
consisting of lepton lines 4,5,6 and photon lines ¢, d plays dual roles. When this fourth-

order self-energy-like subdiagram behaves as a magnetic moment My, , the residual diagram
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resembles a vertex diagram L,,. Its singularity is logarithmic, so Jj937-operation properly
works for this part.

The problem arises when the self-energy-like subdiagram acts as the self-mass dmy,, which
is the second one of its dual roles. The residual diagram is the magnetic moment amplitude
with one two-point vertex inserted, namely, Myy1+). The power counting shows that it has
a linear IR singularity. Thus, the J-operation is not enough to remove the IR singularity of
this term. M4b(1*)[f | is not sufficient to remove all IR singularities arising in the J;937 limit.
The IR structure of My~ is more closely scrutinized in the next subsection, where Iy~ is
constructed to include both linear and logarithmic IR singularities of the magnetic moment
amplitude Myy+). (A similar subtraction method works also for Ms.)

Taking these considerations into account, we replace the IR subtraction terms of Mg in

the “old” method listed in Eqs. (43) and (44) with [36, 13§]

1
— Fizuser M6 = —(Locr + §J66)M2 (47)

- 3/1237M16 = _[4CAM4G - ]4b(1*)A5m4a (48)

which are more convenient for comparison with the “new” approach. Note that Eq.(d5]) is
unchanged.

Now, let us look at the “new” approach. All IR singularities, both linear and logarithmic,
are subtracted by using the general rule applicable to any order of the perturbation theory.
The R- and [-subtractions, and their combinations determine the IR subtraction terms of

M;¢ as follows:
—IoM,s = =L, Mo,
—luseM 5 = — Ly, M,
—Ruse M1 = _5m£{a M4b(1*) )

+H2R456 MlG = +Ll; 5m4Ra M2 . (49)
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By definition given in Eqs. (27) and (29), the residual quantities are explicitly given by
Ly = (1 = Kasg)(1 — Kas) (1 — Kig) (Loer — Leer )
= Leer — LYY — (BYY Ly + 6mYY Lo ) — 2LYY Lyg + 2LYY (9my Ly + BYV L),
LY = (1 = Ky)(Lys — LYY) = Loy — LYY — (BYV Ly + 6myLo),
My, =(1—Ks5)(1 = Ksg) Mao = Myo — 2LV M
Smi = 6my, — omlV
M ey = (1= Ko) Muyiey = Maypary — (BYY Maw + 6mo M) (50)
where L = L — LUV. (See below Eq. (Z7).) In terms of the “old” expression of the
unrenormalized amplitude and renormalization constants, the residual quantities are related
to the IR divergent and finite pieces of the “old” method by the following relations:
Ly = Toe1 + %Je‘c + AlLger
L4Rs = Iys + ALy,
M,, = AMy,,
dmY = Admy,,

M4b(1*) = Lpry + AMpsy - (51)

We are now ready to compare the IR subtraction terms of “old” and “new” method side

by side:
old new
(a) —(Tger + 3J6e) Mo —(Iser + 5Joc + ALge1) Mo
(b) — I3 AMy, —(I4s + ALy ) AMy, (52)
() —Lip1+) DMy —(Lapary + AMap1x)) Admy,
(d) + Lo AOgy My +Lox AOdryy My .

Actually, instead of examining the IR subtraction terms of the “old” method themselves we
reconstructed them from the “new” programs by dropping finite terms (eg. ALy ) from the
“Residual” term (eg. LY), and compared them with the terms in the “old” programs by the
spot-check method. To obtain Ig.; and I4, we only need to comment out the contraction
terms (equivalently drop the terms proportional to B;;) of Liv; and LY of the “new” pro-
grams. In this way, we found that the reconstructed IR subtraction terms from the “new”

programs are identical with “old” ones for (a), (b), and (d).
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However, the “old” IR subtraction term (c) L1 Admy, cannot be constructed by such a
simple recipe from the “new” programs generated by GENCODEN. Dropping the finite terms
in M 4b(1*)A5m4a is not enough to reproduce Iy(1+)Admy,. Therefore, we reconstructed the
subtraction term Iyi+)Admy, from the scratch using the definitions of the fourth-order
quantities Igq+) and Admy,. Then, the result is compared with the integrand in the “old”

program of AMM,

C. IyarAdmy, by the “old” J-operation

Let us first explain how Iyp1x)Admy, is obtained in the “old” program. In the old ap-
proach, the IR subtraction term I (1) Admy, originates from the Ji37-operation. In addition
to this term, Jqo37 operation yields the term I;,AMy,.

The IR-limit associated with the operator Jio37 is given by
Zatm=1—000), 2,2, 2520 =0(0), 24,25, 2, % 2q4=0(), e~ &§—0.(53)

In the neighborhood of this limit we have A; = 1 — O(9), A2 = 1 — O(0), and V =
O(6?). As is discussed in the previous section, the result of Jis37-operation includes both
linear and logarithmic IR divergences. In particular, the linear divergence is associated with
J137J1237 limit. If we apply the J137J1237 operation, however, it subtracts the linear divergence
correctly, but not the logarithmic divergence. Thus, we chose an ad hoc method in which
the piece including linear divergence is separated out from the result of J;537-operation and
put aside for a while. The remainder that contains only logarithmic divergence is named f.
The linear divergent piece is redefined so that it is defined on the subdiagram {1, 2, 3,7, a, b}
without decomposing it into two subdiagrams {2,b} and {1,3,7,a}, which occurs in the
naive Jy37J1237 limit. This term is named f;. The explicit forms of f; and f; in the old

FORTRAN program of AM4 read:

! Eo 4 Co + 0mu, F+Y:  3(gs — Vi)omug v
o= [tdeds qbatr) (Br ol £ s BT Slas = el £ 101
(54)

fi= =5 [0 Tt - -1+ 04, - 3% 241, (55)
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where

Lys[Fo] = (441 — 245)(1 — Ay 4 A3) + (=2 + A1 Ap) (1 — 44, + A)
Fy = Bys(2 — A)/U + 2Bus(1 — 245) /U + Bse(2 — As) /U
Y1 = — 24(Bus(1 — Ag) + Bug + BseAs) /U
+ 25(Bus(1 — Ag) — 4BysAs + Bss(1 — Ay)) /U
— 26(BasAg + Bag + Bse(1 — Ay)) /U
Vi = z137(1 — A1) — 29(1 — Ay)
Ey=2A,A5A¢ — AyAs — AyAg — AsAg
Co = —32.24/Us

Omyalfo] = Eo+ 1 — 245

Yo =z (—As + As + Ag + AgAs + AyAg — A5 Ag)
+ 25(1 — AyAs + AyAg — AsAg + 2A4 A5 Ag)
+ 26(Ag + A5 — Ag — Ay As + A Ag + A5 Ag)

gs = zaAs + 25 A5 + 2646 - (56)

The building blocks U, V, A;, B;; of the above integrands are obtained from those for M4
by taking the IR-limit associated with the Jio37-operation. Recall that in the IR-limit the
subdiagram S consisting of the fermion lines 4, 5,6 and photon lines ¢, d, and the reduced
diagram G /S consisting of the fermion lines 1, 2, 3, 7 and the photon lines a, b decouple from

each other. Thus, the building blocks are actually the same as those obtained by taking the
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UV-limit associated with the K 56 limit. Their explicit forms are

U=Us Ugys,

Us = 246cd4%5 + Z4cZ6d; Ug/s = 21310226 + 222

V=Vs+Vgys,

Vs = zus6 — 2aAs — 2545 — 26A6 + N 2ea, Voss = 21231 — 213741 — 2240 + N 2g,

7
Aij=1-) 2By/U, i=1,-T,

=1
By = Bi3 = Bi7 = B33 = B3y = B3y = 23U,
Bys = z6q Ugys, By = —2z5 Ugys, Bse = 240 Ugys,

B;j=0 forie Sandjeg/S. (57)

In the above z;,,... stands for z;, + 2, + --- and the electron mass is taken as a unit of
mass scale (i.e., 1) and the photon mass is A. In the leading order of the Jja37 limit Ly [Fp)
tends to 4. The actual form of Ly [Fy] in Eq. (56) was chosen so that the integral fy
decouples into known lower-order quantities. This difference for Lys[Fp] is IR-finite. Note
that dmuy,[fo] is related to the integrand of Admy,, namely, the UV- and IR-finite part of
the mass renormalization constant dmy, given later in Eq. (63)).

In order to clarify the structure of f; and f;, let us split fi into the three parts fir1, fr2, frs3,

1 Ey+Co+gsF1 +Yr  3gsomy, + Y
fklZ/(dZ) L48[F0]< 0 0T gst 1+ gs 4[f0] 0)’

9402 V3 V4

Jro = /(dZ)Q%WL%[FO](;lea[fO] (% . M) |

fis = [(@2)o gz LulRlomaal 20222, 59
and f; into the two parts fii, fi

Ju= Z /(dz)g%zﬂzu — Ay)(=1+64; — 3A] +247),

fio = —Z /(dz)g%zzu — A9)(2 — Ag)(—1+6A; — 3AT +2A7). (59)

The integrand f; was compared with the integrand ;56 M6 generated by GENCODEN by
the spot-check method. We confirmed that the integral fi; minus its Ky limit, f,, is equal
to 14sAM,,, which is listed as (b) of (52)). It turns out that fio+ fi is equal to Ly Admy,,
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which is reconstructed from the lower order quantities in the next subsection. Thus, the
difference between the “old” calculation and the reconstructed one is confined in f3 + fio.

It is [R-finite but contributes a nonzero value to AM.

D. Iy+)Admy, reconstruction from the lower-order quantities

In order to understand where this difference fi3+ f;2 came from, let us examine IR diver-
gence structure of mass-inserted magnetic moment amplitude My +y in the “old” approach.

Lp(1+y is defined from Mg+ as follows[36, 38]:

Mupey = (1 = Ko) (1 = L) (Mapr+y — Mapy [f]) + Ko Mypary
+ L (1 — Ko) Myp1+y [No + Zo — f, Eo + Co] + Mup14)[ f]
= AMyy+y + (6moMaer + BYY My ) + L+ - (60)
The two terms in the second line of the r.h.s. define I +):

Lipivy = Tau(1 — Ko) My [No + Zo — f, Eo + Co] + Mapa [ f], (61)

where the function f is introduced in the first term in an ad hoc manner to subtract out
the linear IR divergence coming from Ny + Z;. The linear IR divergence is confined to the
second term Myp(1+)[f], which has the form
1 f
Muypao[f] = —< /(dy)g/57,
8 Ug/sVeys
f=—=8yAs(1 — Ag)(—1+64; — 3A3 +2A43) . (62)

The explicit form of the first term of Eq.(€1)) is

U2 2V2 V3

) Ly | Fq 1 1-A
Lt M1y [No + Zo = f, Eo + Co] = lim / (d)gss iy ( - 1)> . (63)
- G/s G/s G/s

but 1 where
Voss = yisr(1— A1) + y2(1 — A2) + N (Yo + U),
(dy)gss = dy1dyadysdyrdyadys 6 (1 — Y1237 — Yab)- (64)

The finite part of the mass renormalization constant Admy, is

o 1 5m4a[f0]
Admy, = 1 /(dy)sma (65)
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where dmy,[fo] is expressed in the same form in Eq. (B6]) and

(dy)s = dyadysdysdy.dya 6 (1 — Yass — Yed)- (66)

Using the identity

1 L'(m+n) /1 /1 gm—1gn—1
= dt dsd(l—t—s ’ 67
Vgnvgn/s F(m)r(n> 0 0 ( ) (t VS + s Vg/s)m—l—n ( )

we can express the product of Admy, and the first term of Iyq+) defined in Eq. (€I]) in the

same Feynman parameter space as that for the original amplitude Mg

o = A0myq X Loy Myp+)[No + Zo — f, Eo + Co)
— /(dZ)g L4S[F0]5m4a[f0] (i _ M) , (68)

4U? V3 V4
which is identical with fio. Similarly, the contribution of the product of Admys, Mapix)[f]
to Mlﬁ is

lrf = A5m4aM4b(1*) [f]

3 OMuyg
= /(dz)g U‘;‘E{:O] 2A5(1 — Ag) (=1 + 6A; — 3A2 4 243) (69)

which is identical with f;.
Therefore we find that the combination, — fr3 — fi2, is extra in the “old” AMféd so that

the correction term
AMEY = 2(fus + fi2)

_ _ox g/(dz)g‘s”g‘;iwmzu CA( - Ay, (70)

where the overall factor 2 comes from time-reversal diagram, must be added to AMg.
Evaluating it numerically, we obtain AM?3d = 0.029 437 8 (98), which is smaller than the
current uncertainty of value B for Mg in Table [[Il and cannot be detected by the direct
comparison of value A and value B until the latter is evaluated more precisely.
The difference between AMEY and AMZE can be analyzed in the same manner. It is
found that the difference is numerically not small for Mig:
AMEY = 2(1 — Ks)(fas + fio)
9 om
=—-2x 1 /(dz)g(l - K5) {U;tibv[:io]z2f42(l - A1)3(1 - A2)}
= —0.215 542 (19), (71)
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where A;,U, and V are defined in the Ji537 limit of Mjg. Of course their explicit forms are
different from those of Mys. If we add AME to AMI, the value B for Mg in Table [l be-
comes 16.974 (21) and the difference between value A and value B is reduced to —0.006 (21),

which is consistent with zero within the precision of numerical calculation.

V. CONCLUSION

The results described in this paper are summarized as follows:

1) There was an inconsistency between the “old” integrals AMPY and AMP! and their

residual renormalization terms. This inconsistency is resolved in this paper.

2) Other 45 integrals of Group V of the “old” calculation are in good agreement with the

“new” ones.

3) Programs generated by GENCODEN have no error for N = 8. Namely, the automation

scheme has cleared the eighth-order test without difficulty.

The separation of the IR divergent and finite pieces in a given amplitude can be made
arbitrarily. There is no overriding rule that dictates how to carry out such a separation. We
only have to keep a record of what is subtracted as an IR subtraction term. All IR subtraction
terms are summed up in the end and the arbitrariness in the choice of IR divergent part
cancel out, leaving a finite contribution as a part of the residual renormalization.

The important point is that the IR subtraction term prepared for the numerical calcu-
lation and the one used to calculate the residual renormalization must be the same. What
we found is that Iyq~) used in the numerical calculation of M;s and Mg and Iy +) for the
residual renormalization constant AMyy+) had different forms in the FORTRAN programs
of the “old” calculation. This is the reason why Mg and Mg had IR-finite but redundant
contributions.

The development of automatic code generator [14, [15] was crucial in enabling us to
discover the existence of extra IR subtraction terms in Mg and Mg on short notice. Adding
the correction terms AM and AM24d to the “old” value, we find the entire contribution

of Group V to be
AP (GroupV) = —2.179 16 (343), (72)
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which is in good agreement with the still preliminary value
AP (GroupV) = —2.219 (53), (73)

obtained by the “new” code generated by GENCODEN.
Due to the different forms of IR subtraction terms, the forms of the residual renormal-
ization are also different in the “old” and “new” calculations. The residual renormalization

terms in the “old” IR procedure are given by [16, 136, 13§]

A§8) (GroupV)?d = A M®eld _ 5 AN O0dA B
— AMW{4ALY + 3ABYW — 9(AB,)*}
— Mu{2AL® + AB® — (10AL® + 6ABYW)AB, + 5(AB,)%}
— AM@)A§m®
— (Mys — Mo [1]){AmM® — ASm™ (5AB, + Admg )}
+ MyASm™ (4ALye + ABye — Bou[I]) (74)
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where

47
AM(S)old _ Z AMZQId’

1=01

h
AM(6)01d _ Z AMgglpd

AMW = AM,, + AMy,,
AM(4*) - 2AM4G(1*) —l— AM4a(2*) + 2AM4b(1*) —l— AM4b(2*)

h 5
ALY = Z Z N2 A Ly

r=a 1=1

ALY = 2ALy + ALy, + 2ALy, + ALy,
AB® = Ehj 1:ABga,

ABW = A_B4a + ABy,

Asm!® = i 12 A0z,

AdmY = Admy, + Admy,

1 forx=a,b,ce f h
e = (75)
2 forxz=d,g.
The numerical values of the finite renormalization constants are listed in Tables [V] and [V]
and also in Appendix [Al By.[I] is obtained from the J,;-operation of the wave function
renormalization constant Bags.

The formula of the residual renormalization for the “new” calculation is much simpler
than that for the “old” one. Since the mass renormalization is completed within the numer-
ical calculation, the mass renormalization constant should not appear in the residual renor-
malization. The exceptions are the vertex and wave-function renormalization constants that
have self-energy subdiagrams. The mass inserted vertex (wave-function) renormalization
constant Lo« (Ba+) has no overall UV divergence. As a result, the K-operation cannot pick
up the renormalization terms proportional to Lg«(Bg«). It must be restored in the residual

renormalization in order to carry out the complete on-shell renormalization. The residual
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renormalization formula in the “new” approach is given by
Agg)(GroupV)neW = AM®new _ 5AN[Onew AR,

— AM®W{3ALY + 3ABYW — 9(AB,)*}
— Mp{ALB® —6(ALY + ABW)AB, + 5(AB,)?*}

+ MyASm™ (4A Ly + ABy.) (76)

where
ALB® = AL® 4+ AB® + ALWAB, + Adm™ By.[1], (77)
AMOmew — ANO _ (AL, — My 1)) Adm™® — MyALY. (78)

In Eq. (76) the vertex renormalization constant AL™ and the wave function renormalization
constant AB™ appear in the same weight for each order of the perturbation. It is because
we have already subtracted one AL™ as an IR subtraction term. Calculating the combina-
tion AL™ + AB™ is much easier than calculating each of them separately. Because of the
Ward-Takahashi-identity for the renormalization constants L™ + B(™ = 0, many cancella-
tions occur between two terms. Thus, we introduced a combined renormalization constant
ALB®  Tts relation to the “old” renormalization constants AL® and AB©® are given in
Eq. ((T0). More detailed definitions of ALBg, for each diagram are given in Appendix [C3
The left-hand side of Eq. (T7), ALB®, was directly calculated with the programs made by
the automatic code generator for the residual renormalization constants [39] and obtained

as

h
ALB® = " n,ALBg, = 0.100 86 (77). (79)

This result was checked by comparing with the right-hand side of Eq. ({T7) calculated using
the residual renormalization constant for the “old” calculation. The sixth-order magnetic

moment AM O was calculated with the programs generated by GENCODEN and given as
AM©me — (0.42610 (53). (80)

See Appendix [A 2] for the detail of AM ©)new
As we have shown in the paper, the two results (72) and (73]) of the eighth-order contribu-

tion from Group V diagrams are obtained by means of the totally independent calculations.
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Further theory corrections to the eighth-order term of the electron g—2 is very unlikely.
The new theoretical prediction should be announced when we complete all the tenth-order

calculation.
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APPENDIX A: TEST OF GENCODEN BY LOWER-ORDER a,

Although GENCODEN was developed primarily to deal with the tenth-order ¢-type dia-
grams, it can be readily applied to the calculation of fourth-, sixth-, and eighth-order g-type
diagrams. Since these lower-order terms are also known from previous works, this serves for

debugging of GENCODEN.

1. Fourth-order a,

The fourth-order case is the simplest nontrivial example. The g—2 receives correction
at this order from four types of vertex diagrams, 4c¢, 4x, 4s and 4l shown in Fig. l(Db).
Following the remark in Sec. [T'Al the sum of g—2 from the vertex diagrams 2My.(s) + Mz
is expressed as a quantity associated with a single self-energy diagram Myqp) in Fig. @ (a)
via the Ward-Takahashi identity (I€). (The factor 2 is assigned to the diagram to account
for the presence of the diagram which is related by reversing the orientation of the lepton
line.) GENCODEN creates two program sets for My, and My, within a few seconds on a
generic Linux PC. These programs give the finite amplitudes AM,q) as the sum of the
unrenormalized Ward-Takahashi summed g—2 amplitudes, also denoted by My,p), and

necessary UV and/or IR subtraction terms. The relation of AMyqup) to Mygp is given in
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FIG. 4: Fourth-order g-type diagrams. (a) Self-energy-like diagrams My, and My,.  (b) Vertex
diagrams 4c, 4x,4s, and 4l. Their contributions to the magnetic moment are related to My, =

2Mye + My, and My, = 2Mys + My;.

Appendix B1l It took about 10 minutes each to carry out their numerical integration by
VEGAS [17] with ten million sampling points per iteration for 50 iterations on hp’s Alpha
machine.

The values obtained in this way are

AM,, = 0.218 78 (35),
AM,, = —0.187 73 (40) . (A1)

The contribution from the fourth-order ¢-type diagrams is expressed as
AW (g-type) = AMy, + AMy, — ABy M, (A2)

taking the residual renormalization into account. Ms = 1/2 is the second-order correction
to g—2 and ABy = 3/4 is the finite part of the second-order wave function renormalization
constant Bs. Substituting the numerical values (AJl) for the formal expression (A2), we

obtain
AW (g-type) = —0.343 95(53), (A3)

which is in good agreement with the analytic value —0.344 166 --- [18,[19].
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FIG. 5: Sixth-order g-type self-energy-like diagrams Mg,, * = a, ..., h. The time reversal diagrams
of Mgq and Mg, are not shown here. The fermion lines of a diagram is named 1 to 5 from left to
right. The vertex diagram obtained by inserting an external photon vertex into the fermion line 4

of the self-energy diagram 6z is named 6x:.

2. Sixth-order a,

The sixth-order diagrams can be evaluated in a similar manner and are found to give
a result in good agreement with the numerically [20] and analytically [21] known values
as follows. Fifty vertex diagrams of the sixth-order ¢-type diagrams are reduced to eight
self-energy-like diagrams shown in Fig. [5] by means of the Ward-Takahashi identity and the
time-reversal symmetry. It takes just one minute to create all eight FORTRAN programs
for Mg, (x = a,b,...,h) by GENCODEN on hp’s Alpha machine. Numerical evaluation was
carried out on RIKEN’s PC-cluster system (RSCC). After computation of 2 to 6 wall-clock
hours with 16 Xeon-CPU’s for each diagram to carry out a VEGAS integration with one
hundred million sampling points per iteration for 450 iterations, we obtained
AMOmew — i AMP™ =0.426 0 (11). (A4)

r=a

After continuing computation with one billion sampling points per iteration for 200 iterations
for each diagram, we obtain the updated result AM© ¥ given in Eq. (B0). The contribution

of ¢-type diagrams to A§6) including the residual renormalization is given by

A9 (g-type) = AMO™Y _ 3AMDAB, + M, { ~ABW — ALY + 2(AB,)?}
— 0.905 26 (53), (A5)

where AB(L)® is the sum of the finite parts of the fourth-order wave function (vertex)

renormalization constants. See Appendix [C2| for their definitions. The formula of the
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residual renormalization ([A3]) can be obtained by using the definitions of the finite quantities
AMyqp), AMs,, ete., in Appendixes[Bland[Cl The values of finite quantities such as ALy, . ..

are given in Table [Vl The various finite pieces appearing in (AJ]) are

ABYW = AB,, + ABy, = —0.437094(21) (A6)
AL®W = 2AL, + ALy, + 2ALy, + ALy = 0.465 024 (17) (A7)
AM® = AMy, + AMy, = 0.030 804 - - - (known exactly ). (A8)

Eq. (Af) again shows good agreement with the analytic result 0.904 979 - - - by Laporta and
Remiddi [21].

APPENDIX B: DIVERGENCE STRUCTURE OF THE MAGNETIC MOMENTS

We briefly summarize our notation in Appendices [Bl and [Cl The relation between the
unrenormalized amplitude M and the finite amplitude AM of magnetic moment is listed in
this appendix.

A symbol with a prefix A means a finite quantity. A renormalization constant with a
superscript “UV”, AYV is the leading UV-divergent term of the on-shell renormalization
constant A. A can be L, B, and dm according to a vertex-, wave-function , and mass-
renormalization constant, respectively. AYV is identical with A in Refs. [16, 36]. The
subtraction terms proportional to a UV-renormalization term AYY are generated by the
K-operations. A renormalization constant with a superscript “R”, such as LY, is the resid-
ual term defined in Eqs. 27) and @29). A of AR must be either L or dm. BR is also
defined accordingly, but there appears no BY term in the definition of a finite magnetic mo-
ment amplitude. The subtraction terms involving A® are generated by the R/I-subtraction
operations.

The subscript of M or A stands for the name of a diagram. A self-energy-like diagram
of the second-, fourth-, and sixth-orders are called 2, 4a and 4b, and 6a, 6b, 6¢, 6d, 6e, 6 f, 64,
and 6h, respectively. (See Figs. ll and [5l) The 47 independent self-energy-like diagrams of
the eighth-order are named from 01 to 47. (See Fig. [Il) The fermion lines are always named
from 1 to n — 1 from the left to right, where n is the order of the perturbation theory.

The name of a vertex diagram is determined based on the Ward-Takahashi related self-

energy diagram. When the vertex diagram is obtained by inserting the external photon
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into the fermion line i of a self-energy diagram nz, this is called nzi. Thus, we have
Lygi, 1=1,2,3, x =a,b, and Lgy;, t=1,---5, x =a,---h for the fourth-, and sixth-order
vertex renormalization constants, respectively. The vertex renormalization constant of the
second-order is named Ls, since there is only one vertex diagam of the second order. In
the early article [40], the fourth-order vertex diagrams are given other names. We follow
the naming system Ref.[40] in this paper. The correspondence between two names of the
fourth-order vertex diagrams is that 4al = 4a3 = 4c¢, 4a2 = 4z, 4b1 = 4b3 = 4s, and
4b2 = 4l. (See Fig. ).

When a two-point vertex is inserted into the fermion line i of a diagram nx, the resulting
diagram is called nz(i*). Namely, x indicates the two-point vertex.

The primed quantity, for example Ly, (;, is the derivative amplitude obtained by applying

—zi% operation on the integrand, where z; is the Feynman parameter assigned to the

fermion line ¢. Note that Ly, is equal to Ly,, but its UV-divergent part LE;{Z.,) is not equal
to LY. Since second order quantities such as B, and dmsy have only one electron line, it
is not really necessary to distinguish different electron lines. We therefore use somewhat
sloppy notations By« and By instead of By(ix) and By(yry.

For Ly, which contains electron lines 1 and 2, it is sometimes necessary to distinguish
lines in which insertion is made. Lo«+ implies that two two-point vertices are inserted into
the fermion line 1 of Lo, while Ls.i« means that one two-point vertex is inserted into the line

1 and another into the line 2. My, contains three electron lines 1,2,3 and Mjyq(1++) means

that two-point vertex insertion has been made twice in the electron line 1, and so on.

1. Fourth-order magnetic moments

The fourth-order magnetic moments are the same for both old and new approaches. The
UV-finite amplitude are also given here.
My, = AMy, +2 LYY M,
M,, =AM,
My, = AMy, + BYY My + 6mg My. + LY M,
My, = AMy, + LY M,

In the new approach no explicit form of M« is needed because the mass renormalization
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is completed by the R-subtraction operation. They are, however, listed here, since they are

used in the old approach.
Myaaey = AMyaaey + LYY Maye + Ly
Mya2+y = AMuq(ory + Lia2+)
Mup1ry = AMupey + (9mg Maex + BYY M) + L)
Mypary = AMuypgaey + 6m3Y Moe + Lipaey + Ly Mye + Mo [I] 6ge — 2 Mo.[I] Ly

2. Sixth-order magnetic moments by GENCODEN

The finite amplitudes of the sixth-order are given in the following. For simplicity, we

drop the superscript “new” from AMg™.

Mgq = AMgq + 2 0my Myr+y + 2 ByY My, — 6my (6mg Maes + ByY M)
— BYY (6my My + BYY My)
+2 L§ M,
Mg, = AMg, + dma Muyory + BYY My, + dmy Mae + ByY My — dmy dmyY Mo
— BYY (6myY My + BYY M)
+ LY AMy, + LY My + My Admy,
Mege = AMg, +2 LYY My, + 6myY Mye + BYY My —2 LYY (mg My« + By My)
+ LY AMy, + My Admy,
Mgq = AMgq + Ly My + 0my Mygsy + BYY My, + LYY My, — ByY LyY M,
— LYY (6mg My« + B3V Msy)
+ LY My
Mge = AMge +2 LYY My + 6my Mygery + By My, —2 LyY BJY M
+ L% M,
Mgy = AMgp +2 LYY My +2 LY My, —3 L3V LYY M,
Mgy = AMgy + LyY My + Ly Mo+ LYY My, —2 LYY LYY M,

Mej, = AMg, +2 LYY My
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3. eighth-order magnetic moments by GENCODEN

The finite amplitudes of the eighth-order are given in the following. For simplicity, we

drop the superscript “new” from AMv.

MOl = AMOl + 2 Lgv M(jf + 2 LECV M4a + 2 Lg]}{ M2 -3 (Lgv)2 M4a
—6 LYY LY My +4 (LYY)3 My

Moy = AMoy + 6ma Mgy + ByY Mg + LYY Meq + Ly My + LYY My + Loy, Mo
— L5V (0my Myaaey + By Mua) — By LY My — Ly (0my Mae + By My)
— ByY Liay My —2 LYY LY My — (L5Y)? My +2 LyY ByY LyY M,
+ (LIV)? (6my Mye + BYY M)
+ Loy My

Moz = AMoz +2 Ly Mgg + dma Meyaey + By Mgy +2 Ly, Mo
—2 LY (6my Myyy + ByY Mug) — (L3Y)? My, — 2 LYY LYY M,
—2 By L My + (L3Y)? (0mg My + BYY My) +2 L3V ByY L3V My

Moy = AMoy + 6ma Meg) + B3 Meq + dmay M-y + ByY Mgq + L3 Mgy + Lgyy Mo
— 6my (6my Mygery + BYY Myaaey) — BSY (0ma Myaaey + BYY My,)
—2 Ly (6my My + By M) — ByY (Lig(ay + Lig(1ny) Mo
+ LYY dmy (0mg Maye + BYY My) + LYY BYY (0mg My + BYY M)
+ (ByV)? Ly M,
+ Lyg My + Ly, Mo

Mos = AMos + Ly ¥ Mg, + Ly, Maa + Lgpy Mo+ Ly My —3 LYY LYY My

Mos = AMs + Ly Moy + Ly Mos + LYY Muq + LEF5 M + LY Mo

—2 (LYY My, —2 LYY LY My —3 LIV LYY My +3 (LSY)? M,
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Myr = AMyy + Ly¥ Mgy + Ly Mgy + Ly Myq + Ly, M+ ng\{ M,
— 2 (LYV)? Myy — 4 LYV LYY My — LYV LYY My + 3 (LYV)? M,

Moyg = AMyg + LSV Mg, + 2 LSV Megq + 5mgav Mya1ry + BAE),V Myq + Lgc\ll M,
— 2 (LIV)? My, — LYY (dmyy Mo + By My) —2 LIV (6my Myaae) + By Mu,)
—2 LIV LYY My — ByY LYY My 42 (LYYV)? (6my My + BYY My)
+2 LYV BYYV LYY M,
+ LY AMyq + M g0y Dby,

Moy = AMog + 6ma Mepaey + By Mgy + LYY Mee + LYY My, + Loy, Mo+ Ly, Mo
— Ly (0my Mygery + By Mya) — ByY Ly Myq — By Liyy My
— ByY Ly My —3 LYV LYY My+3 LyY ByY Ly M,
+ Lgsy My

Mg = AMig + 6mo Megary + ByY Meq + 6my,’ Myga+) + Bl M,
+ LYY Mg, + Ly, Mo — dma 6m3Y Myga-y — By (dmyY Mugsy + By Muy,)
— Ly (0my My + By M) — BfY Loy My
— Ly (6my, My + By My) — By Ly" My + L7V dmy dmyY Mo
+ LYY BYY (6m3Y Mo + ByY M)+ BYY ByY LY M,

+ LY (AMy + L Mp) — LR LE My + LEy My + M1y Admuay

My = AMyy + 2 6my Meagsey + 2 ByY Mgq + 2 Ly, My,
— Sma (Mo Mygaezey + BYY Mugaey) — BYY (Sma Mygaey + BYY My,)
—2 LYY (6my My + By My) — 2 BYY L3V My,
+2 BYY LY (6my Maw + B3V My)
+2 Ly My
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M12

=AMy + 2 6my Meaa+y + 2 By Mg + 6ma Meaaey + By M,

— 2 6my (6my Myyes) + ByY Mapsy) — 2 BYY (9mg Muprey + BYY M)
— 0my (0me Mupi+3+) + BYY Mypary) — BYY (0my Map(1+y + BYY My,)

+ (6mg)? (dmg Masss + ByY Mayws) +2 0my BYY (6my Mo + BYY Moy )
+ (BIV)? (0mg Mye + BYY M)

+2 Loy My + L,y Mo

= AMlg + 5m2 Mﬁh(l*) + B;JV M@h + Lng M4b + Lgd\éll M2

— Ly (6my My + BYY M) — ByY L,y M,

+ Ly My

= AMyy + 6my Megsey + ByY Moy + LYY Meg + L)Y My, + Loy M,

— Ly (6my Muaaey + ByY Mug) — LY (6my My« + By M) — BV L,y My

— (L5Y)? My, — LyY Ly My + (L5V)? (6my My« 4+ By M) + L7V By LyV M,
+ ng5 M2

= AM15 + 5m2 Mﬁg(l*) + Bgv Mﬁg + Lgv Mﬁd + LECV M4b + Lga\g M2

— LYY (6mg Mugasy + ByY My,) — LLY (6my Mo + BYY My) — ByY L}fl(vl,) M,
— (LYV)? My — Ly LYY M,

+ (LYV)? (6my My« 4+ ByY M) + L7V ByY LyY M,

+ ngl M,

= AMig + 6my Meeiry + BYY Mg + 0myY My + Bi, My, +2 L3V Mg,
— 0mgy (0mYY My + BYY My.) — BYV (6myY My + BIY M)

— 4 LYY (6my My + BYY My)

+2 LYV 6my (6my My + BYY My) +2 BYY LYV (6my My + BYYV M)

+ Lity My + L, AMyq + M ey Admyg — Ly Admag M,
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Ml?

M18

= AM7 + 6my Mooy + By Mee + 6ma Meaary + By ¥ Meg + LYY My,

+ Loy, Mo — 6my (6ma Mygieae) + BYY Myg+)

— By (6my Muaery + By Mug) — Ly (5mo My« + By M) —2 By Ly, My
— BV LYY My, + 6my BYYV LYY My + (BYV)? (LYY + LYY) M,

= AMg + 0my Mep=) + By ¥ My + dmg Moy + B Mga + 0my, My

+ BYY My, — dmy (dmy Myprso0y + BYY Myp1+)) — BYV (my Myp(2+y + BV My,)
— 0my (MY My + BYY Mo.) — BYV (6mYyY My + BLY M)

— dmg dmyY Myasy — By (6m3Y My + By" Muy)

+ 0mg dmYY (6mg Mow + BYY My) + BYY omSY (6my My + BYY My,)

+ ByY B3V (0my My + BYY M,)

+ L, My + LY (AMy, + L My) + Lty My — LY LY M,

+ (M gy — L5 M) Admy,

= AMyg + 2 Ly M,
= AMQO + L;JV Mﬁh + Lg}g M2 + ng\zi M2 —2 LSV L}fmv M2
=AMy +2 Lgyy My

=AMy + Ly¥ Mgy + Ly Myq + Lgpy My + Ly M
— (LS My, —3 LYY LYY My — LYY LYY My 42 (LYV)? M,

= AMaz + dmy Mep o) + ByY Mgy + Ly My

+ Lggy My — BYY (L) + Liay) Mo

+ Lgyo Mo

= AMay + 0my Megan) + By Meg + Ly Maa + Legy Mo
+ Lggt My — BYY Ly My, — ByY Ly, M,

—2 Ly LYY My — ByY Liay My +2 LyY BV LyV M,
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Mos = AMys + 2 Lgv Meg + 2 L([ajd\; M — (Lgv)2 Mya =2 Lgv L‘[ljlv My
—2 LYV LY Mo +2 (LyY) M,

Mag = AMag + 2 LYY Mo +2 LYY My + 5mly Mo + BYY My — 3 (LYV)? My,
— 2 LIV (6mYY Mo + BYY My) —2 LYY (6my Mye + BYY M)
+3 (LIV)? (6my My + By My)
+ LY AMgs + My Admgy

May; = AMyr + dmg Mgy + BYY Mgy + LYY Mg, + LYY My + LYY, M,
— ByY Ll My — By Ly My —2 LYY LY My — L3V (8my Miyg(ar
+ BYY Mya)+2 LYY BYY LYY M,
+ Ly Mo

Mog = AMoyg + 6my Meeary + BYY Mge + LYY Mgy, + LYY My, + 0mey Mo + By M,
— LYY (0ma Moy + BYY M) — By Ly My, — 6ma dmiyy.) Mo
— BYY (6miyyy Mo + Byl My) — L5V (dmy My« + By Ms)
— LYY (6my Mye + BYY M) + LYY 6my dmSY M.
+ LYY BYY (6m3Y Maw 4+ ByY M) + BYY LYY (0mg My + BYY M)
+ Ly My — LY LY My + LY (AMeq + L, My) + Mae Admeq

Mag = AMag + 2 6my Meeaey + 2 ByY Mg +2 Loy, My — 6ma (6ma Myggzery + ByY Mug(or))
— B;W (6my Mugery + B3 My,) — 2 ByY (L4S 5y + L4s 1) My +2 (BJV)? LYY M,

My = AMszo + 2 5my Mepary + 2 BYY Mgy, + dmgy Mo + BgY M,
— dmy (8my Mypaesy + ByY Muypar)) — By (6ma My + BYY Myy)
— 2 dmgy 5m4b(1* My —2 BYY (5m4b(1, Mo + B4b(1,) M)
+2 0my BYY omyyY Moy + (ByY)? (6myyY My + BYY My)
+2 Lity My —2 LY L My + LY (AMgq +2 LY, My) + My Admg,
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Msy = AMz; +2 Lg% M,y

Msy = AMsy + Legs M+ Lepy M,

Msz = AMss + 2 Lgy Mo

May = AMsy + LYY My, + LYY My + LY My —2 LYY LYY M,
Mzs = AMss + Ly Mgy, + Loy Mo+ Lgyy Mo —2 Ly LYY M,

Mag = AMsg + Ly Meg + L)Y Mao + Ligsy My + Lggs Moy — (Ly¥)? My,
—3 LYV LYY My, — LYYV LYY My +2 (LYV)? M,

M3z = AMsz + 2 Lggy My

Masg = AMsg +2 LYY My, + 6mg Mox + BgY My —2 LYY (0mg Mys + BYY M)
+ Ly AMgy, + Mo Admgy,

M3y = AMsg + LYY Mgy + Lj Mg + Ly, Mo+ Lty My — (LYY)* My,
—3 L9V LYY My — LYV LYY My +2 (LYV)? M,

My = AMyg + L3 Mge + Ly My, + Ly My, + dmg,” Mo + By, Mo
—2 (LYY My — LYY (0myY Maw + By My) — LYY (6my Mae + BYY M)
— LYY (6my My + BYY My) +2 (LIV)? (6my My + BYY M,)
+ Ly AMgy + Mox Admg,

My =AMy +2 LYY Mge + 6myyY Mugey + By Mag +2 Liy M,
—2 LYV (6my Myagaey + BYY My,) — 4 LYV LYY My — 2 BYY LYY M,
+4 LyY ByY LyY M,
+ L, AMyq + M 00 Adinyg
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My =AMy + 2 LY Mgy, + omy, Mypoey + By My, + 6mgy My + BgY Mo
—2 LYV (6mg M-y + By My) —2 LIV (dmy) M + By M)
—omyY omyY My — BV (0mSY Mye + By)Y M)
+2 LYY dmy omSY Mye +2 LYY BIY (5mSY M. + BYY M)

+ L} AM,, — (L} AMy, + LY (AMg, + LY AMy, + My Admy,)
+ My (Admg. + Ly omy,) + M 00y AdMy4q
— 5m12>i Admy, Mox — Admy, Lg‘ M

Mz = AMys + 0my Menss) + By Mg, +2 Lggy My —2 BV LYo Mo
+ Ly My

My = AMyy + 6my Megz-) + ByY Moy + LYY My, + Loy Mo + Loy, Mo
— ByY LyY Myy — BJY Lty My — ByY Loy My —2 Ly L3V My
+2 LYV BV LYY M,

M45 = AM45 -+ 5m2 M60(3*) + B;JV M6C + 2 LESV M4b + 5mgev MQ* + Bgev M2
—2 By L3V My, — dmy dmiyge) Max — By (6mijp(yy Mae + Bigy M)
— 2 LYY (6my My + BYY My) +2 BYY LYY (6my My + BYY M)
+ LYy My + LY (AMg, + LY My) + My Admg, — LY, LY M,

My = AMyg + 6ma Meezey + BYY Mee + 6my, Myge-y + By Mag +2 Ly, Mo
— 0ma 0myY Mgy — By (6mgY Miae) + ByY Mya) —2 By Loy My
—2 By LYY My+2 BYY ByY LYY M,
+ Logy My — L, Ly My + Ly, (AMyy, + Ly Ma) + M 00y Db,
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Mz = AMyz + 6ma M-y + ByY Mey, + dmy, Mupary + By My, + dmg, Mos
+ BgY My — 6my 0myY Mypary — BYY (6m3Y Muypaey + By My,)
— 0my dmyyoe) Mow — ByY (0miylon Maw + Biyloy Ma) — dmy dmyY Mo
— By (0m3Y Moe + B3V M) + dmy (0m5Y)? Mye + BYY omsY dm3Y Mos
+ BYY ByY (0m3Y My + B3V My)
+ Mo« [Admeg, + LY {0mb — (0my dmb. + ByY dm)}]
+ LY (AMg, + Max Admuyy + LY AMy, + LY M) + Mo Admy,
+ LY (AMy, + LY My) + LE, My — Admg, dmB My — LY Admgy, Mo
— (L2 (AMy, + LY My) —2 LY LY My + (LY M,

APPENDIX C: DIVERGENCE STRUCTURE OF THE RENORMALIZATION
CONSTANTS

1. Second-order renormalization constants

Ly=IL%V +L,, LY¥=IL,=1
By=BV+B,, BY=B,=-I,+AB,
LY + B} = AB,

By =—2 Loe,  Loe = Ipu + ALy

Baww = —2 (2 Lgwet + Lot

(5m2* = 5mg*v + 12 + A(5m2*

2. Fourth-order renormalization constants

L4m = LEQUV + I4x + AL4$
Lie=LY + Ijc + ALy + LYV L,
Bio = BY — L+ AByy +2 LYY By — 2 I,
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Ly =LY + I+ (LY? + ALy + Ly LYV
L4S = LESV + [45 + AL4S + 5m2 L2* + B;JV zgl

By = BYY + AByy 4 6my Bys + BYY By + LY By — 2 I, — Iy

ALBy, =2 Ly + L}, + B =2 ALy + ALy, + ABy,
ALBy, =2 LY + L} 4+ BY — LY ABy =2 ALy, + ALy + ABy,

ALBY = ALB,, + ALBy = ALY + AB®W

Sixth-order renormalization constants

L6a1 = L6Ra1 —|— 2 5m2 L48(1*) —I— 2 B;JV z45(1/) — 5m2 (5m2 LQ**T —|— B;JV L2l*)

— BYV (0my Lyw + BYY Lyw) + LYY
L6a2 = L6Ra2 + LSV z4s + 5m2 L4l(1*) + Bgv Z41(1/) - L;JV (57712 Lg* + Bgv ZQ’) + Lga\;

L6a3 = L6Ra3 + 2 (5m2 L48(1*) + Bgv z45(1/)) — 5m2 (5m2 LQ*T* + BSV L2/*)

— B;JV (5m2 L2/* + BSV Zzu) + Lga\g

L6b1 = Lgﬂ + 5m2 L4S(2*) + BSV E4s(2/) + 5mgbv Lg* + B}liv zgl — 5m2 5mg*v LQ*

— BYY (omyY Ly + B Ly) + Ly
Loy = Ly + 6my Lygae) + BYY Lugy + LYY Ly — BYY LYY Ly + LYy
Leys = Loy + LYY Luy+ LYY Ly — (L§Y)? Ly + Ly
Loy = Ly +2 LYY Lyg + 6myY Lyw + BYY Ly —2 LYV (8my Lye + BYY Ly) + LYY
Loy = Ly + LYV Ly + LYY Ly — (LYV)? Ly + LYY
Lges = Ligg + Ly, Ly + Ly

Loy = L&, + 0my Lucsy + BYY Luoury + LYY Lyg — LYY (9my Lo + BYY Ly) + LYY
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L6d2 == L§d2 + Lgv Z4C + L;JV Z4l - (Lgv)z zg + Lgd\g

L6d3 = L§d3 + 5m2 L4C(1*) + Bgv Z4C(1/) + L;JV z4s - L;JV ((57712 Lg* + B;JV zgl) + L

Loas = L&y, + 0my Lugsy + BYY Luary + Ly,

Leas = Leys + 0mo Lyc(zy + BV Z4c(3') + Ly L, - By LyY L+ Ligs
Loer = Ly + 0ma Luygory + BYY Luggey + LYY Ly — BYY LYY Ly + LYY
Lees = L?eg + 0my Lygeary + By Z4:1:(2’) + Lge\é

Lges = L& o + LYV Ly, + LOY,

Les1 = LaRfl + Ly Ly + Ly Ly — (LyV)? Lo+ Lg}{

Less = Ly + LYY Ly, + LY,

Legs = L + 2 LYY Ly — (LYV)? Ly + LYY,

Log = Ly + LYY Luc+ LY Ly — (LYY)? Lo+ Ly,

Lega = Ligo + Ly

Legs = Lz + Ly

Legt = Liyy + Ly Laa + L,

Logs = L s + LYY Lac + LYY Ly — (LYV)? Ly + L),

Lepi = L& + LYYV Ly + LYY

_ IR uv
Lena = Loy + Lgpo

20

uv
6d3



Lens = L6h3 + Léﬁé

Bgo = B, + 2 (6my By+) + By B4b v ) dmy (0mgy Baer + BYY By)

B6b = ng + 5m2 B4b(2*) -+ BSV §4b(2’) + 5m}fbv BQ* + BE)V EQ’ — 5m2 5mg*v Bg*
— BYY (0myY By + BYY By)+ BYY

Bge = BR +2 LYY By + 0myY By + BYY By —2 LYV (6my By + BYY By) + BYY

Bea = BY, + 0mg Buary + BYY Buaary + LYY By + LYY By — LYY (0my By + BYY By)
— ByV LYY By + By

Bse = BY + 6my Biagzr) + BYY Buay +2 LYY By —2 BYY LYY By + BYY
Bss = BY, +2 LYY By, +2 LYY By — 3 (LYY)? By + By
Bsy = B + LYY By + LYY By + LYY B, — 2 (LYV)? By + By

Be, = Bey, +2 LY Bg—l—B

The residual renormalization constants ALBg, for each diagram appearing in Eq. (T1)

are defined in the following equations.

ALBg, =2 Lg, +2 Lgy + L s + Be

6a

-2 LY AB,

ALBg, =2 Lgy, + 2 Ly, + L + By,
— LY (BR +2 LE + LR — LY ABy + (LY)* AB,

ol



1]
2]

ALBg, =2 LE, +2 LE, + LY, + BY

— LY (BR +2 LR + LR)

ALBgq = Ly + Liyy + Liys + Ly + Liys + By
— LY AB,

ALBg, =2 LY, +2 L%, + LE, + B}
— LY AB,

ALBgy =2 Ly, +2 Lisy + Lips + Biy
ALBgy = Ly + Ly + Liys + Ly + Logs + By,
ALBg, =2 Ly, + 2 Lgys + Lgys + B,

h

ALB® =3 "1, ALBg, = AL® + AB® + ALY AB, + Adsm™ By [1]
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