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• Safety factor profile in tokamaks

• Introduction to the internal kink and the sawtooth crash

• Energy principle and derivation of linear growth rate of internal kink

• Reconnecting magnetic flux based on ideal MHD for poloidal mapping

• Computationally efficient poloidal mapping of the flux and the electric potential

Overview of this lecture
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• A purely toroidal device yields charge 

separation: need for poloidal field: current can be 

driven externally in the plasma to achieve this

• The field lines are thus twisted and achieve m 

poloidal turn for n poloidal turns before they loop 

to the same 3D point

Toroidal device
Resistivity of plasma Current diffusion time (transport)

Helicity of the line: safety factor  q=m/n ~ B/Ip
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• The poloidal field of a toroidally symmetric device  can be 

described by the angular poloidal flux map:

Ѱ = Ѱ(R,Z), so that we express the equilibrium field as:

• Angular toroidal flux χ can be expressed as:

• We define the local helicity of the field line as:

Safety factor profile
Tokamak cylindrical coordinates (R,Z,φ)

Ѱ0

Straight field line angle:

φ

2πχ

2πψ
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Safety factor profile
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• Safety factor profile in tokamaks

• Introduction to the internal kink and the sawtooth crash

• Energy principle and derivation of linear growth rate of internal kink

• Ideal MHD for poloidal mapping of the reconnecting magnetic flux based on

• Computationally efficient poloidal mapping of the reconnecting magnetic flux

Overview of this lecture
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Experimental patterns of kink and sawtooth
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Experimental patterns of kink and sawtooth

Mixing radius

Inversion radius

~ r(q=1)
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Physics of the (1,1) (q=1) mode

• Internal kink (aka, Long Lived 

Mode (LLM))

•Sawteeth (reconnection mode)

•Fishbones (fast particle mode)

At large Ip, as current diffuses inward, it accumulates in the 

core and q eventually drops below 1. MHD modes appear:
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Experimental measurements with Soft X-ray (SXR) 
tomography of kink followed by sawtooth crash

@2.5s 

(AUG#30382@2.5s)

SXR array in ASDEX Upgrade
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Patterns of ѱ*

kink
reconnection

ξ ξ
kink reconnection

ξ : core radial 

displacement  

Ψ*(r,ω)

ω=θ-φ
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STRUCTURE OF PERTURBED HELICAL FLUX

φ=0 ⁰

φ=90 ⁰

φ=270 ⁰

F. Jaulmes et. al. 2014 Nucl. Fusion 54 104013

Ψ*(r,ω)

ω=θ-φ

φ=180⁰
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• Safety factor profile in tokamaks

• Introduction to the internal kink and the sawtooth crash

• Energy principle and derivation of linear growth rate of internal kink

• Ideal MHD for poloidal mapping of the reconnecting magnetic flux 

• Computationally efficient poloidal mapping of the reconnecting magnetic flux

Overview of this lecture
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Thermonuclear plasma in a tokamak
MHD : fluid model of plasma

Momentum equation applied to a fluid element moving along the vector ξ with velocity –iξ from initial equilibrium:

This corresponds to the change of potential energy:



ENERGY PRINCIPLE AND DERIVATION OF LINEAR GROWTH 

RATE OF INTERNAL KINK

25.04.2023 16

Thermonuclear plasma in a tokamak
MHD : fluid model of plasma

Momentum equation applied to a fluid element moving along the vector ξ with velocity –iξ from initial equilibrium:

This corresponds to the change of potential energy:

δW<0 yields destabilization
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Thermonuclear plasma in a tokamak
MHD : fluid model of plasma

Momentum equation applied to a fluid element moving along the vector ξ with velocity –iξ from initial equilibrium:

This corresponds to the change of potential energy:

Expressing as a function of perturbed magnetic field:

Plasma only!
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Discussion on plasma stability term in energy principle

Possibly destabilizing term

Stabilizing terms > 0

Possibly destabilizing term

Thorough study needs to include also vacuum region and stabilizing effect of the conductive wall….

Book: Active Control of Magnetohydrodynamic Instabilities in Hot Plasmas - Valentin Igochine
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Thermonuclear plasma in a tokamak
Change of potential energy:

Considering an approximate circular geometry 
(neglecting toroidal displacement):

Plugging in the observed radial shape of the displacement function………..
……..
…….and doing lots of tedious algebra……………
………..
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Thermonuclear plasma in a tokamak
Change of potential energy: We find an ideal stability criteria mostly based 

on the poloidal beta inside q=1
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Illustration of the energy principle to explain experimental 
effect of stabilization of kink by NBI particles

Counter 

passing NBI

Co-passing 

NBI

MAST data

Lower sawtooth 

period

(more unstable kink)

Longer sawtooth 

period

(more stable kink)
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Illustration of the energy principle to explain experimental 
effect of stabilization of kink by NBI particles

The backflow of 

plasma is always 

tangential to the q=1 

contour!
(at any toroidal 

location)
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Illustration of the energy principle to explain experimental 
effect of stabilization of kink by NBI particles

κ
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Illustration of the energy principle to explain experimental 
effect of stabilization of kink by NBI particles

κ
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• Safety factor profile in tokamaks

• Introduction to the internal kink and the sawtooth crash

• Energy principle and derivation of linear growth rate of internal kink

• Ideal MHD for poloidal mapping of the reconnecting magnetic flux 

• Computationally efficient poloidal mapping of the reconnecting magnetic flux

Overview of this lecture
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Poloidal flux contour of the internal kink and sawtooth
reconnection

Kink

(contained within q=1)

Reconnection

(extending to  the mixing radius, 

beyond q=1)

ξ ξ
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The perturbed helical flux

Ψ*(r,ω)

ω=θ-φ
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The perturbed helical flux

Ψ*(r,ω)

ω=θ-φ



PARTICLES AND HEAT TRANSPORT
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MHD model
Ideal MHD : fluid model of plasma
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Simplified poloidal flux modelling of the sawtooth crash

Ideal Ohm’s law:
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Simplified poloidal flux modelling of the sawtooth crash

Φ

Ya. I. Kolesnichenko et. Al  Nucl. Fusion 36 159  (1996)

Method is computationally 

inefficient… It requires 

contour extraction!

F. Jaulmes, PhD thesis, 2016
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• Safety factor profile in tokamaks

• Introduction to the internal kink and the sawtooth crash

• Energy principle and derivation of linear growth rate of internal kink

• Ideal MHD for poloidal mapping of the reconnecting magnetic flux 

• Computationally efficient poloidal mapping of the reconnecting magnetic flux

Overview of this lecture

How to improve the Electric potential calculation?
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RECONNECTING MAGNETIC FLUX

New coordinates to describe the build-up of the island
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COMPUTATIONALLY EFFICIENT POLOIDAL MAPPING OF THE 

RECONNECTING MAGNETIC FLUX

New coordinates to describe the build-up of the island
3 regions:

• Outer region (r>r2) is still 
unperturbed.

• m=1 shifted, unconnected core 

of radius r1. The displacement of 

the core is the helical 
displacement ξ .

• Reconnected (island) area, 

increasing from 0 to πrm
2.

ξ

Mixing 

radius
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RECONNECTING MAGNETIC FLUX

Defining the contour within the island

C1

C2
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RECONNECTING MAGNETIC FLUX

Defining the magnetic potential

ξ
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RECONNECTING MAGNETIC FLUX

How to improve the Electric potential calculation?

This integral is the area in the 
(x, y) plane swept out by an 
arc of fixed ψ∗ while ψ∗(x, y, t) 
evolves.
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RECONNECTING MAGNETIC FLUX

How to improve the Electric potential calculation?

Inside the island
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How to improve the Electric potential calculation?
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Illustration of ions motions in sawtooth crash

Simulation of sawtooth reconnection

Thermal D (≈2 keV)

AUG30382 @ 2.5s 

τcrash ≈ 

160μs

Fast D (≈50 keV)
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• Safety factor is a critical parameter in order to derive stability of tokamak plasma

• The energy principle allows the derivation of the evolution of plasma in terms of linear 

stability for a given vector field. For a given test vector field, it is a simple matter of solving 

several volume integrals.

•Many MHD modes are driven by the local increase of the normalized plasma pressure (β)

• Ideal MHD and sophisticated geometric consideration allowed to derive a 

computationally efficient poloidal mapping of the reconnecting magnetic flux during a 

sawtooth crash

Summary & outlook
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Thermonuclear plasma in a tokamak
Change of potential energy:

Considering an unstable displacement, growth rate γI:

Considering an approximate circular geometry 
(neglecting toroidal displacement):
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Illustration of the energy principle to explain experimental 
effect of stabilization of kink by NBI particles

Counter-

passing NBI

Co-passing 

NBI

LFS shifted pressure HFS shifted pressure
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NBI stabilization Counter-passing NBICo-passing 

NBI
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Reconnecting patterns of ѱ*
Ψ*(r,ω)

ω=θ-φ

S. Cats, MSc thesis, 2017


