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1. Introduction

The arbitrary Lagrangian Eulerian (ALE) method [1] is widely
used in hydrodynamical fluid flow modeling. It consists of several
Lagrangian steps followed by rezoning and remapping steps.
Rezoning step smooths the Lagrangian mesh to prevent its distor-
tion and remapping performs conservative interpolation of the
conserved quantities from the old Lagrangian mesh to the new re-
zoned one. To minimize interpolation errors one needs to use the
high-order remapping, which however tends to produce over-
shoots or undershoots (i.e. creates new local extrema) in the vicin-
ity of discontinuities. Creation of the new local extrema can be
reduced by using slope limiters during reconstruction phase of
the remapping [2], however this approach in general cannot avoid
new local extrema. To remove the new local extrema one typically
employs some a posterior procedure such as repair [3] which dis-
tributes the excessive conservative quantity into the neighboring
cells.

To avoid this a-posteriori correction we propose a new remap-
ping method, based on the flux corrected transport (FCT) ideas
[4-6], which does not produce new local extrema. The new flux
corrected remap (FCR) is local by definition (one interface at a
time), simple and fast. Its extension to general multidimensional
meshes is easy. The FCT type methods have been applied to system
of Euler equations by either FCT limiting of characteristic variables
[7,8] or by using the same limiter (being the minimum of density
and energy or density and pressure limiters) for all equations
[9,10], which is sometimes called synchronized. By synchronized
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we however understand something else. We have three indepen-
dent FCR limiters for conserved mass, momentum and energy
and we choose these limiters in such a way that the remapped
solution satisfies bounds in density, velocity and internal energy
and our FCR solution stays close to the high-order solution. Schar
and Smolarkiewicz [11] apply the synchronized FCT method to
the system of transport equations and we compare our FCR with
remapping based on their method. In the FCR method we guaran-
tee the bounds in density, velocity and specific internal energy
(internal energy per unit mass) by constraining the fluxes of mass,
momentum and total energy. We employ independent flux limit-
ing correction factors for mass, momentum and total energy. From
the bounds we derive the constraints on the correction factors. The
constrained optimization chooses the correction factors satisfying
the constraints which are in some sense optimal, i.e. producing
fluxes close to the high-order fluxes. Compared to the sequential
FCR [12], we apply the bounds simultaneously to treat all quanti-
ties in the system at once, thus we call our method synchronized
FCR (SFCR). The SFCR method has been developed in [13] for mass
and momentum with bounds in density and velocity. Here we
extend it to include also remap of total energy with bounds in
internal energy.

2. Problem statement

The underlying functions describing the fluid at position r are
density p(r), velocity u(r), specific internal energy &(r) and total
energy e(r)= p(¢ +u?/2). The rezoning phase of the ALE method
constructs from the old Lagrangian mesh 2 (consisting of cells
©Q;) the new rezoned mesh Q (consisting of cells ;). The volume
Vi, mass m;, momentum g; and total energy E; of the old mesh cells
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Q; are given by V= [, dV, mi= [, pdV, p;= [, pudV,
E; = [, edV, and define the mean values of density, velocity and
internal energy in the old mesh cells ©; as p; = m;/V;, w; = p;,/m;,
& = Ei/m,- —u,.2/2.

Now given the mean values of density, velocity and internal en-
ergy on the old mesh, our task is to remap mass m, momentum u
and total energy E to the new cell Q;, i.e. to compute approxima-
tions of

which would give us the mean values of density, velocity and inter-
nal energy on the new mesh p; =m;/V;,u; = ji;/m;, & = E,/m,

u?/2. The basic requirements for the remapping are conservation,
bounds preservation (weaker notion of monotonicity preservation)
and accuracy. The remapping has to conserve mass, momentum and

total energy, i.e.
Sa=m Yu=Yu YE=YE
i j i j i j
To avoid creation/amplification of local extrema we require the
remapped values to preserve local bounds in density, velocity and
internal energy, i.e.

min

Pi

where
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pmax — max p, gmax — max(tlrt(%ﬁ &, &h).

The max/min’s are taken over the set ./7(©;) of cells neighboring
the cell €;, which includes the cell ©;. Typically this set 47(€;) is
defined as a set of cells which share with the cell €; at least one
node. The new low-order internal energy & = EL/mt—1/2
(i /mL) (where mt, ik, EL are defined by (1) and its analogs for
13 E,L) has to be included to guarantee that the low-order approx-
imation stays in bounds (remapping of the velocity can decrease
the kinetic energy which might lead to the increase of internal
energy). For accuracy we require to remain high-order in smooth
regions, which means that a linear function should be remapped
exactly.

We assume that the rezone stage does not change the connec-
tivity of the mesh and that it produces only small node displace-
ment. Then the problem can be formulated in the flux form

=m;+ Z Fiio  Bi=p+ Z F, E=E+ Z Fix

ke.t(2;) ke.a () ket ()

where FJ; = —F}}, F|;, = —Fl},, F;; = —F}, and the summation now
goes over the set . %/( ;) of cells nelghboring the cell Q; excluding
the cell ©Q;. One can choose .#(Q;) = A"(Q;) — Q; or choose .Z(R;)
as a set of cells Q, k # i which share one side (node in 1D, edge
in 2D, face in 3D) with the cell ;. The latter is our choice here.
Our task is to find the suitable fluxes Fy};, Fy, Fi; on each interface

(i,k) between cells i and k.

3. Principle of flux corrected remap for mass/density

The basic idea of flux corrected remap follows closely flux cor-
rected transport [4-6]. We have a low-order (donor) and a high-or-
der remap scheme
mp=mi+ Y Fib H—m; + Z FH, (1)

ke () ke (Q;)

where the low-order one preserves bounds. The flux corrected re-
map (FCR) scheme is then given by (for brevity from here further
on we abbreviate the summation over k € .#(€;) by summation
over k)

SFCR _ o m,FCR mFCR _
m; —mt+ZFi,k ) Fi

xk + Cl k (F:ﬂkH F?}cL)
and the question is how to choose correction factors 0 < Cj}, < 1 for
which the remapped values satisfy the bounds. Such correction fac-
tor always exists as the low-order scheme (obtained for Cj}, = 0)
preserves the local bounds.

With anti-diffusive fluxes dFy}, = Fj}" —
tained by FCR can be written as

mFCR_m,+ZF'”FCR_m +ZC L dFT,.

FIi' the new mass ob-

The density constraints p™" < p; < ™ are transformed into
mass constraints m™" < m; < m™* which can be rewritten using
the anti-diffusive fluxes as

Zc mr* — k. 2)

mm 7

The sum in these constraints is split into two parts according to
the sign of the anti-diffusive fluxes, so that the right-hand (max)
inequality is written as

max o m,max
ZC Fi = Z CiidFiy + Z CldF) < mP™ —m; = Q]
dFf}>0 dFf,<0
> 0.
The worst-case scenario is in the case when Vk, dF;, > 0, in

other words the sufficient condition for the upper (max) constraint
is

Z CI deIk mmax'

dFf}>0

Similarly, the sufficient condition for the lower (min) constraint

Z Cll(

dF{} <0

L_ m min

In each cell, we define the incoming and outgoing total anti-dif-
fusive fluxes P™" = 3 yn _odFj, = 0, P™" =3 4pm odFj} < 0and for
nonzero P™*, resp. P™~ the auxiliary values D" = Q"™ /P** >
0, D"~ =Q™"/P™ » 0. Now if C}\ <D™ for dFf, >0 and

7. < D"~ for dF]} < 0 then the mass bounds (2) are satisfied. At
the interface (i,k) we have to apply the sufficient conditions for
bounds in both neighboring cells i and k. So if for dFj, >0 we
choose Cj}” = min(D{"**,D*",1) and for dFj}, <0 we choose
Gy’ = min(D’“" D", 1) then the density bounds (2) are satisfied
for any 0 < Cj}, < C7}”. Note that if P"*
sponding D}“ are not used and can remain undefined.

ik =

=0or P"~ = 0, then corre-

4. Synchronized FCR for density and momentum

Just as for the mass, we define the momentum anti-diffusive
fluxes by dF{, = F/;” — F*". The FCR momentum flux is now given

ik |
by FAF® — FAL 4 C1 dFY "and the new FCR momentum is, as for
the mass,

B =+ DR = b4y CldEY
k k

Note that even when velocity, momentum and its fluxes are
vectors we use the scalar limiting factor C, as we do not want to
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affect the vectors’ directions by limiting. The local bounds on
velocity are ulMn < @; < u™*, where the vector inequalities are ta-
ken component by component. Velocity is a derived quantity and
the velocity bounds u;“‘“ < ji/m; < uM* are rewritten as con-
straints on new momentum and mass miu{"‘“ I < mu™* which,
after insertion of fluxes, reads

<mL + E c’ dF,k>um‘“ <i1,4 +3 C,’.fdefk>
k

m max
Lk) u

This is a coupled system of linear inequalities with respect to un-
known correction factors Cj, C¥, at all interfaces (i,k). We want
to stay as close as possible to high-order fluxes, i.e. choose

i Ct as close to one as possible. This is a global optimization
problem to maximize C}}, C‘k satisfying given linear constraints.
The FCR strategy is used to approximate the global optimization
problem by a sequence of local problems. The synchronized FCR
(SFCR) method, outlined below, keeps inequalities coupled.

The right-hand (max) inequality can be written as

< (fnf + > CfdF
k

> (ClidFl, — urClidFy ) <

ik axm:. - ilIL = Qly.max > 0. (3)
k

We denote the corrected contribution from the face (i, k) to the
left-hand side of (3) by

i,1,max
q)l,

= Cl dF!, — ul*CldF,

ik
and the corresponding uncorrected quantity by

A

ik

so that inequality (3) now reads
Z (Df ;: ,max th‘max.

Similarly as for density, we subdivide the sum into two parts
according to the sign of \y' fLmax

Z (Di ;: max + Z (Dl L{i.max

kP <0 KT

4, max
<Q

and the sufficient conditions for this inequality are

Z (Di ;{1 ,max <0, Z (Dl {max Qf;,max' (4)

k: ‘l“ Lmax ke "l‘; /: max

The sufficient condition for the first resp. second inequality
from (4) are

O™ <0 for W™ <0, 5
(D}‘;:.max D/l max, +‘l’: ;: max for ‘l,i,,lz{t‘max > 0,

Whel'e D.;yl,,(max.#» — Q;t,max/l)fx‘maxﬁr and Ply,max,+ ZW>O\PI/11TIQX (all
inequalities, arithmetic operations and sums of vectors are taken
component by component). The derived constraints are linear in
the correction factors Cj}, C}, and local, i.e. they are constraints
on the interface (i,k) which are sufficient for the maximum velocity
bound in the cell i. Similar derivation for the minimum velocity
bound gives another set of constraints. The complete set of con-
straints for interface (i,k) includes constraints derived from both
max/min velocity bounds in both cells i and k sharing the interface
(i,k), the constraints 0 < Cj, < C}}” derived in the previous section
from density bounds and the constramts 0 < €, < 1. The solution

of the complete system of linear inequalities for Cj, and Cl, is a
non-empty ((Cf},Ct,) = (0,0) corresponding to the low-order re-
map always satisfies all the constraints) convex polygon in
(Cik: Ci}) space. Now the task is to find a pair (Cf},C},) that is in

some sense optimal, producing a remap close to the high-order
one, i.e. with (Cf},C*) close to (1,1 )- We minimize the functional

ik ik

f( lk’C;uk) zk

C'luk ‘ ‘ de k

1 1
+ , 6
<Hp,-ui|| e o] +e> ©)

where € is a small quantity, under the derived constraints on

(Cf}, Ct,). The functional is proportional to the local L; deviation

of the SFCR remapped density and momentum from the high-order
ones. This minimization is local, i.e. done for each interface (i, k) sep-
arately. The minimum is always in one of the polygon’s vertices, the
polygon is intersection of eight half-planes (given by linear con-
straints), so the minimization in this case is easy. For more details
on synchronized FCR for density and momentum see [13], where
the choice of dimensional factors in a global deviation (the global
analog of (6)) is made to produce a local minimization problem
which is computationally efficient. Sensitivity to the choice of
dimensional factors has not been investigated.

5. Synchronized FCR for density, momentum and energy

Just as for the mass and momentum we first define the total

energy anti-diffusive fluxes by dF;, = Ff{ — Ff’. The FCR energy

ik*
E.FCR
F;

flux is now given by F; FE,< + C".dF;, and the new FCR total

energy is
TFCR E,FCR TL
EfR = E+ Y F® = EL ) ChdFf,.
3 k
The local bounds on specific internal energy are emin &  gmax
or gMn < E;/m; — 0;%/2 < M. We rewrite the bounds in conserved
quantities and get

~ i’

i = 2
g" < Eimy — = <mpg™™.

2
m;é&; X ki 2

The maximum internal energy bound, after insertion of fluxes,
reads

(EL + Z Ci dF; ,<> <m + Z C ,(dek>
_l 2 2
3 (Heraem) cm(mizaem). o
k

We rearrange this inequality to get all C's to the left-hand side

> {cﬁ {dek (m + CirdFy) + 3 C,TdF@dF;?;}

k I#k

1
a [aak (1 chams) + 5 ciart ar

1#k

— &M " CidFy, dF,T} }

1#k

mdFM(EF — g™ (2wt + CIdF™))

< er™(mp)? — Efi + 5 (u,> =Q™ =0 ®)
To get a suitable sufficient condition for (8) we increase its left hand
side (the part before <) by neglecting the negative (or positive as
appropriate according to the sign) parts of the sums over [ and set-

ting C; = 1 in these sums. So the sufficient condition for (8) is
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> {Cﬁ< [dF,k(m +CldFy) + Z dF,deﬂ

k Ik

-Ch [de,ﬁ (u, +5 Cf,idF“) ZdF{;(dF“}
=k
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9)
where
lekl = Z Xikl, szkl = Z Xikl-
Xif>0 Xijg<0

We define corrected ™ and uncorrected ¥iF™ contribu-
tion from face (i,k) to the left-hand side of (9) by

o (Ll ) = G [aka<ms+cz:dF,k +Zdﬂkdﬂz}

£k

- Ch [aF" (i + c" WdF) + 5 Z de;de;}
Ik
zk [dFrk (EL - émax (Zm + Czdezk)))
_g Y dF;;de;,"} ,
I#k

lp::kE‘max _ (pﬁkE.maX(l , 1 , -1)

Similarly as for velocity constraints we split the sum in the en-
ergy constraint (9) into two parts according to the sign of Pi™

Z (D::kE.max + Z < Qf‘max

yi.E.max iE.max
k. whEmax <o ke wHEmaX 0

i.E.max
(Dik

and the sufficient conditions for this inequality are

i,E,max 1Emax Emax
S o™ <o, PR SRS .

ksl M <o ke wEma,

(10)

The sufficient conditions for the first resp. second inequality
from (10) are

(11)

ik

i,E,max E.max,+ yyi,E,max i,E.max
@M < Dy, Vi for ¥}, >0,

d)::,i.max < <0 fOI' .PlEmax 07

E.max,+ _ ~Emax ,pEmax,+ E.max,+
D; = Q"™ /P; and P;

i.E,max
llrIik

where
E.max,+
Dik

=3 PEE™X (note that

ik

is needed only when >0 which implies that
>0 and D™** is well defined). The sufficient conditions
(11) for the maximum energy constraint (7) in the cell i are non-lin-

Pl_E.maX,Jr

DENSITY

0.8
0.6
0.4
0.2

-0.2

ear constraints in the correction factors (Cjy, Ct, C5,) on the interface
(i,k). In a similar way one derives the sufficient conditions for the
minimum energy constraint.

Let us summarize the constraints on the unknown correction fac-
tors (Cy, Ch, CE) on the interface (i, k). First, to stay between the low-
order and high-order fluxes we require 0 < Cj <1, 0 < C} <1,
0 < CE, < 1. Next, from the density bounds we derived in Section 3,
the constraint Cj; < C4™ < 1. Further, we derived two (min/max)
linear constraints (5) in (C:’,Z, C4) from the velocity bounds in cell i
and we have to apply similar two (min/max) constraints from veloc-
ity bounds in cell k. Finally we have to include two (min/max) non-
linear constraints of type (11)in (Cj, C}, CE ) from energy bounds in
cell i and also two more such constraints from energy bounds in cell
k.Remembering that we want to stay close to the high-order scheme
(i.e. maximize Cs) we first try if (Cjy, C%, C5) = (C;™, 1,1) satisfies
all constraints and if it does we use on the interface (i, k) these values
(which is probably the case in smooth regions where we avoid opti-
mization). Otherwise we minimize the local deviation from the
high-order fluxes given by the functional

R i = ~Car| (34 )
1 1
_Ct|ldF! (_ 7>
IR e * e
1
Ci’ szk <€, e_k>7
where n; = p,u, and e; = p;(& +u?/2), under all derived constraints

on (Cy,Ch,Ch). So on each interface (i,k) we get one constrained
minimization problem which gives us the SFCR correction factors.

6. Numerical tests

In this section we present several numerical tests showing the
performance of the developed synchronized FCR for density,
momentum and energy. For the tests we use the 1D cyclic remap-
ping [2] defined by the sequence of meshes generated using the
analytical function

X(f, t) = Xmin + (Xmax - Xmin)%(év t)7
&0 =1 -a)E+a(t)d,

a() =" o<1 0<e<t

(12)

The mesh node positions {x¥} are defined as x¥=x(&,t) =
X((i—1)/N,k/kmax) with k=0,...,kmax corresponding to pseudo-
time steps and i=1,...,N+1 corresponding to spatial node posi-
tions. Here N is the number of spatial cells and kp.x is the total
number of pseudo-time steps. The rate of convergence is tested

0.3 0.4 0.5 0.6 0.7 0.8 0.3 0.4 0.5

by refining the resolution (N,kmax)=(64,320), (128,640),
VELOCITY 1 INTERNAL ENERGY
EEEeEE5555a Original old
Gl Low-order
0.8 = = = High-order
—oe— SFCR
0.6 -
0.4
33333:3'3’-3::2:
0.2 \ )
' 1
‘y
0 A\
0.6 0.7 0.8 0.3 0.4 0.5 0.6 0.7 0.8

Fig. 1. Simple shock with 64 cells after 320 remaps by high-order, low-order and SFCR schemes.
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(256,1280). The given variables (p,u,¢) are initially defined on the
initial uniform mesh. In each pseudo-time step the mesh at ¢ is
moved to the new position given by the new pseudo-time t*!
and the variables are remapped to the new mesh. The last mesh
at pseudo-time tkmx is the same as the first initial uniform mesh,
so the exact solution is given by the initial profile and we can com-
pute errors of approximate remap and its convergence rate.

6.1. Simple shock

The first test is a simple shock connecting two constant states.
Initial (and exact final) density, velocity and internal energy pro-
files are given by

Table 1

R. Liska et al./Computers & Fluids 46 (2011) 312-317

(4,1,115/126)
(1,0,20/63)

for 0<x<0.5,
for 05<x<1.

(o800 = {

The final result after 320 cyclic remaps on the mesh (12) with
64 cells is shown in Fig. 1 computed by the low-order , high-order
and SFCR schemes. Clearly the low-order scheme is too diffusive,
the high-order scheme produces overshoots and undershoots
while SFCR scheme does produce neither overshoots nor under-
shoots while keeping the same gradient at the shock as the high-
order scheme. The table of convergence is presented in Table 1
which also includes results by Schiar and Smolarkiewicz (S&S)
method [11] for density and velocity (S&S paper does not deal with
internal energy bounds). For the description of S&S remapping and

Convergence tables (L; errors and their ratios) in density, velocity and internal energy for cyclic remapping of simple shock by low-order, high-order, SFCR and S&S methods.

Method Resolution L, error Err. prev./curr. resol.
N Kmax P u & P u &
Low-order 64 320 0.121 0.262 0.158
128 640 0.086 0.186 0.112 1.4 1.4 1.4
256 1280 0.061 0.131 0.080 14 14 14
High-order 64 320 0.038 0.093 0.064
128 640 0.022 0.055 0.038 1.7 1.7 1.7
256 1280 0.013 0.033 0.023 1.7 1.7 1.7
SFCR 64 320 0.030 0.062 0.036
128 640 0.018 0.037 0.022 1.7 1.7 1.7
256 1280 0.011 0.022 0.013 1.7 1.7 1.7
S&S 64 320 0.035 0.078 -
128 640 0.023 0.049 - 1.5 1.6 -
256 1280 0.015 0.032 - 1.5 1.5 -
DENSITY VELOCITY INTERNAL ENERGY
16
Original old
0.6 R N R Low-order
‘ = = = High-order
0.4 / 0.8 —6— SFCR
0.2 0.6
0
0.4
-0.2
0.2
-0.4
0
5 10 15 5 10 15
Fig. 2. Exponential shock with 64 cells after 320 remaps by high-order, low-order and SFCR schemes.
Table 2

Convergence tables (L; errors and their ratios) in density, velocity and internal energy for cyclic remapping of exponential shock by low-order, high-order, SFCR and S&S methods.

Method Resolution L, error Err. prev./curr. resol.

N Kmax 14 u g P u £
Low-order 64 320 0.257 0.341 0.119

128 640 0.190 0.205 0.068 14 1.7 1.7

256 1280 0.163 0.128 0.040 1.2 1.6 1.7
High-order 64 320 0.122 0.056 0.014

128 640 0.068 0.030 0.008 1.8 1.9 1.7

256 1280 0.046 0.018 0.005 1.5 1.7 1.6
SFCR 64 320 0.151 0.049 0.012

128 640 0.078 0.025 0.006 1.9 2.0 2.0

256 1280 0.047 0.014 0.004 1.7 1.7 1.6
S&S 64 320 0.213 0.083 -

128 640 0.134 0.039 - 1.6 2.1 -

256 1280 0.095 0.022 - 14 1.8 -
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its comparison with SFCR see [13]. The SFCR method produces
smaller errors than both high-order and S&S methods. The SFCR or-
der of convergence is the same as that for the high-order method.

6.2. Exponential shock

The second test is an exponential shock with initial (and exact
final) density, velocity and internal energy profiles given by

(3p0exp (%5%) (14 217) %, 125,51 +211)) for0<x < xr,

(p,u.e)(x)=
(oexp (4),0.0)

forxr <x<15.

where xr =X +368log(t/ty), n=%5% te=2,%=6 py=1,
6 =4, t =6. The final result after 320 cyclic remaps on the mesh
(12) with 64 cells is shown in Fig. 2 computed by the low-order,
high-order and SFCR schemes. The low-order scheme smears the
peak in density completely, the high-order scheme produces under-
shoots in velocity and internal energy while SFCR is free of under-
shoots and overshoots. The table of convergence is presented in
Table 2 which also includes results by the S&S method [11]. SFCR
is better than S&S, it is also better than the high-order method in
velocity and internal energy and only slightly worse than the
high-order method for density (SFCR convergence is better even
for density). The SFCR order of convergence is about the same as
that for the high-order method.

7. Conclusion

We have developed a new optimization-based synchronized
flux corrected remapping of mass/density, momentum/velocity
and specific internal energy to be used in the ALE methods. The
main new results are derivation of a local linear objective function
and new sufficient conditions for preservation of bounds on inter-
nal energy.
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