Introduction to Mathematica

I Mathematica Conventions

What Mathematica Is
Getting Started
Entering Input

Questions Must Be Precise
Evaluating Questions
Function Names
Brackets:()and[]and {}
Equal Signs: =and ==and :=

Referringto Previous Results

On-Line Help

If weknow the nameof afunction, Mathematica displays a usage message for the function after we
enter ?FunctionName. For example, if wewant to see how to use the Si npl i fy command, wetype
?Si npl i fy, followed by pressing [sir{ [z .

?2Sinplify

Ontheother hand, ?* String* finds all Mathematica functions, commands, constants, and expressions
that contain the string String. Thisisuseful if weknow aword, or part of aword, that islikely to be
contained inacommand.

For instance, to find all Mathematica functions related to logarithms wetype ?* Log*. (The asterisks
before and after Log stand for any characters, similarto MS-DOS and Unix “wild card” characters.)

| ?*Log*
After locating the desired commandin the above list, we evaluate] ?FunctionName as before.

| ? Product Log
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The on-linehelp is case sensitive, so ? *| og* finds only function namesthat contain the word “l 0g” in
lower case.

?*| og*

m Loading Add-On Packages

Mathematicais an extensiblesystem. In addition to the hundredsof built-in functions, there are many
more functions defined inside packageswhich come with most copies of Mathematica. Packages are
Mathematica notebooks which contain programs that teach Mathematica additional functions, and to
make these functions availableto uswe must load the appropriate packages. (Many packages are
included with the standard distribution of Mathematica, and it isa straightforward exerciseto create
additional packages.)

To load a package weuse the Needs command, which takes the following form.

Needs ["Statistics DescriptiveStatistics "]

The argument to Needs isastring inside quotation marks. The first part of the string isthe desired
package directory (in thiscase, St ati sti cs;some of the other possibilities are Di scr et eat h,

Cal cul us, and G aphi cs—seethe Help Browser or the book Standard Add-on Packagesfor acom-
plete list of available packages and directories). After the directory name goes a backquotecharacter °
(usually found on the samekey asthetilde ~, and not an ordinary single quote ' ), followed by the
package name (Descri ptiveStati stics,inthiscase) and another backquote. (An alternative
command for loading packages takes the form | << Statistics DescriptiveStatistics ;when
using thisform, it isimportant not to try to reload a package after it hasbeen loaded.)

Onceapackage hasbeen loaded using Needs, weuse the functions defined in the package asif they
were builtin.Here isthe on-linehelp message for the Locat i onReport function defined in the
| Statistics DescriptiveStatistics® package.

| ? Locat i onReport

We can now use Locat i onReport asif it were abuilt-in function.

| LocationReport [{2, 1, 7, 5, 5, 5, 1, 2, 1, 2}]

Packages can also be loaded by clicking the button labeled Add-onsinthe Help Browser, and navigat-
ing through the package directories to thelisting for the desired package. In each package’ s help
notebook isacommandto load the package, which can be evaluated by clicking in it and pressing

e )

m Warning Messages

When Mathematica doesnot understand a question, cannot complete an operation, or needsto draw
attention to special considerationsduring the course of an evaluation, it displays one or more warning
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messages.

Here Mathematicawarnsthat the input isincomplete: in thiscase, it needsaclosing square bracket to
bevalid.

| Si n[x
Here Mathematicawarnsthat the namecos issimilar to the built-in function name Cos; this message

appears whenwe misspell or fail to capitalize abuilt-in function. It isimportant to remember that
Mathematicais case sensitive.

| cos [Pi ]
Here Mathematica explainsthereason it did not return an answer.
| Integrate[l/x, {x, -1, 2}]
Thefirst part of amessage (I nt egrate: :idiv) intheprevious example) isthe nameof the message.

Messages can be turned off by entering O f [ messagename] . For example, to turn off the message
named Gener al : : spel | 1 weenter the following.

| O f [General ::spel | 1]

Mathematicano longer prints warning messages about possible spelling errors. Here wemisspell the
command]| nt egr at e.

| I ntegrat [x°, x]

Mathematicadoesnot print the warning message.

To turn the warning message back on, we enter the following.

| On[Ceneral::spell 1]

I The Mathematica Front End

Notebooks
Cells

Word Processing
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Special Characters
Two-Dimensional Input

Different Forms of Input and Output

Mathematica understands afew different forms of input and output. By default, input and output are
inaform called St andar dFor m which isan unambiguous two-dimensionalform that usesthe capital -
ization and bracketing conventionsdescribed earlier.

We can convert any input or output to Tradi t i onal For m which follows the rules of traditional
typeset notation. For example, hereissome St andar dFor minput and output.

1
[=—ax
x3-1
To convert theinput and output to traditional mathematical notation, we select the input and output

cells, pull down the Cell menu, and choose TraditionalForm from the Convert To submenu.Here isthe
result, which uses the conventions of traditional mathematical typesetting.

1
f dx
x3-1

Entering Hyperlinks

Numbered Equations and Figures

I Numerics

Basic Calculator Functions
We enter arithmetic calculationsin Mathematica just ason acalculator, followed by pressing [siF [T |.

Additionand subtraction are denoted by the usual symbols.

2+3.45-0.4

Aspace denotesmultiplication, asdoesan asterisk * or the character x, entered ] \[ Ti nes] .
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| 2%¥2x2 (2x2)

Aforward slash / denotesdivision, asdoesthe two-dimensional form I =
a

| s/:
Acaret ~ or asuperscript | m” standsfor exponentiation.
| PG =2

Because Mathematica uses the standard order of arithmetic operations, it issometimesnecessary to
group parts of acalculation using parentheses. Note that in | nput For mand St andar dFor mparenthe-
sesare not used for function notation, asthey are in written mathematics, or to enclose lists of ele-
ments, asthey are in some programming languages.

| 2+4 (2+9.25)"2

See also NonComut ati veMul tiply

m Exercises: Basic Calculator Functions

What istheratio of heights between aperson 5feet, 8inchestall and aperson 6 feet, 4inchestall?

Here is an exact value for the ratio. Note that we group the numerator and denominator with parentheses, and that we do not include units
in the calculation.

| 5*12+8)/ (6%x12 +4)

Applying the function N to the previous exact result returns an approximate figure.

| N[%]

If acopy of Mathematicafor Studentscosts $139, and salestaxis 7%, what isthe total cost?

The total cost is $139 plus 7% tax on $139. Note that there is no built-in percent function, so we express 7% as 0.07.

| 139 + (0. 07 % 139)

Alternatively, we can define a unit multiplier called per cent .

| percent =0. 01;

| 139 + (7 percent %139)
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How many days are there in 35 years? How many hours? Minutes? Seconds? (Ignore the complication
of leap years.)

| days =35 %365

hour s =24 xdays

| m nut es = 60 xhour s
| seconds =60 »m nut es

Numbers and Constants

m Integers, Rationals, and Reals

When working with numbers, Mathematicareturns an answer asprecise asit can justified by each
calculation. For thisreason, it hasdifferent rules for working with exact and approximate quantities.

An approximate quantity can be identified by the presence of adecimal point; therefore 17.0and 0.71
are approximate numbers. The integer 17 and the ratio 71/ 100, on the other hand, do not contain a
decimal point and are considered exact numbers. In the following discussion, we refer to an approxi-
mate (hon-complex) number containing adecimal point asareal number, an integer without adeci-
mal point asan integer, and aratio of two exact integers asarational number. To Mathematica7.0isan
approximate real number, and 7 isan exact integer.

When doing arithmetic with exact numbers, Mathematicareturns an exact number. For example, the
following input containsonly integers, so theresult isan integer.

2+ (3%5)7

Mathematicaleavesrational numbers (quotients of two integers, reduced to lowest terms) in explicit
fractional form.

1
3+—
-

Thisoccurs even whenthere isaprecise decimal equivalent.

2 7

—_— —

3 12

If acalculation involveseven one approximate number (a number that containsadecimal point),
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however, the result will be an approximate number because the uncertainty associated with the approx:
imate number propagates through the wholecalculation.

2 7.0
- +

3 12

m Irrational Numbers

Irrational numbers (humbersthat cannot be written asthe quotient of two integers) are held in exact
symbolic form. Mathematica allowsusto use exact irrational numbersin calculations and, unlesswe
ask, it doesnot automatically approximate these numbers. The following difference of two exact
irrational numbersisan exact irrational number.

| v v

The following difference isalso left in exact form.

| v

If werepeat the calculation with inexact input, however, we get an inexact answer.
| '\/27. 0 -'\/13

m Mathematical Constants

Mathematica also hasa number of common mathematical constants built in, defined so that we can
take an approximation to whatever precision wewant;the only limitsbeing the amount of RAM
installed on the computer and the amount of timewe are willingto wait for an answer. Two of the
more well known constants are Pi and E.

| Pi >E
Pi and Ecan be entered in the special forms rand e by typing | Eip] & and] Edee] .

| eni

Aswith other irrational numbers, Mathematica leaves constants in symbolic form unlesswe specifi -
cally ask for an approximation with the function N, described below.Here isa 250-digit approximation
to .

| N[ 7, 250]

Mathematica also knows the standard rules for dealingwith infinity, entered asl nfinity or c
(Etinfles).
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1

{

The add-on package M scel | aneous” Physi cal Const ants™ definesawiderange of physical con-
stants such asthe speed of light, theradius of the earth, acceleration dueto gravity, Avogadro’s
constant, and many more.

, Infinity—l}
Infinity

See also N, Degr ee (°), Gol denRat i o, Eul er Ganmg, Cat al an, I ndetermi nate,Directedl nfinity,
M scel | aneous™ Units®

m Complex Numbers

I denotestheimaginary unit 4/-1 .

| Sgrt [-9]

We can enter | inthe special form iby typing [Esciifesc.

We can also use the form j, used in some scientific fields, by typing [escjj [esc].
| (51)°

Aswith all numbers, exact input generates exact output.
| (3+191)/ (2-91)

Inexact input leadsto inexact output.

| (3.0+191)/ (2-91)

Mathematica knows the standard functions for describing and manipulating complex numbers. Re[ z]
returns thereal part of z, I n| z] returns theimaginary part, and so forth.

Here isacomplexnumber called num

| num=1. 23 +4.56 |

Here isalist of thereal and imaginary parts of num

| {Re [num], | m[num]}

Here isthe conjugate of num
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| Conj ugat e [num]

Here are the absolute value and approximate argument (or phase), in radians, of num

| {Abs [num], Arg[num]}

m Convertingbetween Types of Numbers

To convert from an exact number to an approximate number we use the function N.N[ expr] returns a
numerical approximation to expr .

VT -]

N[ expr, n] doescomputationsto at most n significant digits. Here isa 100-digit approximation to
the difference between % and 7.
| N[22 /7 -7z, 100]

The presence of the decimal point in the following exampleindicatesthe change from exact integer to
approximate real number.

| N[2]

There are manyfunctions that convert an approximate number into an exact integer. Round[ x]
returns theinteger closest to x, Fl oor [ x] returns the greatest integer lessthan x, and Cei | i ng[ X]
returns the least integer greater than x.

| {Round [3. 3], Floor [3.3], Ceiling[3.3]}
Chop[ expr] replaces approximate real numbersin expr that are close to zero (within 1071°) with the

exact integer 0.Chop[ expr, tol] replaces approximate real numbersin expr that differ from zero
by lessthant ol with O.

| Chop [1.012 +107° | ]
When we take the Fourier transform of alist of approximate numbers, then take the inverse Fourier

transform of theresult, the uncertainty in the approximate input leadsto spurious imaginary parts in
the answer.

| | nver seFouri er [Fourier [{O, O, O, 1., 1., 1.}]]

Chop removesthe small imaginary parts of the answer, and returns the original data.
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| Chop [%]

Thefunction Rat i onal i ze converts numbersinto exact rational numbers. Rat i onal i ze[ x, dx]
returns arational number equal to x within atolerance of dx.

Here are some successively better rational approximationsto . (Tabl e isexplained below in the
section “Matrix and Vector Operations”.)

| Tabl e [Rat i onal i ze [, 10‘2n], {n, 1, 4}]

See also | nt eger Part, Fracti onal Part, Nunber Theory™ Recogni ze’

m Findingthe Type ofaNumber

Although Mathematica doesnot havethe concept of atype declaration (a statement such as“the

variable xisareal number”), the type of anumber can be found using the function Head. (Head has
many other usesin Mathematicaprogramming.)

| Head [2]
| Head [3. 2]

| Head [3 +191 ]

read[-]

Seel also Ful | For m | nput For m
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m Exercises: Numbers and Constants

Set the variable conp equal to the complexnumber 23 + 19 . What isthe absolute value of conp?What
istheresult of adding conp and its conjugate?

| conp =23 +19 |
| Abs [conp ]

| conp +Conj ugat e [conp]

Catalan’s constant (used in combinatorics) isbuilt into Mathematica. Knowing Mathematica’snaming
conventions, find Mathematica’s namefor the constant, then find an approximation to thisnumber
with 100 digits of precision.

We search for a list of functions that contain the word Cat al an; there isonly one, so Mathematica displays the usage message for it.

| ?*Cat al an*

We use Nto find a 100-digit numeric approximation.

| N[Cat al an, 100]
Enter the expression 24/19 + 2into Mathematica. Take approximations to 20, 30, and 100 decimal
places.

Because the number is an exact quantity, Mathematica leaves it in symbolic form.

| 2Sgrt [19] +2

Here we use N to approximate the number.

N[2+24/19, 20]
N[2+24/19, 30]

N[2+24/19, 100]
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Mathematical Functions

m Elementary Functions
All the standard elementary functions are built into Mathematica.

All of the trigonometric functions are available.Note that when given exact input, they return exact
output, and that Mathematica usesthe standard abbreviations for trigonometric functions.

| Si n[ Pi / 4]
By default Mathematica assumesthat arguments to trigonometric functions are in radians. For enter-
ing arguments in degrees there isamultiplier called Degr ee. (Degr ee can be entered in the special
form ° by typing [scideglecl.)
| Cos [15 Degr ee]
Where appropriate, functions are defined for complex values.
| Sin[6.54321 -1. 234561 ]
Inverse and hyperbolic trigonometric functions are also available.
| ArcSin[l/2]
Here no exact mathematical result isknown, so Mathematicareturns the expression unevaluated.
| Si nh[3]
If we give approximate input, Mathematicareturns an approximate answer.
| Si nh[3. 0]
Nalso returns an approximate value.
| N[Si nh[3]]
Logarithmic and exponential functions are also built in.Log][ z] returns the natural logarithm of z
| Log [Exp [5]]

Log[ b, Z] returnsthelogarithm to base b of z.

| Log[10, 10000]

See also Tan, Ar cTan, Tanh, ArcTanh
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m Special Functions

Mathematicaincludesmany special functions that cover awiderange of scientific subjects. In most
cases, special functions are solutionsto transcendental equations, integrals, or differential equations
that have no elementary symbolic solution. In many cases it isadvisableto consult The Mathematica
Book to see what definition Mathematica uses for aparticular special function, asmany special func-
tions have conflicting definitionsin different fields.

In general, if afunction isnamed after a person, the Mathematicanamefor it is PersonSymbol. For
example,to find out if Mathematica knows any of the Bessel functions, we assumetheword “Bessel” is
inthe name, and use the question mark to get alist of all such functions.

| ? *Bessel *

Here isthe usage message for aparticular Bessel function.

| ? Bessel J

Mathematica’'s special functions are typically defined for both real and complex arguments, and know
special valuesof the functions.

| Gamma[l / 2]
| Gama[l. 23 +4.561 ]

| Zet a[8]
There are several hundred special functions built into Mathematica, and the Help Browser provides a
convenient way to explore the different classes of functions.

See also Er f, Bi nom al , Mul ti nom al , Bet a, Fact ori al , Hyper geonetri cPFQ Mei j er G

Matrix and Vector Operations

m Creating Vectors, Matrices, and Tensors

The basic structural form in Mathematicaisthelist, whichisan arbitrary collection of numbers,
variables, data, and other objects, wherethe elementsare separated by commasand enclosed within
braces{ },asin{1, 4, 2}.

Alist can have several interpretations, dependingon its context. For example,thelist {1, 4, 2} can
beinterpreted asavector with three components, apoint in 3-space, or adata set containing three
measurements;and Mathematica automatically treats alist correctly depending on the functions used
with it.
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Tabl e isone of several commandsused to generate lists.

Tabl e[ expr, {imax}] generates alist of i,,a copies of expr.
| Tabl e[agai n, {7}]

Here isavector of ten zeros.
| Tabl e [0, {10}]

Tabl e[ expr, {i, imax}] generates alist of the valuesof expr whenirunsfrom 1to iy .
| Table[i /12, {i, 12}]

Tabl e[ expr, {i,imin,imax}] Starts withi=ipyi,.
| Table[Sqgrt [i 1, {i, 5, 15}]

Tabl e[ expr, {i,imin,imax, di}] usestheincrementdi.
| Table[Sqrt [i 1, {i, 2, 5, 1/2}]

Tabl e[ expr, {i,imin>imax}, {Js imin» imax}, ---]1 generates anested (multi-dimensional) list.
| Table[i/j, {i,1,4}, {j,1,2}]

Amatrixisrepresented in Mathematicaasatwo-dimensionallist, where each sublist represents a
separate row of the matrix. Here we create amatrix by using Tabl e with two iterators.

| Table[a+b, {a, 2, 5}, {b, 1, 3}]

We can also enter matrices by hand, being sure to enclose each sublist with curly brackets { } . For
example,a3 x 3matrixisalist containing three sublists, where each sublist isone row of the matrix.

| matrix = {{1, 2, 3}, {3, 4, 5}, {5, 6, 7}}

We can also enter matrices in two-dimensional form by clicking abutton in a palette, or pulling down
the Input menu, choosing Create Table/ Matrix/ Palette, clicking the Matrix button, choosing the
desired numbers of rows and columns, and clicking the OK button, after which wefill in the placehold-
ers. Notice that the default output form of the following matrixisstill anested list of elements.

12 3
matrix = |3 4 5
56 7

See also Range, Array, Di agonal Matri x,l dentityMatri x



Introduction to Mathematica 15

m Formatting Matrices and Tensors

Mat ri xFor mdisplays amatrixin two-dimensional form. Here we use the matrix defined above.

| Mat ri xFor m[matri x ]

Tabl eFor misageneralization of Mat ri xFor mthat formats arbitrary arrays of elements.Here isthe
Tabl eFor mof afour-dimensional tensor (created by giving Tabl e four iterators).

| Tabl eForm[Tabl e[i +j +k -1, {i, 2}, {j, 3}, {k, 4}, {I, 5}1]

See also Tabl eSpaci ng, Tabl eAl i gnnment s

m Describingand Manipulating Lists

There are many functions for describing Mathematicalists. For instance, we can compute the length
or dimensionsof avector or matrix.

| Length[{a, b, c, d, e}]

Di mensi ons[(:’;l 2 :)]

Part extracts an elementfrom alist according to its position. Here isthe fourth element of alist.
(Note that thefirst element of alist hasposition 1, not 0.)

| Part [{a, b, c, d, e}, 4]

An abbreviation for Part isthefollowing double square bracket notation, wherethe desired position
isplaced inside[[ and]] .

| {a, b, ¢, d, e}[[4]]

We can also extract elementsaccording to their distance from the end of thelist, by giving anegative
position. Here isthe last element of alist.

| {a, b, c, d, e}[[-1]1]

We extract ranges of elementsfrom alist using Take.Here are thefirst three elementsof alist.

| Take[{a, b, c, d, e}, 3]

Here are the second through fourth elements.

| Take[{a, b, c, d, e}, {2, 4}]
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Dr op removeselementsfrom alist. Here we drop the first three elementsfrom alist.
| Drop[{a, b, c, d, e}, 3]

Here wedrop thelast three elements.
| Drop[{a, b, c, d, e}, -3]

Mathematica has many built-in routines for sorting and otherwise rearranging lists.

| Sort [{1, 3, 5, 2, 4, 6}]

| Reverse[{a, b, c, d, e}]

See also Ext r act, Sel ect, Cases, Dept h, Tensor Rank, Append, Pr epend, | nsert, Joi n, Uni on,
Intersection,Flatten,Partition,Split,LinearAl gebra MatrixMani pul ation’

m Linear Algebra

Here isa Hilbert matrix, where each element of the matrixisafunction of itsindices, created using
Tabl e.

| hi | =Tab|e[(i +] -1, {, 33, i, 3}]
Here isthe standard matrixform of hi | .
| Mat ri xFor mrhi | ]

Standard operations, such ascomputing the determinant or eigenvalues of amatrix, are straightfor -
ward.

|Det[hi|]

| Ei genval ues [N[hil 1]

We can also take theinverse, here giving it the namei nv.
| inv =lnversetrhil ]

Cross[ a, b] or axb (where xisentered ] \[ Cross] ) returns the vector cross product of aand b.
| Cross[{1, 2, 3}, {a, b, c}]

Dot [ a, b] or a. bgives products of vectors, matrices, and tensors. Here isthe dot product of the
vectors{1, 2, 3} and{a, b, c}.
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| {1, 2, 3}.{a, b, c}
Here isthe matrix product of the Hilbert matrixhi | anditsinversei nv.
| Mat ri xFormrhil .inv]

Anidentity matrixisthe expected result.

It isimportant not to confuse the matrix-multiplication operator . and ordinary multiplication *.
Using * to multiply the two matrices results in termwise multiplication.

| Mat ri xFor mfhi | =i nv]
We do use ordinary multiplication to multiply ascalar by avector or matrix.
| Ax{l, 3, 5 7}

There are many other matrix functions defined in Mathematica. For example,

M nor s[ m, k] givesamatrix consisting of the determinantsof all k x k submatrices of m.

| M norstrhil, 2]

np = Mat ri xPower [(1 é) 10]; Mat ri XxFor m[np ]

See also Tr anspose, Ei genvect or s, Ei gensyst em Li near Sol ve, Nul | Space, RowReduce,
Li near Progr anm ng, Mat ri xExp, Mat ri xPower , | nner, Qut er,

Li near Al gebra” Ort hogonal i zati on’
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m Exercises: Numerical Matrix Operations

Use Tabl e to create a5 x 5matrixwhere each element hasthe form .
i“+jc-1

1

rratrix:TabIe[ . {i, 1, 5}, {, 1, 5}]

i2+j2-1
Display the matrixusing Mat r i xFor m

| Mat ri XFor m[mat ri x ]

Compute theinverse of thismatrix.

| inv =lnverse[matrix]; Matri xForm[i nv ]

Display anumerical approximation to theinverted matrixusing Mat ri xForm

| Mat ri xFor m[N[i nv]]

Find the determinant of the inverted matrix.

Here isthe determinant of the exact matrix.

| Det [i nv ]

Here is an approximation to the determinant.

| N[%]

Working with Precision

Mathematica can work with numberswith any number of digits, and in the case of approximate num-
bersit maintainsinformation about how many of the digits are significant. The number of significant
digitsinanumber x iscalled the precison of x, and Mathematica knows the rules of numerical analysis
for dealingwith numberswith different amountsof precision.

Preci si on[ x] returns the number of significant digitsin the number x.

Preci si on[N[x, 40]]

Accur acy returns the number of digits to theright of the decimal point. Precision isameasure of the
relative error of anumber, and accuracy isa measure of the absolute error.

The following number has 24 significant digits.
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| Preci si on[1234567 890. 123456789012345]

It has15digitsto theright of the decimal point.

| Accuracy [1234567890. 123456789012345]

For simplicity, wedeal primarily with Pr eci si oninthese notes.

Mathematica uses two types of approximate numbers, machine-precison numbersand arbitrary-
precison numbers. Machine-precision numbersare numbersthat can be calculated using acomput-
er’'shardware: most computers can directly handlenumberswith up to 16 significant digits. (The
number of digits that the hardware can handleisstored in the parameter $Machi nePr eci si on.) For
efficiency reasons, Mathematica doesany calculation that contains even one machine-precision
number to machineprecision.

We determineamachine’s precision by looking at the value of $Machi nePr eci si on.

| $Machi nePr eci si on

The number 2.3in the following calculation isamachine-precision number (whilethe other number is
not), so the answer isamachine-precision number.

| 2.3 +1.234567890123456789012345

| Preci si on[%]

By default, Nreturns amachine-precision number.
N['\/lg ]

| Preci si on[ %4

If anumber hasmore than 16 (or the value of $Machi nePr eci si on, if different) significant digits, itis
called an arbitrary-precision number.

Here we ask for an approximation to 4/19 with 50 significant digits.

N['\/19 , 50]
The precision of theresult is50, making the approximation an arbitrary-precision number.
| Preci si on[ %4

Note that Mathematica defaults to machineprecision when anumber with lower precision than
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machineprecision isgenerated.
N[w/lg : 4]

| Preci sion[%]

Using Set Pr eci si on we can artificially set the precision of anumber to an arbitrary number of digits.
Set Pr eci si on[N['\/lg , 4], 5]

| Preci si on[%]

When using arbitrary-precision numbers, Mathematicadoesnot generate more precision thanis
justified by the calculation. For example, addingtwo valueswith different numbers of significant
digitsreturns anumber asprecise asthe less precise value.

X1 =54.23232323232312312624874590149643;
X2 =34323.98129712872939137913;

| Preci si on[xy]

| Pr eci si on[x;]

The precision of the sum isequal to the precision of x5.

| Preci si on[xy +X2]

The precision of an exact numberisinfinity.

We can approximate an exact number to asmany digits asdesired.

| N[Si n[1], 250]

However, we cannot approximate the following machine-precision number to more than machine
precision.

| N[Si n[1.0], 250]

An additional way to enter anumber with aknown precision isin the form nnnn” p, wherennnnisthe
number and p isthe number of digits of precision. For example, hereisan approximation to 7 with
three digits of precision.
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| 3.141° 3

By default Mathematica prints only the correct digits, without the ™ p. To explicitly see all of the infor -
mation Mathematicahasfor anumber, welook at the number’sinput form.

| | nput For m[% ]

Aswith arbitrary-precision arithmetic, Mathematica keeps track of the number of significant digitsin
aresult. Here we use several imprecise numbersin the calculation of the volume of acylinder, and
Mathematicareturns an answer with the correct number of significant digits.

| 3.1416 4 % (11. 1111° 5)2 (15. 253545’ 6)

Similarly, Mathematica knows the standard rules of interval arithmetic. Here isa similar calculation
performed using intervals.

I nterval [{3.1415, 3.1416}] *Interval [{11.11105, 11.11110}]2 %
I nterval [{15. 25350, 15.25355}]

See also Machi neNunber Q, Set Accur acy, Pr eci si onGoal , Accur acyGoal , $Nunber Mar ks,
$MaxExt raPreci si on, I nterval,|nterval Merber Q Nuneri cal Math™ M croscope’
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m Exercises: Working With Precision

Find the machineprecision of aparticular machineeither by entering $Machi nePr eci si on or by
entering amachine-precision number and finding its precision.

| Preci sion[3.0]

| $Machi nePr eci si on

Create an number with more than machineprecision by entering digits by hand,and add it to a
machine-precision number. What isthe precision of theresult? Now add Sqrt [ 3] to the original
number. What isthe precision of theresult?

Here isa number with more than machine precision.

| bi gnum=12. 32121212134312321234

| Preci si on[bi gnum]

Here isthe sum of bi gnumand a machine-precision number.

| result =bi gnum+2.3

The result has machine precision.

| Preci sion[result]

Here isthe sum of bi gnumand an exact quantity (a number with infinite precision).

| result2 =bi gnum+Sqrt [3]

The result hasthe same precision as bi gnum

| Preci sion[result2]

Equation Solving

Sol ve isthe basic function for solving equationsin Mathematica. Sol ve finds solutionsto equations
using algebraic methods, which are often enough to get an exact numeric result.

When we solve thisquadratic equation, we get an answer involvingirrational numbers.

Solve[3x?-12x +10 ==11, x|
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We get approximate solutions by using Non the exact solutions.

| N[%]

But whenwetry to solve aquintic (fifth-degree polynomial) equation, wefind that we do not get a
numerical answer, but rather an implicit symbolic answer in the form of Root objects.

| Sol ve[x5 +5X +1 ==0, x]
Nstill returns approximationsto the implicit solutions.

| N[%]

When an equation cannot be solved symbolically, NSol ve will often find numeric solutions. (Using
NSol ve isdifferent from using both Nand Sol ve.)

| NSol ve [x® -x* +12x% -11x% +x -12 ==0, x]

NSol ve solves systems of any number of algebraic equationsfor an appropriate number of unknowns.
Here welook for the points of intersection between an ellipse and aline.The graph allowsusto make
avisual approximation of the solutions.

‘ —] 3
NSol ve numerically solvesthe system of equations.
| NSol ve[{8x?+12y? ==10, 12x - 19y ==10}, {x, y}]

There are several pairs of functions in Mathematicawhose namesdiffer by theletter N, such as Sol ve

and NSol ve, and | nt egr at e and NI nt egr at e. These “N-functions” perform their operations numeri-
cally, rather than symbolically. Although in most cases we arrive at the sameresult by taking anumeri-
cal approximation of asymbolic solution, Mathematicaisin fact using adifferent algorithm.

Fi ndRoot searches for aroot of an equation, using a given starting point. Thisfunction uses Newton's
method to find the roots of non-algebraic expressionsthat NSol ve cannot solve.

Here isagraph of atranscendental expression;theroots of the expression are the points at which the
graph crosses the x-axis.

| Pl ot [Exp[x]-Sin[x], {x, -7, 2}, PlotLabel » "exp(x) - sinx)"]
NSol ve isunableto solve thisequation.
| NSol ve [Exp [x] -Sin[x] ==0, Xx]

Fi ndRoot returns oneroot of the equation, given a starting point for the search algorithm. From the
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graph it appears that oneroot isnear x = -6, so we use —6 asone starting point. The result indicates
that thereisaroot at x = -6.28131.

| Fi ndRoot [Exp[x] -Sin[x] ==0, {x, -6}]
The other root appears to be near x = —3, so we use —3asthe second starting point.

| Fi ndRoot [Exp[x] -Sin[x] ==0, {x, -3}]

See also Root Reduce, ToRadi cal s, Nuneri cal Mat h™ | nt er val Root s°
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m Exercises: Equation Solving

Use Fi ndRoot to find approximations for the three roots of the function graphed below. (Hint:
estimate the starting points from the graph.)

-7 +T

Thefirst root isnear x = —4, so weuse —4 asthe starting point for the search algorithm.
| Fi ndRoot [x"3-12Xx +12 ==0, {X, -4}]

The second root isnear x = 1.
| Fi ndRoot [x"3-12x +12 ==0, {X, 1}]

Thethird root isnear x = 3.
| Fi ndRoot [x"*3-12x +12 ==0, {Xx, 3}]

Find the six roots of the equation 4x® - 12x° + 8x* + 3x®-19x2 + 12x —10 = 0.

NSol ve will find the sixroots of the equation. Remember to use ==to represent equations.

| NSol ve[4x6—12x5+8x4+3x3—19x2+12x—10 ==0, x]

Theresult isalist of two real-valued solutions, and two conjugate complex pairs.
Find six solutions of the equation x sin(x) = 1.

Here isaplot of x sin(x) —1, theroots of which are theroots of x sin(x) = 1.

| Plot [{x Sin[x] -1}, {x, 0, 20}, PlotStyle » GrayLevel [0.5 1]

Note that NSol ve doesnot find the solutions of thistranscendental equation.

| NSol ve[x Sin[x] ==1, X]
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We then use Fi ndRoot . Using Tabl e we can find six of the infinite number of solutions at once.

Tabl e[Fi ndRoot [x Sin[x] ==1, {x, a}], {a, x, 6w, =n}]

Numerical Calculus

We perform integration using the commandsl nt egr at e and NI nt egr at e. | nt egr at e uses symbolic
methodsto compute the value of adefinite integral.

| Integrate[Sin[x], {x, 0, x}]

I nt egr at e also works on functions with more than one variable. Here isthe volume under a surface,
over asquare region.

| Integrate[Sin[x] +Sin[y], {x, 0, x}, {y, 0, =x}]
Here isaspecial input form for the same expression. We enter the integral sign fby typing [eclint(esc) or

Il \[Integral],andwemust usethe special differential d, entered by typing [sddd[t or
|l \[Differential D ,andnotanordinary keyboard d.

‘ J"J.N(Si N[x]+Sinfy]l)dxdy
0 JO

Here isamore complicated integral, taken over anonrectangular region.

2 7 X
‘j jSin[xy]dydx
o Jo

When calculating definite integrals involving symbolic parameters, Mathematica may return an
answer that dependson the value of the parameters.

| Integrate[x", {x, 0, 1}]

NI nt egr at e uses numerical methodsto approximate the area under the specified curve inthe speci-
fied domain.This method produces results in many cases where the symbolic method fails.

We cannot get an exact value for the following integral using symbolic methods.

| Integrate[E3 ", (x, -2, 2}]

We can get an approximation using N.
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| N[%]

NI nt egr at e uses numerical methodsfrom the beginning, and returns the sameresult.

| Nintegrate[ES "X, (x, -2, 2}]

By default, Mathematica doesall numerical calculus calculations with machine-precision numbers, but
most numerical functions in Mathematica allow changes to thisthrough the Wor ki ngPr eci si on
option. Wor ki ngPr eci si on- >n causes all internal computationsto be doneto at most n-digit
precision.

We can see the effect of thisoption by looking at an example of numerical integration. Here isan
exampleperformed with machineprecision.

1
NI ntegrate[—, {x, 1, 2}]
X

| Preci si on[%]

Now welook at the same examplewith aworking precision of 50 digits. Note that we are setting the
precision to be used whileworking this problem, and not the desired precision of the result.

| Nl ntegrate[l/x, {x, 1, 2}, Wbrki ngPrecision ->50]

| Preci si on[ %4

NDSol ve finds numerical solutionsto systems of differential equations. Here we solve a system of
differential equations, giving thelist of solutionsthe namesol .

sol =NDSolve[{x' [t]==-y[t]-x[t]% y'[t]==2X[t]-yI[t],
x[0] ==y [0] ==1}, {x, y}, {t, O, 9}]

Theresult of thiscalculation isaset of two interpolating functions, essentially large sets of points that
wetreat ascontinuous functions. We then look at the solution set graphically, intwo different ways.
For the first plot, weplot x(t) (dashed line) and y(t) (gray line) on the same set of axes.(The form /. is

explainedin the next chapter.)

Plot [{x[t] /. sol, y[t] /. sol}, {t, O, 9},
Pl ot Styl e » {Dashi ng[{0. 015" }], GrayLevel [0.5 ]1}]

For the second plot, we plot x(t) against y(t).
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Paranmetri cPl ot [Eval uate[{x[t], y[t]1} /. sol], {t, O, 9},
Aspect Rati o - Aut ormati c]

Here isthefirst interpolating function, corresponding to x.

| x /. sol [[1, 1]1]

To evaluate theinterpolating function at aparticular point, weappend an argument inside square
brackets. Here isthe value of the interpolating function at 6.28.

| % [6. 28]

Mathematica can also solve some partial differential equationsnumerically, given sufficient initial
conditionsand ranges for all variablesappearing in the system. (The form

| Derivative[0,1][x][t,0] meansthederivative of the function x, taking the first derivative with
respect to the second variable of x, and no derivative with respect to thefirst variable, evaluating the

derivative at (t, 0); in traditional notation, it represents x(01) (t, 0).) Theresult of NDSol ve in this case
isasingle two-dimensionalinterpolating function.

NDSol ve [{D[x [t, u], {u, 2}] ==D[x[t, ul, {t, 2}], x[t, 0] == Exp[-t ~2],
Derivative[0, 1][x][t, O] ==0}, x, {t, -5, 5}, {u, -2, 2}]

Here isagraph of the solution.

Pl ot 3D[Eval uate[x [t, u] /. First [%]], {t, -5, 5}, {u, -2, 2},
Pl ot Poi nt s » 30]

See also NSum NPr oduct , Deri vati ve, Pri nci pal Val ue, Assunpt i ons, Gener at eCondi ti ons,
Nuneri cal Mat h Li st nt egrate’, Met hod, Tr apezoi dal ,Gsci |l | at ory, Mont eCar | o

m Exercises: Numerical Calculus

4

The areaunder the curve , between Oand 1, isexactly 7. Use NI nt egr at e to generate an

1+x
approximation of rto approximately 20, 30, and 40 places of precision. (Hint: use the
Wor ki ngPr eci si on option, recalling that the precision of theresult isusually 10 places lessthan the
Wor ki ngPr eci si on.)

Here isagraph that represents the areawewish to compute. (The graph usesthe add-on package
G aphics Fill edPl ot ™ tofill inthe areas under the curve.)

] L]

When we calculate the integral with aworking precision of 30 digits, the result hasaround 20 signifi -
cant digits.



Introduction to Mathematica 29

4

NI nt egrate[ , {X, 0, 1}, WorkingPrecision- 30]

1 +x2

| Preci sion[%]
Using 40 digitsinternally results in avalue with around 30 significant digits.

4

NI nt egrate[ , {X, 0, 1}, WorkingPrecision- 40]

1 +x2

| Preci sion[%]
Using 50 digits returns an answer with around 40 digits.

4

NI nt egrate[ , {X, 0, 1}, WorkingPrecision- 50]

1 +x2

| Preci sion[%]
Asidefrom roundingin thelast digit, the answersare the same asadirect approximation to .

| N[x, 45]

Other Numerical Functions

m Random Numbers

There are many more numerical functions built into the Mathematicakernel or defined in the standard
add-on packages that cover alarge number of specialized fields.

Afunction useful for performing simulationsis Random which generates pseudorandom numbers.
Randoni ] givesauniformly distributed pseudorandom real number intherange Oto 1.

|l Randoni type, range] gives apseudorandom number of the specified type in the specified range.
Possible types are | nt eger, Real , and Conpl ex. The default range isfrom 0to 1, and we can specify
therange {min, max} explicitly.

Here isarandom number between 0 and 1.

RandonReal []
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Here isatable of random integers between 1 and 10.

Random nt eger [{1, 10}, 15]

See also SeedRandom $Randontt at e, St ati sti cs” Conti nuousDi stri butions’,
Statistics DiscreteDistributions’

m Products and Sums

Products and sumsare also defined in Mathematica. Pr oduct [ f, {i, imin, imax, di}] evaluatesthe
product of fwithirunning from i, t0 imax in steps of di.If i, and di are omitted they are assumed to
beOand 1, respectively. Multiple products are entered inthe form Product [ f, {i, imin, imax}, {]:

jmini jmax}r ]

Pr oduct computes an exact result.

Product[i, {i, 1, 10}]

We can enter products in the following two-dimensional form.
10
[
i=1
NPr oduct uses numerical methodsto find an approximate product.

| NProduct [i, {i, 1, 10}]

The valuescomputed are equal to 10 factorial.

|

Sumtakes the same form as Pr oduct . Sumcomputes exact values, and NSumcom putes approximate
values.

| {sum[n® {n, 2, 30}], NSum[n? ({n, 2, 30}]}

Here isthetwo-dimensionalinput form for Sum
30
N
n=2
See also Nuneri cal Mat h™ NLi mi t *, Numeri cal Mat h® NSeri es”

m Optimization
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Mathematica has several built-in optimization functions. Fi ndM ni numfindsalocal minimumfor a
function, given astarting value for the search. Here isagraph of the gammafunction.

| Pl ot [Gamma[x], {X, 0, 4}]

The following command findsalocal minimumfor the gammafunction. Theresult states that the local
minimumis 0.885603, which occurs when xis 1.46163.

| Fi ndM ni mum[Gamma[x], {X, 1.5}]

Here isafunction with several local minima.The starting valuewe give to Fi ndM ni numcan affect the
local minimumthat Mathematicareturns.

X
Pl ot [Sin[x]+—, x, -6, 6}]
5

Here isthe local minimumof sin(x) + = near x = —2.
5

X
Fi ndM ni rrum[Si nix1 +—, {Xx, —2}]
5

Starting the search near x = 4 gives adifferent local minimum.

X
Fi ndM ni rrum[Si nEx] +—, {X, 4}]
5

We interpret theresult astelling usthat thelocal minimumis—-0.0775897, which occurs when x is
451103.

Constrai nedM n[ f, {inequalities}, {X, vy, ...}] findsthe global minimum of fin the domain speci-
fied by the linear constraints inequalities. The variablesx, y, ... are all assumed to be nonnegative. Here
istheminimumof 5x —3y, constrained by x + 2y < 4andx + 3y > 6. Theconstraintsx =0,y =0 are
implied.

|ConstrainedMn[5x—3y, {X+2y <4, x+3y >6}, {X, y}]

Theresult states that the constrained minimumis —6, which occurs whenxisOandyis2.

Const r ai nedMax works similarly.

| Constrai nedMax [12x +10y, {x +y <4, 5x +3y <15}, {X, y}]

Again, the Help Browser provides an easy way to explore the many different categories of functions
and algorithms.

See also Li near Pr ogr ammi ng, Fouri er, | nver seFouri er, Pri neQ Fact or | nt eger
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m Exercises: Other Numerical Functions
Use Tabl e to make alist of the squares of the first 25integers.
| Table[i ?, {i, 1, 25}]

What isthe product of these integers? (Hint: do not use Tabl e or the result of the last exercise.)

| Product [i ~2, {i, 1, 25}]

Use Tabl e to create alist of fifteen random integers between 1 and 10.

| nunber s = Random nt eger [{1, 10}, 15]

The commandsMax and M nreturn the greatest and least elementsof alist. What are the greatest and
least numbersin thelist generated above?

| Max [nunber s]

| M n [nunber s]

The sum of thenumbers1,2,...,n (X, i) isequal to %n(n +1).Use Mathematicato verify that thisis
true for n =50, 100, and 200. (Compare the results of each method.)

Here we verify the formula when n is50.

| sumli, {i, 1, 50}]

1
—x50x (50 +1)
2

Here we verify the formula when n is 100, using the two-dimensional input form for Sum and directly
testing if the two results are equal.

100 1
Zi == — (100) (101)
2

i =1
Here werepeat the calculation for n = 200.

200 1
Zi == — (200) (201)
= 2

Mathematica verifies the general formula when we use avariable namefor the upper limit of the
summation.
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I Symbolics

Algebra

m Entering Symbolic Expressions

We enter symbolic expressions such as polynomialsthe same way we enter numeric expressions. To

enter the expression x3 + ax? + bx + 1, for example, wetype the following. We use a caret » or a
superscript to represent apower, and use aspace or an asterisk to represent multiplication.

3

X° +ax"2+bxx +1

It isvery important to remember to type a space or asterisk for multiplication. Mathematicainter-
prets|] b x and b*x asbtimesx, but interprets bx (with no space between) as avariable with the two-
letter name bx.

It isalso important to group exponents, numerators, and denominatorswith parentheses: Mathemat-
icausesthe grouping rules and order of operations of standard arithmetic, so the following two
expressions are interpreted differently.

| {E"27x, EM 27)}
The following two expressions are also different.

| {1/2x, 1/ (2n)}

Variables, functions, and other expressions can contain special characters, such as Greek and script
letters. The following isavalid symbolic expression.

| a.7LZ+/3.7L +Y

We can also use two-dimensional forms in symbolic expressions.
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X = (X1 +X2 +X3)

w |

m Defining Variables

We definevariablesin Mathematica by typing name=value, using asingle equal sign. Variablenames
can beaslong asdesired, and can be any combination of letters (both upper- and lower-case) and
numbers, with the restriction that avariable namecannot begin with anumber.

To set thevariable newar equal to 15, we enter the following.

| newar =15

After we make the assignment, every timenewar isused it isreplaced with itsvalue.

| newar 2 - 2newar

Variablenamesare case sensitive, so the following namesare all different.

| newar +newAR + NewVar + NeW Ar

Variablescan have symbolic values, so the following isavalid assignment. (We keep Mathematica from
printing the value of avariable whenit isassigned by endingthelinewith asemicolon.)

| 727 = xxx? +yyy?;

Theright-hand side of avariable assignment can be afunction or program; Mathematicawill set the
value of the variable equal to the result of theright-hand side. Here we set the value of sol ut i onset
to be theresult of solving an equation.

| sol utionset =Solve[x"2 ==2Xx +1, X]

We can even set avariable equal to afunction name.For instance, we can set the variablei nt equal to
the built-in | nt egr at e function.

| int =1 ntegrate;

We can now use i nt wherewewould usel nt egr at e.

| int [Tan[x], X]

It isimportant to realize that variable assignments are permanent. The values of newar , zzz,

sol uti onset,andi nt willremainin memory until we quit Mathematica, or until we use the Cl ear
commandto tell Mathematicato forget the value of the variable. Here isanother calculation that uses
the value of newar defined above.
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| newar 2 + newar -200

The d ear function erasesthe value of newar .

| C ear [newar ]

We see that newvar nolonger hasavalue.

| newar 2 +newar -200

Here weclear the other variablesused in this section.

| Cl ear [zzz, sol utionset, int]

m Defining Functions

Defining functions in Mathematicais somewhat different from writing functions by hand.The reason
isthat standard mathematical notation isambiguous, whileMathematicarequires aprecise definition
inorder to understand a question. For example,itisunclear in traditional notation whether q(1-p)
meansthe function gq evaluated at 1 —p, or q timesthe quantity 1 —p.

To avoid thisambiguity, in St andar dFor mand | nput For mwetype gq[ 1- p] to denotethe function g
evaluated at 1 —p, and q( 1- p) to denoteqtimes1l—p.

To defineafunction, say areaCircle(r), we must tell Mathematicathat we wish areaCircle to be applica-
bleto anyargument r, and not just to the literal symbol r.In order to do this, we set up a pattern on the
left side of the function definition. Apattern isablank that can match any single argument given to a

function. For example, to define areaCircle(r) = nr 2, wetype the following. (Note the use of : = to
separate theleft and right sidesof afunction definition.)

areaCircle[r _]:=nr?
There are several thingsto keep in mind.The nameof the function isar eaCi r cl e, and becauseitisa
function, itsargument goes insidesquare brackets. Ther _term insidethe square brackets isthe
pattern for theargument to ar eaCi r cl e, whichweread as“any r”;the underscore _isablank that

matchesany single argument, and ther nextto it isthe nameof the pattern, whichisused to refer to
the argument on theright-hand side of the function definition.

We use the function after definingit by entering aline such asthe following.

areaCircl e[10]

When we evaluate ar eaCi r cl e[ 10] , Mathematicalooks in its database to seeif it hasadefinition for
areaCircl e called with one argument. Because we used the pattern r _in the definition of
areaCircl e,andr _isapattern that matchesany single argument, Mathematica puts the 10 into the
blank called r , then substitutes 10 everywherer appears on theright-hand side of the definition.
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When we define afunction, the namewegive to the pattern isunimportant, except that we must use
the samenameon theright side of the definition. For instance, we could have defined the function
areaCircl ebyenteringareaCircle[x _]:=mx?.

Argumentswegive to ar eaCi r cl e do not haveto be numbers. When wetype areaCircl e[19c],
Mathematicamatches] 19 c with the pattern | r_, and again substitutes ] 19 ¢ everywherer
appears on theright side of the definition.

areaCircle[l9c]

Here isamore complicated use of areaCi rcl e.

1
— (areaCircle[s /2] +areaCircle[s])
2

Oncewedefine afunction, weuseit just aswe use abuilt-in function. Here isaplot of areaCi rcl e.
| Pl ot [areaCircle[t], {t, 0, 2}]

Here isthe derivative of ar eaCi r cl e with respect to z.
| DlareaCircle[z], z]

Similarly, we can define afunction vqumeCyIinder(r, h) =71 2h by entering the following.

| vol uneCylinder[r_, h_1:==nr?h

We read the left side of the definition as“volumeCylinder of any r and any h”. Here isan application of
the function.

| vol umeCyl i nder [2, 10]

Like variables, function definitionsare permanent;the definitionsof the functions ar eaCi r cl e and
vol umeCyl i nder will remainin memory until we explicitly clear the definitionsusing Cl ear, or we
quit Mathematica.

| Cl ear [areaCircl e, vol uneCyli nder ]

m Manipulating Polynomials

Given asymbolic polynomial, Mathematicadoes not carry out much manipulation without being told
to do so; that is, it makes few assumptions about the form in which we want a polynomial.

Oneof the operations Mathematica carries out automatically is putting expressionsinto a standard
order. In St andar dFor mand Qut put For mMathematica puts constantsin front, and arranges termsin
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order of increasing powers.

| 2X +X"2+1

In Tr adi ti onal For mthereverse order isused.

| Tradi tional Form2x +x"2 +1]

Mathematica automatically addsand subtracts like terms.

| L+2X)+ @4x +3)

| 3(2 X-=X)
However, Mathematica doesnot automatically expand, factor, or greatly simplify a polynomial.

| (x +3y -52)°

To have Mathematica expand an expression, we explicitly tell it to do so. In thiscase, we apply the
function Expand to the previous output (which werefer to as%.

| Expand[ %4

Similarly, Mathematica does not automatically simplify an expression. The most commonly used
simplification commandisSi npl i fy, whichtriesalong list of transformation rules, returning the
smallest equivalent expression it finds, in this case the original expression.

Sinmplify[%]

| Simplify[(1-x%) (1+x+x°)]

Oneareawhereitisimportant to recognize that Mathematica doesnot automatically simplify expres-
sionsisequation solving. Mathematica’'s == construct, for instance, returns Tr ue only if the left and
right sidesof the equation are identical in form, and not necessarily identical in a mathematical sense.

In the following example, the left and right sidesof the equation are mathematically equal, but not
equal in form, so Mathematicareturns the equation unevaluated.

| (b +x) (b -x) ==b? -x?

Oneway to get Mathematicato recognize the equality isto usethe Si npl i fy commandto transform
each side of the equation into an equivalent form.

| Simplify[(b+x) (b-x)==b?-x?]
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There are several waysto rearrange polynomialsgenerated in Mathematica, or to pick out particular
features or specific terms of apolynomial.

Using Col | ect on the expansion of (a +b+ c)5, we can arrange terms with respect to the variable c.

| Col | ect [Expand [(a+b +c)°], c]

Using Coef fi ci ent, we can select the coefficient of any expression in apolynomial.
| Coef fi ci ent [Expand [(a+b +c)°], a®]

Fact or represents an expression asaproduct of factors.

| Factor [x"9 +1]

Here wefind the namesof all the variablesin an expression.

| Vari abl es [Expand[(a+b +c)”~5]]

Thisisthe greatest exponentinthe polynomial.

| Exponent [(1+x) (1-x-x?) (1-x), x]

See also Pol ynom al Mbd, Pol ynom al Quot i ent, Pol ynoni al Remai nder , Pol ynom al GCD,
Pol ynom al LCM Fact or Li st , Coef fi ci entLi st, | nterpol ati ngPol ynom al ,Fit, Cycl otonic

m Manipulating Rational Expressions
There are several commandsthat work exclusively on rational expressions and formulas.

Apart performs partial-fraction decomposition of arational expression.

| Apart [1/ (1 -x"5)]

Toget her doesthe opposite: it puts two or morerational expressions over acommon denominator,
without simplifying.

| Toget her [%]
We can choose what part of arational expression to expand, such asthe numerator or denominator.

| ExpandDenomi nat or [%]

Cancel dividesout common factors.
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x5 -1

Cancel [

]

See also Nuner at or , Denomi nat or , ExpandAl |

X -1

m Manipulating Symbolic Functions

Mathematica carries out basic simplifications and computes special values of mathematical functions.

| (Csc[x] Tan[w]) / (Cot [x] Sec [w])

| Bessel Y[5 /2, £]

In most cases, however, we must explicitly tell Mathematicato manipulate a symbolic expression.
Tri gExpand expandstrigonometric expressions.

| Tri gExpand [Si n[a+B +¥]]

Tri gToExp converts trigonometric expressionsinto exponential form.
| Tri gToExp[Cos[z] +| Sin[z]]

ExpToTri g doesthe opposite.
| ExpToTri g[%]

Ful | Si npl i fy generates the smallest possible form of an expression involving special functions.
(Si npl i fy works primarily on polynomial expressions.)

| Ful | Sinmplify [Gmalw] Ganma[l -w]]

| Ful | Sinplify[Abs[z] Exp[l Arg[z]]]

See also Funct i onExpand, Tr i gReduce, Conpl exi t yFuncti on

m Options

Mathematica has many options to symbolic functions that allow usto change the default assumptions
used to perform acalculation. For instance, by default the Fact or command allowsonlyreal integers
inthe factorization of apolynomial.

Fact or [x2 —1]
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For thisreason, Mathematica does not extract any factors from x? — 2.

| Factor [x~2-2] (* use the default behavior of Factor =)

There may be instances, however, in which algebraic numbersshould be allowed in the factorization.

Here isalist of optionsto Fact or, along with their default values.

| Opt i ons [Fact or ]

To allow algebraic numbersin the factorization of apolynomial, we use the Ext ensi on option.

| ? Ext ensi on

Mathematica now factors x?2 — 2.

Fact or [x"2 - 2, Extension -> '\/2_]

Similarly we can factor over complexintegers by including the complexunit Zin thefield over which
polynomialsare factored.

| Factor [x"2 + 1, Extension - i]

See also Gaussi anl nt eger s

m Mathematica’'s Assumptions

By default, Mathematica assumesthat any variable or symbol that doesnot have an explicit value can
take any complex value.

Mathematicareturns thereal part of any number.

| Re[3+41]

However, Mathematica doesnot automatically simplify | Re[x +I y] to x, because Mathematica
assumesthevariables x and y could have complexvalues.

| Re[x +1 y]

To instruct Mathematicato assumethat x and y havereal values, we use Conpl exExpand. When
Conpl exExpand isapplied to an expression, Mathematicatreats all the variablesin the expression asif
they havereal values. When x and y are assumed to be real-valued, thereal part of | x +1 y isx.

| Conpl exExpand [Re[x +1 y11
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Similarly, Mathematicasimplifies(\/z—)zto z because the simplification is correct for any value of z.

| Sgrt [z]72

Mathematica doesnot, however, automatically simplify \/22 to z:the simplification isvalid only for
nonnegative real valuesof z, and by default Mathematica assumes z can take any complexvalue.Here
isMathematica's default behavior.

| Sgrt [z7 2]
However, there are waysto tell Mathematicato perform the simplification. The Power Expand func-
tion multipliesthe exponentsin an expression like \/22 , asthe usage message reveals.

| ? Power Expand

Here Mathematica performs the simplification.

Power Expand [\/ZT]

See also Tar get Functi ons, M scel | aneous” Real Onl y°

m Exercises: Algebra

Add, subtract, multiply, and divideany two polynomials, simplifying the result if necessary.

Here wedefinetwo polynomials, pol yone and pol yt wo.

pol yone =x2 +2x +1;
pol ytwo =x3%-3x -2;

Here are the sum and difference.
| pol yone +pol yt wo
| pol yone -pol yt wo
Here isthe product.

| pol yone x pol yt wo

Theresult needsto be expanded.
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| Expand [%]

Here isthe quotient.
| pol yone / pol yt wo
In thiscase, the quotient can be simplified.

| Sinmplify[%]

Expand the expression (1 + x)*°. Factor the expression 1 + x1°°.

Thisissimply amatter of using proper Mathematica syntax.

| Expand [ (1 +x)"10]

| Fact or [1 +x”~105]

Use Conpl exExpand and its option Tar get Funct i ons to convert | Abs[x +1 y]to
|l Sart x*2+y~2].

By default Mathematicadoesnot simplify | Abs[x +! y] because it assumesx andy could be com-
plex-valued variables.

| Abs [x +1 y]

The option Tar get Funct i ons allowsusto specify the form in which wewant the result of
Conpl exExpand.

| ? Tar get Funct i ons

Here isthe default setting of Tar get Funct i ons.

| Opt i ons [Conpl exExpand ]

To simplify ] Abs[x +1 y1,weneed to give avaluefor Tar get Funct i ons that doesnot include Abs.
Here we use the option value] {Re, | m}, and we get the desired result.

| Conpl exExpand [Abs [x +| y], Target Functions -> {Re, | m}]

Substitution with Replacement Rules
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Suppose wewant to substitute a particular value for thevariabley into the formula
|l Sart [x~2 + y~2].0neway to substitute the value 7 for y isto set y equal to 7.

Evaluating] Sqrt [x~2 +y~2] now reflects the new valueof y.

| Sgrt [x"2+y”2]

The trouble with thisapproach isthat the value 7 (in this case) will be substituted wherever y appears

in any expressions evaluated after the assignment, at least until y iscleared of itsvalue. For instance, if
we later try to solve an equation with respect to y, Mathematica substitutes the value 7 into y, in effect

assuming wewant to solve the equation with respect to 7.

| Solve[y® +x'% ==1, y]
To clear the value of y, weuse d ear .

| Cl ear [y]

Abetter method for replacing any part of an expression with another value or expression usesthe
replacement operator pair /. and - >. Expressions of the form replacethis- > withthisare called rules,
and Mathematica carries out any substitutions described by arule or set of rules placed after the slash-
period /. . The general syntax for making a substitution isexpr/ . replacethis- > withthis.

For instance, to replace y inthe expression ] Sqrt [x~2 + y~2] with 7, wetype the following.

Sgrt [x"2 +y”r2]1 /.y > 7

Although wereplaced the variable y with the value 7in the expression | Sqrt [x~2 +y~ 2], thevalue
for y remainsundefined.

K

We are not limited to numerical replacements. Here wereplace y with| 1 +a.
| Sogrt [x*2 +y”*2] /.y -=>1+a
Here isan expression that containsthe variable x.

| Log[(1-x) x]

We can replace x with anumerical value by using areplacement rule. (We enter the arrow character -»
by typing [esd- >[esc].)
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| Log[(1-x)x] /. x » 0.35

We can also replace any number of variables or subexpressionsin an expression with others by giving
alist of replacement rules.

|a+b"2+c"3 /. {a»a b->pB Cc- vy}

We can also create alist of expressionsformed by different lists of replacement rules by telling Mathe-
maticato substitute more than one set of valuesfor an expression. Below we compute three valuesfor
| Sart [x~2+y~2] by substituting into it alist containing three lists of replacement rules.

Sgrt [xh2 +y~N2] /.
{{x >3, y->4}, {x-5 y->12}, {xX-1, y->1}}

Asomewhat tricky case occurs whenwe perform more than one substitution in an expression with
only onevariable. For instance, to substitute two valuesfor x into the expression defined above, we
might try the following.

Log[(1-x)x] /. {x -=>0.35, x ->0.55} (* this is incorrect =x)

Mathematicareturned only one of thetwo desired values. The reason isthat Mathematica performs the
substitutions from left to right: First therule] x -> 0. 35 wasapplied to the formula, replacing all
occurrences of x with 0.35;then therule] x -> 0. 55 wasapplied to that result, which wasfree of any
occurrences of x.

To avoid thisdifficulty, we must put each set of replacement rulesinsideits own list, even if each set
containsonlyonerule: thisindicatesto Mathematicathat each replacement rule should be considered
aseparate solution set.

| Log[(1-x)x] /. {{Xx ->0.35}, {x ->0.55}} (x this is correct =x)

In general Mathematicareturns asmany valuesfrom asubstitution asthere are sets of replacement
rules.

Onereason that replacement rules are important isthat functions such as Sol ve return resultsinthe
form of alist of lists of replacement rules.

| Sol ve[x2—1==0, x|

Here weverify the solutions separately by substituting each oneinto the original equation, using the
replacement operator /. .

|x2—1==0/. X » -1

|x2—1==0/. X »1
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We can test both solutions at the sametime by substituting alist of solution setsinto the equation.

| x2-1==0/. {{X > -1}, {x »1}}

An easier way to do the samethingisto namethelist of replacement rules. Here we solve the same
equation, thistimenamingthe solution set of replacement rules sol set .

| sol set =So|ve[x2—1==0, x]

Now, instead of retyping the solutions, we can directly substitute sol set into the equation (note that
theentire ruleiscontained in sol set , so it isimportant not to type | x > sol set after the/.).

| x?-1==0 /. sol set

Similarly, we can generate alist of the solutions by substituting the rules containing the solutionsinto
the variable(s) of the equation.

| X /. sol set

See also Repl aceAl | , Repl aceRepeat ed, Rul eDel ayed, Di spat ch

m Exercises: Substitution with Replacement Rules

Using areplacement rule, replace x in the expression x2 + 2x — 1 with 5.

To replace x with 5, weuse the replacement operator pair /. and->on thepolynomial.

|x2+2x—1/. X »5

Verify that x = 3and x = 5are roots of the expression x> -9x2 + 23x — 15, and that x = 4isnot.

Enter the polynomial, calling it cubi c.

| cubic =x®-9x2+23x -15
Replace x with 3.

| cubic /. x » 3

Theresult iszero, so x=3isaroot.

Next replace x with 4.

| cubic /. x »4

Theresult isnot zero, so x=4isnot aroot.
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Now replace x with 5.

| cubic /. x -5

Again we have aroot.

We can test all three roots at once by giving alist of lists of replacement rules.
| cubic /. {{X >3}, {Xx >4}, {Xx->5}}

We generate Tr ue or Fal se values by substituting the solutionsinto the equation ] cubi ¢==0.

| cubic==0/. {{x >3}, {x->4}, {Xx->5}}

Verify that —-b —y/b?—c is aroot of x?+2bx +c.

The basicideaisthe sameasinthe preceding problem. (We must be certain to type aspace or asterisk
betweentheb and x intheterm ]| 2b x to denote multiplication.)

| x?+2bx +c /. X » -b -Sqrt [b? -c]

In thiscase, acomplication isthat the symbolic result doesnot automatically simplify. Therefore, we
explicitly tell Mathematicato simplify the result.

|Sinp|ify[9s]

Thus we see that the given expression isaroot of x? + 2bx + c.

Solving Equations

m Basic Solving

Using Sol ve gives generic solutionsto an equation or system of equations. Recall that we use adouble
equal sign ==to separate the left and right sidesof an equation, and that we should specify avariable
or list of variablesto solve for. Here we solve the general quadratic equation with respect to x.

Sol ve[ax2+bx +Cc ==0, x]

Inside Sol ve, we enter asystem of equationsasalist of equations, followed by alist of variablesto
solve for.
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| Solve[{x +5y ==c, 2x +y ==d}, {X, y}]

We can also solve some systems of equations expressed as matrices. For instance, the same set of
linear equationsas above can be solved by expressing the coefficients in the system asamatrix.

| coeffs = {{1, 5}, {2, 1}};

We can then use Li near Sol ve to solve the same system.

| ?Li near Sol ve

| Li near Sol ve [coeffs, {c, d}]

Asexpected, the answers are the same.

Naturally, there are many equationsthat cannot be solved using symbolic techniques, and when such
equationsare encountered we must use numeric solving or root-finding techniques.

Sol ve solvesequationsfor general values of the parameters, so the solutionsreturned may beincor-
rect for special valuesof the parameters. For example, the solutionsto the general quadratic equation
are incorrect for thevaluea = 0.

| Sol ve[ax2+bx+c ==0, x|

| Reduce returnsalist of logical statements that account for special values of parameters. (The form
| && standsfor thelogical function | And,and] || for thelogical function] O )

| Reduce[ax2+bx +c==0, x]

_ 2_
Theresult states that when a #0, the solutionsx = @ are correct; that when a, b, and care all

2a

zero, any value of xisasolution;and that whena =0andb 0, x = —ﬁ isasolution.

See also El i mi nat e, NSol ve, Fi ndRoot , ToRul es, Root , ToRadi cal s, Root Reduce,
Logi cal Expand, Al gebra’ | nequal i t ySol ve™, Cal cul us” RSol ve

m Using Solutions as Replacement Rules

The following command loadsfrom the Gr aphi cs package directory the package containing the
I mpli ci t Pl ot command.

Needs ["Graphics I nplicitPlot™ "]

Oncethe package isloaded, we can make aplot of two relations on the same set of axes.
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i mp = Cont our Pl ot [{11x®+23y? =200, 10y -6x? = -50}, {x, -5, 5},
{y! _5| 5}]1

Given symbolsand integers as coefficients, Mathematicareturns alist of exact solutionsto the
equations.

sol ns =
Sol ve |
{11x"2+23y”"2==200, 10y -6x"2 ==-50},
{x, y}]

Asbefore, the answersare in the form of lists of replacement rules. Asalways, we can get numeric
approximationsto the solutions.

| sol ns =N[sol ns]

We can then substitute the x-yvaluesinto the Poi nt graphics primitive.

| Point [{x, y}] /. solns

By default, points are the same color and thickness aslines, so we need to prepend the graphics
directive Poi nt Si ze to make the pointsvisible.

| bi gpoi nts =Prepend [%, PointSize[0.04]]

When we plot the two relations, we can then highlight the solutions by includingthe bi gpoi nt s
object in the plotting command.

| Show i np, Epil og - bi gpoi nts]

m Exercises: Solving Equations

Solve the equation x* = 8 with respect to x, then substitute the solutions back into the equation.

Sol ve gives an answer in the form of alist of replacement rules, and we call thelist of rules sol ns. (It
isimportant to use adouble equal sign insidethe Sol ve command to tell Mathematicathat we are
testing for the equality of the polynomial and 0.) The single equal sign after sol ns denotesthat we
wish to set sol ns equal to theresult returned by Sol ve.

sol ns = Sol ve[x3 == 8, x]

To verify the solutions, we substitute the solutions (sol ns) back into the equationsusing the replace-
ment notation slash-period (/. ).
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| x3 ==8 /. sol ns

Solve the general quadratic equation, substituting the solutionsinto the equation to verify that they
are roots.

Solve the equation, getting the two roots asalist of replacement rules.
| Solve[ax?+bx +c ==0, x]
Next, substitute theroots into the equation.

| ax2+bx+c ==0/. %

Theresulting equationsneed to be simplified.

| Sinmplify[%]

Calculus and Analysis

m Differentiation, Integration, and Taylor Series Expansion

For differentiation, integration, and series expansionswe must indicate the variable(s) with respect to

which the operations are being performed. Below we define an expression called expr and set it equal
to sin(n x x).

| Cl ear [expr] (= clear any previous val ues of expr =)
| expr =Sin[nPi x]
We take the derivative of expr with respect to x, using the differentiation operator D.

| Dlexpr, x]

We can also use the special form 9 m.

| Ay expr

Similarly weintegrate expr with respect to x using | nt egr at e.

| Integrate[expr, X ]
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We can also use the following form. We enter the integral sign fbytyping edintecor | \[Integral],
and we must use the special differential 4, entered by typing [sdddied or | \[Differential D], and
not an ordinary keyboard d.

‘ jexpr dx

Here wetake a Taylor series expansion of expr with respect to x, around x =0, up to degree 7.

| Series[expr, {x, 0, 7}]

The O[x ]® term denotesthe extraterms beginning at order 8. To remove the order term, we use the
function Nor mal . Theresult isa polynomial.

| Nor mal [%]
We can apply these calculus operations to general functions and expressions aswell.

| DIf [x]1gIx1h[x]1, Xx]

If Mathematica cannot return an antiderivative for an expression, it returns the expression
unevaluated.

| Integrate[f [x], X]

| Integrate[Sin[Sin[x]], X]
Givenlimitsof integration, we can use numerical methodsto obtain an approximation.
| Nlntegrate[Sin[Sin[x]], {X, 0, x}]

All of the calculus functions apply to multivariate expressions. Here isamixed partial derivative.

| D[x*Y, X, Y]

In these examples, Exp is Mathematica’s namefor the exponential function, and Er f isthe namefor
the error function.

| Integrate[Exp[-(a"2+B"2)], a, B]

‘ jijxp [- (x? +y? +2%)] dz ay dx

Here we see that Mathematica knows how to apply the fundamental theorem of calculus.
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D[Jb[Z]f [X]dx, z]

m Other Calculus and Analysis Functions
Sumallowsusto evaluate manyfinite and infinite sumsand products.

We can evaluate summationswith symbolic or infinite limits.

Sum[k®, {k, 1, n}]
Mathematicarecognizes many special summations, aswell.
k=0 K!

We can do aspot check of the answer by comparing apartial summation to the series expansion of
Mathematica'sresult.

|Sum[x"k/k!, {k, 0, 7}]

| Nor mal [Series[E*, {x, 0, 7}11
Mathematica solves alarge class of ordinary differential equations(or systems of ODESs) symbolically,

given the equationsand initial conditions, afunction or list of functionsto solve for, and independent
variables.

| DSol vely' [X] +2y [X] ==3 Exp[x], Y[X], X]

y'[x1 2yIx]

DSoIve[ ==X Cos [x], Y [x], x]

X X 2

The { 1] in each of the previous examplesisan undetermined coefficient. To replace it with anumeri-
cal (or other) value, we use replacement rules.

| % /. C[1] » 5

We can specify initial conditions, expressing them in the form of an equation (that is, using ==
notation).

| DSolve[{y' [X]/X -2y [X]X) ==X, YI[r] ==3}, yI[X], X]

Here Mathematicarecognizes aspecial differential equation, and returns the answer asalinear combi-
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nation of Bessel functions.
| DSol ve[zzy' "[z]+zYy' [2] + (22—169)y[z] ==0, y[z], Z]

Mathematica can solve some partial differential equations.Here the solution includesan undeter-
mined function C[ 1] of the quantity] 2t +u.

| DSol ve[x[t, u] ==DI[x[t, u], t]-2D[x[t, ul, ul, x[t, ul, {t, u}l
Mathematica calculates limits.

(X"2-4)
Limit [———, x ->2]
(x-2)

Graphics are useful asan informal way to verify alimit.Here wefind thelimitof | Sin[x] /x asx
approaches zero.

| Limt[Sin[x] /X, X ->0]

sin(x)

Aplot of —=suggests that theresult returned by Li m t iscorrect.
X
Sin[x]
Pl ot [— x, -10, 10}]
X

We can specify the direction from which alimitistaken, setting the option Di recti on to 1to take the
limitfrom theleft, or setting Di recti onto —1to take thelimitfrom theright.

Here isaplot of =y
X

Pl ot [i x, -0.5", 0.5}]
X

Setting Di recti onto 1, wetake thelimitfrom the left.

| Limt[l/x, X ->0, Direction -> 1]

Setting Di recti onto —1, wetake thelimitfrom theright.

|Lim’t[1/x, X =>0, Direction -> -1]

We can take limitsof purely symbolic expressions.

| Limt[(@Ld+m/n)?n, n>Infinity]
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The |l nt er val object returned by| Limt [Sin[x], x =>1nfinity] reflects thefact that the sine
function oscillates forever between —1and 1.

Limt[Sin[x], x>Infinity]

There are hundredsof mathematical functions availablefor use with symbolic arguments. Capabilities
existin the Mathematicakernel and standard packages to solve recurrence relations, calculate Laplace
transforms, compute orthogonal polynomials, and much more. The Help Browser, on-linehelp, and
Mathematica books provide convenient waysto explore these functions.

See also Resi due, ConposeSeri es, | nverseSeri es, Cal cul us” Lapl aceTr ansform ,
Cal cul us” Fouri er Transf or m

m Exercises: Calculus and Analysis

Find wherethe polynomial x -6 x2 + 11x — 6 crosses the x-axis, and where its derivative is equal to
zero.

First we plot the curve.

| Plot [x®-6x%+11x -6, {x, 0, 4}]

To find where the curve crosses the x-axis, we use Sol ve.
| Sol ve[x3 -6x%2+11x -6 ==0, x|

For the second part of the question, we take the derivative of the polynomial, using the derivative operator D.
| der = D[(x3 -6x%2+11x -6), x]

Next, we use Sol ve again.

| Sol ve[der ==0, x]

Using thecommand | nt er pol ati ngPol ynoni al , create apolynomial whose graph passes through
the points (0, 1), (1, 11), (2, 21), and (3, 17); then take its derivative. If possible, plot the polynomial
and itsderivative.

We use | nt er pol ati ngPol ynom al with the given points to create the polynomial.

| nmypol y =1 nterpol ati ngPol ynom al [{{0, 1}, {1, 11}, {2, 21}, {3, 17}}, x]

Here itisin simpler form.

| mypoly =Sinplify [mypoly]

Here isthe derivative of our interpolating polynomial.
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| der =0oynypoly

Here isa somewhat simpler form of the derivative.

| der =Si nplify [der ]

Here isa plot of mypol y and its derivative.

Pl ot [{nypoly, der}, {x, -0.1", 3.1 },
Pl ot Styl e » {GayLevel [0.5 ], GrayLevel [0.2" 1}]

Solve the differential equation y”(x) = y’(x) + €, when y(0) = 2and y’(0) = 1.
Additionally,try plotting y(x) over -1 <x < 1.

First we solve the differential equation using DSol ve. Note that the initial conditions are written as equations, not assignments (y[ 0] ==2,

not y[ 0] =2). For convenience, we call the solution dsol .

| dsol =DSol ve[{y'"' [X] ==Yy"' [X]+E~X, y[0] ==2, y' [0] ==1}, y[X], X]

We can isolate y(x) using the replacement operator / . .

| y [x] /. dsol

Next, plot y(x) using Pl ot .

| Pl ot [%, {x, -1, 1}]

Load the package Di scret eMat h” RSol ve™ .Using the on-linehelp, solve the following system of
recurrence equations, and compute ag through ay.

a, =an_1+an, 8 =1, a, =3

Here we load the package and examine the usage message for RSol ve.

| Needs ["Di scret eVat h” RSol ve™ " ]

| ?RSol ve

We see from the usage message that RSol ve accepts a list of recurrence equations, a list of functions to solve for, and an independent
variable. Here we enter the given system of equations, following the directions of the usage message, and get the result. (It is possible that
we have previously defined values or rules for a and n; to be safe, we clear the variablesfirst.)

| Cl ear [a, n];

| RSol ve[{a[n] ==a[n-1] +a[n-2], a[0] ==1, a[l] ==3}, a[n], n]

Extract the general result, calling it gen, by replacing a[ n] with the solution.



Introduction to Mathematica 55

| gen = (a[n] /. First [%])

Here we test some values of n, replacing the n in gen with 0.

| gen /. n-»0

The answer can be simplified.

| Sinmplify[%]

We test the case n = 1.

| Sinplify[gen /. n-> 1]

Now we generate the table of values.

| Table[Sinplify[gen/. n>j], {j, 0, 10}]

These numbers are called the Lucas numbers.

Lists and Functions

m Function Definitions

Function definitionsthat we have seen look like the following.

func[z_]:=1+z"10

The function hasaname (f unc) and apattern to match the argument(s) given to the function (z_,
read as“any z”;the name of the pattern isunimportant, except that we must use the same nameon the
right side of the definition) on the left side of the colon-equal, and somethingto do with the argumen-
t(s) ontheright side of the colon-equal.

We define functions that take more than oneargument in the same way, except wetype in apattern
for each argument that the function isto accept. The following function di st takes two arguments,
any x; and any x»,, and returns the absolute value of the difference of the two arguments.

di st [x1 , x2_1:=Abs[xl-x2]
The body of afunction (the part on theright-hand side of the definition) can be ascomplicated as

necessary, and can contain compound expressions. The following function assigns valuesto the
variables Xand Y, then prints the new values.
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set XandY[xval _, yval _]: =
(X=xval; Y=yval; Print ["X is now ", X, ", and Y is now ", Y])

Mathematica executes all of the commandsin the body of the function.

| set XandY[3, -7]

| X7Y
When we finish using Xand Y we clear their values.
| d ear [X, Y]

We can define functions so that only certain types of arguments are valid.For instance, hereisa
recursive definition of afactorial function.

| fac[n_]1:=nfac[n-1]; fac[0] : =1

Here wecompare avalue computed with f ac to avalue computed using the built-in factorial function.
| {fac[35], 35!}

Ashortcoming of f ac isthat it should apply onlyto integers. We can determineanumber’stype by

using the Head function. Possible valuesfor the head of anumber are | nt eger, Rati onal , Real , and
Conpl ex.

| Head [3]
22
Head [7]

| Head [3. 14159]

We tell Mathematicathat afunction applies onlyto acertain type of number by typing the permissible
head of the number after the underscore in the function definition. (Before redefining f ac, we use
Cl ear to erase theold definition.)

| C ear [fac]

Here werestrict f ac to arguments that havethe head | nt eger .

| fac[n_Integer]:=nfac[n-1]; fac[0] :=1
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The function works asintended when given an integer argument.

| fac[35]
Mathematicareturns f ac unevaluated if called with anything but an integer.
| fac[l. 23456]
Afurther shortcoming of f ac isthat it should accept only positiveintegers. We can include conditions

(such as“n must be positive”) by typing slash-semicolon/ ; after the body of the function, followed by
the condition. First weclear f ac.

| Cd ear [fac]

Now weincludethe condition by typing / ; after the body of the definition, followed by the condition
n > 0.

| fac[n_Integer]:=nfac[n-1] /; n>0

| fac[0] :=1
The function works for arguments that are positive integers.
| fac[40]
It returns unevaluated if called with anything other than a positive integer.
| fac[-10]
Seealso | f, Wi ch, Swi tch, Do, For, Al ternatives, Opti onal ,PatternTest, Mat chQ

m List Functions

Mathematica has many functions for creating lists. Onesuch function is Range, which generates alist
of numbers. Range[ n] creates alist of numbersgoing from 1to n.

| Range [15]
Range[ m, n] returns alist of numbersfrom mto n.
| Range [20, 30]

Range[ m, n, €] returns alist of numbersfrom mto ninincrementsof s
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| Range [3, 4, 1/10]

Another function for creating listsis Tabl e, which we have seen before. Here isatable of approxima-
tionsto the natural logarithm of thei'" prime number, asi goes from 1to 5.

| Tabl e [N[Log[Prine[i 111, {i, 1, 5}]

The elementsof alist can be other lists, and lists can be nested to any depth. For instance, amatrixisa
list of lists, where each sublist containsthe elementsof onerow of the matrix. Here isa 3 x 3 matrix.

| nymat = {{i, j, k}, {1, 2, 3}, {-1, O, -1}};

We format matrices and arbitrary arrays of elementsusing Mat ri xFor mand Tabl eFor m

| Mat ri XxFor m[mymat ]

See also Part, Extract, Take, Dr op, Append, AppendTo, Pr epend, Pr ependTo, | nsert, Del et e,
Joi n, I ntersection, Uni on

m Using Functions with Lists

Mathematica provides many functions designed to allow functions and lists to work together.

Onesuch function is Map, which applies afunction to each element of alist. Here isasimple function.
| nlpix_Integer]:=N[Log[Prinme[x]]]

To apply the function to each element of alist of integers, we use Map. Notice that we give only the
nameof the function (nl p) asthefirst argument to Map, and not nl p[ x] .

| Map [nl p, Range[5]]

There isaspecial class of functions called predicatefunctions each of which returns Tr ue or Fal se
dependingon whether its condition ismet. All the built-in predicate functions in Mathematica end with
theletter Q.Here are the namesof all the built-in functions that end with the letter Q (not all of them
are predicate functions).

| Nanes [ *Q" ]
Here are some predicate functions applied to the number 101. Here we check if 101isprime.
| Pri meQ[101]

Here wedetermineif 101iseven.



Introduction to Mathematica 59

| EvenQ[101]

Mathematica hasafunction called Sel ect that extracts all the elementsof alist that satisfy a particu -
lar predicate function. For example, we extract all the prime elementsof alist of integers from 1to
100. (Notice again that we use only the name of the predicate function.)

| Sel ect [Range [100], Pri neQ]

We can define our own predicate functions. The following predicate function returns Tr ue for num-
bers between 0.33and 0.66.

| mddlethird[x ]:=0.33<x <0.66

Given alist of numbers, we can select all the numbersthat satisfy m ddl et hi rd. Here isalist of 25
random real numbersbetween 0 and 1.

| randonpoi nt s = RandonReal [{0, 1}, 25]

Here isthe subset of r andonpoi nt s whose elementssatisfy mi ddl et hi r d.

| Sel ect [randonpoi nts, mddl ethird]

See also Cases, Menber Q, Fr eeQ Count , Posi ti on, Del et eCases

I Graphics

Two-Dimensional Graphics

m Plot

The simplest exampleof Mathematica’s graphing capabilitiesisagraph of afunction of onevariable
created with Pl ot . Pl ot takes afunction to be graphed and adomainfor the variable, and generates a
two-dimensional graph.

| Plot [Sin[x] /X, {x, -10, 10}]

Pl ot also accepts alist of functions to plot on the same set of axes.

| Pl ot [{Sin[x], Cos[x]}, {X, -m, =}]
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m Options

There are dozens of options we can use to control almost every aspect of agraph.
|l Options[ FunctionName] returns alist of the options availablefor afunction, along with their
default values.

| Options [Pl ot ]

For example, by default, Mathematica uses an algorithm to choose the most “interesting” y-range for a
graph. In the above list we see that the default value for Pl ot Range isAut omati c.

Si n[x?]

Pl ot[ . {x, -10, 10}]

X 2

We can override the default setting by giving adifferent valueto the Pl ot Range option.

Si n[xz]
Pl ot [— {x, -10, 10}, Pl ot Range -» {-0.25, 1.05 }]
x2

In every case, options are added after therequired arguments to the function. We set an option by
typing the name of the option, an arrow madeby the two characters - and > (or the special character -
madeby typing [et- >[Estl), and the new value of the option. Note that most plotting commandsaccept
the same set of options.

Sin[x]
Pl ot [— {x, -10, 10}, Frane -» True, Pl ot Label - "sinc function",
X

G idLi nes » Automatic, Pl ot Range » {{-11, 11}, {-0.5, 1.15 }},
Aspect Rati o -» 1]

In the following sections we will change many of agraph’ s default option settings.

See also Set Opt i ons, Ful | Opti ons, Ful | Graphi cs

m ParametricPlot

Par anmet ri cPl ot plots atwo-dimensional curve described by two functions of the same parameter,
onethat describes movementin the x direction and one for the ydirection. Thisallowsusto plot
curves that are not functions, in the mathematical sense. Here isa parametric plot of acircle.

ParanetricPlot [{Sin[t], Cos[t]}, {t, O, 2x}]

The option Aspect Rat i o controls therelative sizes of unitson the two axes;the setting Aut omat i ¢
makes them equal (that is, makes one unit on the vertical axisequal to oneunit on the horizontal axis).
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ParanmetricPlot [{Sin[t], Cos[t]}, {t, O, 2x}, AspectRati o » Automati c]

Par anmet ri cPl ot can be used to plot graphs of complicated curves that cannot be expressed asa
function of theform y = f (x).

5t 5t
Par anet ri cPl ot [{4005 [——] +7Cos|[t], 4Si n[——] +7Sinft ]},
4 4
{t, 0, 8x}, AspectRati o » Automati c]
Par anet ri cPl ot takes many of the sameoptionsasPI ot .
11t 11t

Par anet ri cPl ot [{4003[— ]+YCos[t], 4Sin[— ]+7Sin[t]},
4 4

{t, 0, 8x}, AspectRati o - Automati c, Axes - Fal se, Frane - Tr ue,
FranmeLabel -» {"x", "y"}]

m ImplicitPlot

I mplicitPl ot allowsusto plot implicit relations, rather than functions. It isdefined in one of the
standard packages, so wemust load it first with the Needs command.

| Needs [" G aphics I nplicitPlot™ "]

InmplicitPlot[egn, {x, a, b}] drawsagraph of the set of points that satisfy eqn. The variable x is
associated with the horizontal axisand ranges from ato b. The remainingvariable in the equationis
associated with the vertical axis.We can also specify avertical range for the graph using the form

InmplicitPlot[egn, {Xx, a, b}, {y, c, d}].
| InplicitPlot [3x?+3xy+12y®==12, {x, -2.5, 2.5}, AxesQrigin- {0, 0}];

Like most graphing functions, I npl i ci t Pl ot accepts alist of functions to plot on the same set of
axes.

ContourPlot [{3x%+3xy +12y? =12, 12x?+3xy +3y? =12,
3x?+12xy +3y® =1}, {x, -2.5°, 2.5"}, {y, -2.5°, 2.5},
AxesOrigin - {0, 0}];

m Graphics Directives and Plot Styles

Mathematica contains several objects called graphicsdirectives which specify the style in which a
graph should be drawn.Graphics directives control the color, thickness, point size, and dashing of a
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lines, points, and other objects.

For example, to specify that linesshould be drawn with a specified thickness, we use the directive
Thi ckness[ t] ,wheretisgiven asapercentage of the width of agraph.

Alltwo-dimensional graphing functions have an option called Pl ot St yl e, which allowsusto specify a
list of graphics directivesthat control how the actual curve (as opposed to the surrounding axes, grid
lines, etc.) isdrawn.To draw asinewave so that the curve isdrawn with athickness 2% of the width of
the graph, weset the option Pl ot Styl e -> Thi ckness[ 0. 02] .

| Pl ot [Sin[x], {x, -3, 3}, PlotStyle - {Thickness[0.02" ]}]

To draw a curve with adashed line, we use the directive Dashi ng. Dashi ng[ {d} ] drawsalineso that
it alternates between line segments d percent of the width of the graph and gaps d percent of the
width of the graph. Dashi ng[ {d, d,}] alternates between linesegments d, long and gaps d, long,
and Dashi ng[ {d4, do, ...}] appliesthe successive widthscyclically. The following graph usesline
segmentstwice aslong asthe gaps.

| Pl ot [Sin[x], {x, -3, 3}, PlotStyl e - {Dashing[{0.04", 0.02 }1}]

There are several waysto specify colors using graphics directives. RGBCol or [ r, g, b] describes a
color madeup of r, g, and b percent of red, green, and blue. Thus|] RGBCol or[ 1, 0, 0] isred, and
|l RGBCol or[ 1,0, 1] ispurple. (The parametersr, g, and bmust all be between 0and 1.)

The add-on package Graphi cs™ Col ors™ definesalist of English namesfor colors and their
RGBCol or values.Here weload the package.

| Needs [" Graphi cs Col ors "]

Here are thefirst ten colors defined in the package.

| Take[Al | Col ors, 10]

Here isthe RGBCol or value of the color apricot.

| Apri cot

Other color functions are Hue[ h] , which represents the spectrum of colors going through red,
orange, yellow, green, blue, purple, and back to red; and GrayLevel [ g] (0 =g <1), where

G aylLevel [ 0] isblack and GrayLevel [ 1] iswhite.
To change the style of each graph in alist given to Pl ot , we give alist containing as many graphics

directives asthere are functions being plotted. Here we draw the first curve inthelist using athick
line(] Thi ckness[0.02] ), and the second curve using agreen line(] RGBCol or [0, 1, 0]).

Plot [{Sin[x], Cos[x]}, {x, -3, 3},
Pl ot Styl e » {Thi ckness[0. 02" ], RGBCol or [0, 1, 0]}]
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To apply multiple styles to each function in alist, we surround the styles that apply to each function
insidea set of list brackets.

Pl ot [{Sin[x], Cos[x]}, {x, -3, 3},
Pl ot Styl e -» {{Thi ckness[0.02" ], Apricot},
{Dashi ng[{0.04", 0.02 }], Green}}]

Onetricky case to be aware of isthat to specify more than one graphics directive in the plot style of a
single function, wemust surround the graphics directives with doublelist brackets | {{ and] }}.

Sin[x]
Pl ot [— (x, -10, 10},
X

Pl ot Styl e » {{RGBCol or [0, 0, 1], Thi ckness[0. 015" ] }}]

See also Poi nt Si ze, CMYKCol or , Absol ut eThi ckness, Absol ut ePoi nt Si ze,
Graphi cs” ArgCol ors”

m Combining Graphs

Showallowsusto display apreviously computed graph without havingto recompute any of the points
that make up the curve(s).

Showf graphics, optiong] displaystwo- and three-dimensional graphics using the new option settings
specified. Showaccepts options that affect the way agraph or itssurrounding elements(axes, frame,
etc.) isdrawn, without requiring any points of the graph to berecomputed.

Sin[x]

pl =Pl ot[ . (x, -10, 10}]

X

None of the options given below require points on the graph to berecomputed, so we can use them
inside Show.

Show[pl, Frane -» True, AxesStyle - Hue[0], Pl ot Range » {-0.1, 0.8 },
Pl ot Label - "pl1"]

When given alist of graphics, Showcombinesthem onto the same set of axes.Here isanother two-
dimensional plot.

| p2 =Pl ot [Bessel J[2, x], {X, -10, 10}, PlotStyle » {GayLevel [0.5 ]1}]

We combine pl and p2 by placing their namesin alist and giving thelist to Show.

| Show[{pl, p2}]

Showalso combinesthree-dimensional graphics. Here are two three-dimensional graphs.
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‘ —] £
We put them in the same box using Show.

| Show[{p3, p4}]

The object Gr aphi csArr ay takes an array of graphs, and when used with Showdisplays the graphs in
an array. Here isan array containing the four previous graphs.

| Show[G aphi csGri d [{{pl, p3}, {p4, p2}}], | mageSi ze » {400, 250} ]

The package Graphi cs™ Gr aphi cs™ definesfunctions Di spl ayToget her and
Di spl ayToget her Ar ray, which allow usto combine graphs on the same set of axesor in an array
without rendering each graph beforehand. To use the functions wefirst load the package.

Needs ["Bar Charts™"]; Needs["Hi stograns "1;
Needs [" Pi eCharts "]

Show[Pl ot [Sin[x], {x, -3, 3}, PlotStyle » GrayLevel [0.5 ]1,
Plot [Sin[3x], {X, -3, 3}, PlotStyle -» Dashing[{0.01  }]111]

G aphi csRow[{Pl ot [Sin[x], {Xx, -3, 3}, PlotStyle » G ayLevel [0.5 11,
Plot [Sin[3x], {X, -3, 3}, PlotStyle - Dashing[{0.01 }]11}]

See also Di spl ayFuncti on, $Di spl ayFuncti on, | dentity

m How Mathematica Draws a Graph

Mathematica uses an adaptive sampling algorithm to choose the points sampled in atwo-dimensional
plot. Beginning with 25 equally spaced points dividingthe domainto be plotted, Mathematicalooks at
each set of three consecutive points and computes the angle between the line segment joining the first
and second points and the linesegment joining the second and third points. If thisangle isclose to 180
degrees, then Mathematica connects the points with lines. If not, Mathematica subdividesthat interval
and tries again. This allows Mathematicato sample more pointsin a“curvy” section of the function
than in aflat section.

Thisprocess can be controlled by the options Pl ot Di vi si on, whichisthe upper limitonthe number
of timesan interval will be divided, and Pl ot Poi nt s, which setstheinitial number of pointsto be
sampled.

Although thisisavery robust algorithm, which produces accurate results in most cases, any scheme
using afinite number of sampled pointsisprone to misssometimes.Here isan exampleof afunction
that isplotted incorrectly using the default number of plot points, but which can be accurately plot-
ted by raising the initial number of plot points used.
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| Plot [x +Sin[27xx], {X, 0, 25}]

| Plot [x +Sin[2xx], {Xx, 0, 25}, Pl otPoints - 50]
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m Exercises: Two-Dimensional Graphics

Load the package | Graphi cs® Mast er* . Thisloadsthe nameof every function defined in agraphics
package into memory, and tells Mathematicato load the appropriate package when a package
function isfirst used.

| Needs [" Gr aphi cs” Master ™ "]

Make asimple two-dimensional plot of x? — 20 cos(x 2) between —10 and 10. (If there are obvious flaws
inthegraph, plot it again using more plot points.)

| Plot [x*-20Cos[x?], {x, -10, 10}]

Use]] Options[Plot] ortheon-linehelp to find alist of all the options that Pl ot accepts. Plot the
samefunction asabove, thistime changing at least five of Mathematica’'s default options.

Pl ot [x?-20Cos[x?], {x, -10, 10}, PlotPoints - 75, Frame - True,
Gi dLi nes - Automati c, Pl otLabel - "exercise one", AspectRatio -» 0.5 ]

Three-Dimensional Graphics

m Plot3D

Pl ot 3Disthe three-dimensional analog of the Pl ot command.Given afunction of two variablesand a
domainfor each variable, Pl ot 3Dproduces a surface plot.

Plot3D[Sin[x -Cos[y]]l, {x, -3, 3}, {y, -3, 3}]
Applying optionsto three-dimensional graphics works the same aswith two-dimensional graphics; in
fact, many of the options are the same.

Oneof the differences between two- and three-dimensional plotting in Mathematicais point sampling.
Instead of adaptive sampling, three-dimensional plots rely on afixed grid of points at which to evalu-

ate the function. By default, a15 x 15 grid isused, resulting in 152 = 225 points plotted; raising this
number results in asmoother graph, but takes more time and memory to generate.

Here isasmoother graph of the samefunction as above.

Plot3D[Sin[x -Cos[y]1], {x, -3, 3}, {y, -3, 3}, Axes - Fal se,
FaceGids » All, PlotPoints > 25]

See also Hi ddenSur f ace, Render Al | , Li ghti ng, Col or Functi on
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m Changingthe Viewpoint

Oneimportant option to three-dimensional plotting functionsisthe viewpoint, the point in space
from which the observer looks at the object. ] Vi ewPoi nt isan option to all three-dimensional
graphics functions. Its default valueis] {1.3, -2.4, 2.0}, which can be changed by entering anew
valuedirectly asan option.

Show[%, ViewPoint » {0, 3, 2}]

Mathematica provides an easier way to do thisusing the 3D ViewPoint Selector. To use thisfront-end
feature we pull down the Input menuand choose 3D ViewPoint Selector . Rotating the boxwith the
mouse will have Mathematica compute the point from whichto view the object. The Paste button
entersthe view point at the current text insertion point.

m ParametricPlot3D

Par anetri cPl ot 3Disthethree-dimensional analog of Par anet ri cPl ot . Depending on the input,
Par anmet ri cPl ot 3Dproduces a space curve or asurface.

When we give Par anet ri cPl ot 3Dalist of three parametric functionsin one parameter, theresult is
aspace curve.

t
Par anetri cPl ot3D[{Sin[t], Cos[t], —}, {t, 0, 6x}, Axes - Fal se]
3

Alist of three parametric functionsin two parameters results in a surface.

Paranetri cPl ot 3AD[{Sin[v] Cos[u], Sin[v] Sin[u], Cos[v]},
{u, 0, 1.5 =x}, {v, 0, m}]

Like most graphing functions, Par anet ri cPl ot 3Daccepts alist of sets of parametric equationsand
plots the surfaces together.

Par anetri cPl ot 3D[{{Si niv] Cos[u], Sin[v]Sin[u], Cos[v]},

1

. 4y 1 - 4u Cos[V]
{;SIH[V]Q)S[ 3 ] 2Sln[V]SIFI[ 3 ]

> }} u, 0, 1.5 x},

v, 0, n}]

Optionsare given to Par anet ri cPl ot 3Dthe sameway asfor Pl ot 3D. Most of the options are the
same.
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m Exercises: Three-Dimensional Graphics

Make athree-dimensional plot of the function sin(x + sin(y)) between -3 and 3 on both axes.

Plot3D[Sin[x +Sin[y]l], {x, -3, 3}, {y, -3, 3}]

Evaluate Opt i ons[ Pl ot 3D] or usetheon-linehelp to find alist of all the options that Pl ot 3D
accepts. Plot the same function again, thistime changing at least four of Mathematica's default
options, includingthe options that control the smoothnessof the plot and the color.

changedpl ot 3d =Pl ot 3D[Sin[x +Sin[y]1], {x, -3, 3}, {y, -3, 3},
Pl ot Poi nt s » {15, 45}, Mesh - Fal se, Col or Functi on -» Hue,

FaceGids » Al | ]

Contour and Density Graphics

m ContourPlot and DensityPlot

Mathematica plots contour and density plots of functions of two or three variables. With the exception
of special optionsthat apply only to these types of graphics, these functions work very much like
Pl ot and Pl ot 3D.

Cont our Pl ot displays agraphics of afunction of two variables, where regions of different intensities
of gray have (nearly) the same function value.

| ContourPl ot [Exp[x]Sin[y]l, {X, -3, 3}, {y, -3, 3}]

Densi t yPl ot by default generates agrid of gray levels, wherethelighter gray areas have greater
function valuesthan the darker gray areas.

| DensityPl ot [Exp[x]Sin[y]l, {X, -3, 3}, {y, -3, 3}]

See also Col or Funct i on, Mesh, Cont our s, Cont our Li nes, Cont our Styl e

m ContourPlot3D

The function Cont our Pl ot 3Dprovides away to plot surfaces showing particular valuesof afunction
of three variables. Thisfunction isdefined in one of the standard add-on packages, so we must load
the package before using the function.

Needs [" Gr aphi cs™ Cont our Pl ot 3D " ]

Cont our Pl ot 3D fun, {x, Xg, X1}, {Y, Yo, Y1}, {2z, zy, z}] plotsthe surface implicitly defined by
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fun[x, y, z] ==0.Setting the option Cont our s to {val,, val,, ... } plotsthelevel surfaces corre-
sponding to the valuesvalq, val,, ...

Cont our Pl ot3DNx2+y2+z2, x, -1, 1}, ty, 0, 1}, {z, 0, 1},

Contours » {0.25°, 0.5, O. 75‘}]
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m Exercises: Contour and Density Graphics

Create adensity plot of the function sin(x —sin(y)) over any range that includesthe origin. Render the
graphic with twice asmany plot points. Experiment with other options.

DensityPlot [Sin[x -Sin[y]], {x, -10, 103}, {y, -10, 10}]

DensityPlot [Sin[x -Sin[y]], {x, -10, 10}, {y, -10, 10},
Pl ot Poi nt s » 30, Mesh - Fal se, FraneLabel -» {"x", "y"}]

Repeat the above exercise using Cont our Pl ot instead of Densi t yPl ot . Experiment with the options
to Cont our Pl ot that do not apply to Densi t yPl ot .

ContourPlot [Sin[x -Sin[y]], {x, -10, 10}, {y, -10, 10}]

ContourPlot [Sin[x -Sin[y]], {x, -10, 10}, {y, -10, 103},
Pl ot Poi nt s - 30, Contours -» 30, Contour Styl e - None]

Plotting Data

There are many occasions when we want to work with datarather than functions. There are several
functions designed to visualize datain two or three dimensions.For these examples, we need datato
work with.In practice, wewould most likely read thisdatafrom afile or use the output of other
calculations. For thisdemonstration we will create alist of ordered pairs to use asdata.

| exanpl eDat a = N[Tabl e[{n, n+Si n[n] + RandonReal []}, {n, 0, 5x, 0.2 x}1];

Li st Pl ot takes avector or array of dataand plotsitintwo dimensions.Given aone-dimensional set
of datasuch as] {10, 20, 30, 40}, Mathematicaplots the ordered pairs

l ({1, 10}, {2, 20}, {3, 30}, {4, 40}}.Inthiscase, wesupply alist of ordered pairs and Mathe-
maticaplots the points using our explicit x values. (The graphics directive Poi nt Si ze[ p] specifies
that points should be drawn so they are p percent of the width of the graph.)

| poi nt pl ot =Li st Pl ot [exanpl eData, Pl otStyl e - PointSize[0.02" ]]

Optionsto Li st Pl ot includenearly all of those applicable to Pl ot . One exception isthe option
Pl ot Joi ned, whichwhen set to Tr ue drawsalineconnecting each of the points.

j oi nedpl ot =Li st Pl ot [exanpl eData, Joi ned - True,
Pl ot Styl e - RGBCol or [0, 0, 1]1]

At thispoint in our analysiswe can easily find a good least-squares fit to thisdata. The function Fi t
takes asarguments a set of data, a set of basisfunctions for the best-fit polynomial, and alist of
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variablesto be used. Below weinclude only constant, linear, and quadratic terms for the best-fit
function.

| exanpl eFit =Fit [exanpl eData, {1, x, x*}, x]

Here isaplot of the best-fit quadratic polynomial.

| fitpl ot =Pl ot [exanpl eFit, {x, 0, 5x}, PlotStyle - Dashing[{0.01" }]]

Here we combinethe previous three graphs.

| Show[ {poi nt pl ot, joi nedplot, fitplot}]

When working with three-dimensional data, we use analogs to Pl ot 3D, Densi t yPI ot , and
Cont our Pl ot . Li st Pl ot 3Dplots athree-dimensional surface from arectangular array of height
values.

exanpl earray =Tabl e[n+Si n[n] +3 RandonReal [], {i, 1, 5x, 0.3 =},
{n, 1, 5x, 0.3 x}];

| Li st Pl ot 3D[exanpl earray ]

Li st Cont our Pl ot and Li st Densi t yPl ot create density and contour plots from rectangular arrays
of data.

| Li st Densi t yPl ot [exanpl earray ]
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m Exercises: Plotting Data

Create tabular datafrom the curve x cos(x) —sin(x 2) between x = -27 and x = 2x and display the data
using Li st Pl ot .

| nydata =Tabl e[N[{x, x Cos[x] -Sin[x?*]}], {x, -2x, 2=, 0.05n}];

| Li st Pl ot [mydata, Pl ot Styl e » Poi ntSi ze[0. 02" 1]

Create alist of the first twenty prime numbers. (Hint: use Tabl e and Pri me[ n] , which gives the n'"
prime number.) Plot thelist using Li st Pl ot , then fit the datato aquadratic polynomial, and plot the
dataand the best-fitting curve on the same set of axes. Use options to change the color and other
aspects of the graphic.

| prinmes =Tabl e[Prine[n], {n, 1, 20}]

poi nt pl ot =Li stPl ot [prines, PlotStyle -» {Red, PointSize[0.02 ]}]

fitplot =Plot [fitline, {x, 0, 20}, PlotStyle » {Blue}]

Show[ {poi nt pl ot, fitplot}]

| fitline=Fit [prinmes, {1, x, x?}, x]

Graphics Primitives

In addition to the high-level plotting functions just described, Mathematica allowsusto build up
graphics intwo and three dimensionsfrom the basic building blocks of points, lines, circles, and so
on.These building blocks are called graphicsprimitives.

Graphics primitives are the actual objects that are drawn, whilegraphics directives control the style in
which an object isdrawn.

First welook at an examplein two dimensions.The following syntaxisused to render a series of
graphics primitives.

Show [Gr aphi cs [{graphicsprimitivesand directives} ] |

The primitives Poi nt , Li ne, Pol ygon, Text , Rect angl e, Cuboi d, G rcl e, and Di sk form the basis
for most graphics.
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|l Grcle[{x vy}, r] isatwo-dimensionalgraphics primitive that represents acircle of radiusr
centered at the point {x, y}.| Gircle[{x, y}, {rx, ryl }1 yieldsan ellipse with semi-axesr, andry.

I Grele[{x, ]}, r, {61,60,] }] represents acircular arc.] Line[{p1, p2 ...] }] isagraphics
primitive which represents alinejoining a sequence of points.

Here isadiagram madeup of text, line, and circle primitives.

Show[eraphi cs[{Text ['r", (1.6, -0.2 }], Text['e", {0.8, 0.35 }],
Thi ckness[0.015 ], Circle[{O, 0}, 3], Thickness[0.01 ],
T

Li ne[{{s, 0}, {0, 0}, {3@3[1], 3Sin[ ]}}] Thi ckness [0. 005" ],
4

4

Dashi ng[{0. 0075" }1, Gircle[0, 03, 1.25°, {0, E}]}]

Aspect Rati o - Aut omat i c]

Here isamore complicated example.

Show[
Graphi cs [

{{GrayLevel [0.75 1, Polygon[{{O, 0}, {1, 1}, {0, 2}, {-1, 1}, {0, 0}}1},
{Hue[0], Thi ckness[0.01 ],
Line[{{0O, O}, {1, 1}, {0, 2}, {-1, 1}, {0, 0}}1},
Line[{{0, 0}, {0, 2}}1,
{Dashi ng[{0.01 }], Grcle[{0, 0}, 1], O'rcle[{O, 03, «/2_]
Line[{{-2, -2}, {2, 2}}], Line[{{-2, 2}, {2, -2}}],
Line[{{-2, 0}, {2, 4}}], Line[{{-2, 4}, {2, 0}}]},
{Thi ckness [0. 01" ], Line[{{0, 0}, {1, 0}, {1, 1}, {0, 1}, {O, 0}}]}}],

Axes -» True, AxesOrigin - {0, 0}, AspectRati o -» Autonmati c,
Pl ot Range » {Automatic, {-0.2", 2.2 }},

Pl ot Label - "duplicating the squar e"]

Thisworks similarlyin three dimensionsusing Gr aphi cs3Din place of Gr aphi cs.

Show[

G aphi cs3D[{Pol ygon[{{0, O, 0}, {0, 4, 0}, {4.5°, 4, 0}, {4.5°, 0, 0}}],
Poi nt Si ze [0. 03" ], Tabl e[Point [{t, 2, Abs[50+20t -8t?%]}],
{t, 0, 4, 0.2°}]}], BoxRatios - {1, 0.25", 1},

Vi ewPoi nt » {-0.012", -3.22°, 1.04 }, Axes -» {True, Fal se, True},
Axeslabel - {"tine", None, "height"}]
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Several of the standard Mathematica packages define more graphics objects and toolsto manipulate
them.
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m Exercises: Graphics Primitives and Directives

Below isthe Mathematicacodeto draw aface. Use other two-dimensional graphics commands(such
as Pol ygon) to add other features (nose, beard, hat, etc.) and make changesto the face (such aseye
color). Experiment and have fun.

Show[Gr aphi cs [{Thi ckness[0.03 ], Crcle[{0O, 0}, 1], PointSize[0.04 7,

Point [{-0.5", 0.3 }], Point [{0.5, 0.3 }],

Circle[{O, -0.1°3}, 0.5, {5—7r 7—7r}]}] AspectRatio->Aut0mitic]
4 4

Here isonevariation.

Show[Gr aphi cs [{Thi ckness[0.03 ], Circle[{O, 0}, 1], Thi ckness[0.009 ],

Blue, Circle[{-0.5", 0.3}, 0.04° ], Circle[{0.5, 0.3}, 0.04 1,

Red, O'rcle[{o, -0.1°3}, 0.57, {5—7r 7—7r}] Pi nk,
4 4

Pol ygon[{{-0.25", -0.9 }, {0.25, -0.9}, {0, -1.25 }}],

Green, Polygon[{{-0.6", 0.9°}, {0.6°, 0.9°}, {0.6°, 1.1},
{-0.6", 1.1 }}1,

Pol ygon[{{-0.4", 1.1}, {(0.4°, 1.1}, {0.4, 1.5},
{-0.4", 1.5‘}}]}], AspectRati0->Automatic]

Shapes and Polyhedra

The packages Gr aphi cs™ Shapes™ and Gr aphi cs™ Pol yhedra® provide Mathematica definitions of
common three-dimensional shapes and the regular Platonic polyhedra, aswell asfunctions for affine
transformations on them.

| Needs [" G aphi cs” Shapes "]

Onceapackage isloaded, we can get alist of all the objects that it definesby giving using ? with the
context nameand * (to denote all names).

| ?G aphi cs” Shapes™ *

Torus[rq, ro, N, m] isalist of m n polygons approximating atorus centered around the z-axiswith
radiiryandr,.

We use Showand Gr aphi cs3Dto have Mathematicarender the shape.
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| Show[G aphi cs3D[Torus[1, 0.75, 25, 25]1]

Transformations on these Mathematica objects, such asW r eFr ane and Rot at eShape, are wrapped
around the shape, using the following syntax.

| Show[W r eFr ame [Gr aphi cs3D[Torus[1, 0.75 , 25, 25]]], Boxed - Fal se]

Here weload the package in which various polyhedra are defined.

| Needs [" Pol yhedr onOper ati ons™ "]

We can now use the standard polyhedra as graphics primitives.

| Show[Pol yhedr onDat a[" G eat | cosahedron” ]]

See also Geonetry” Pol yt opes”



Introduction to Mathematica 77

m Exercises: Shapes and Polyhedra

Have Mathematicadraw the default Cyl i nder . Draw another cylinder whoselength istwice its

diameter. Use Rot at eShape to rotate thisCyl i nder off the vertical. Use Af f i neShape to deform the
cylinder in any way.

Here weload the package Gr aphi cs™ Shapes .
| Needs [" G aphi cs” Shapes "]

Here isthe default cylinder.

| Show[Gr aphi cs3D[Cyl i nder []], Boxed - Fal se]

Here isacylinder with a height twice its diameter.

| Show[G aphi cs3D[Cyl i nder [1, 2]], Boxed - Fal se]

Here we use Rot at eShape to rotate the cylinder.

N
N

Show[Gr aphi cs3D[Rot at eShape [C,yl i nder [1, 2], 0, — —]]

Boxed - Fal se]
Here wedeform the cylinder with Af f i neShape.

Show[Gr aphi cs3D[Af fi neShape [Cyl i nder [1, 2], {0.25", 0.5, 0.15 }]1,
Boxed - Fal se]

Do the previous exercise with any other shape.

Show[Gr aphi csBD[Rot at eShape [Affi neShape [Cone[], {0.25°, 0.5, 1.15 }],

T, g —%” Boxed - Fal se]

Customizing Graphics

m Arrows

Now that we know how to use graphics primitivesto create arbitrary graphics objects, we can com-
binethese with other types of graphics.
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Epi | ogisan option for most plotting functions that allowsusto specify graphics directives and
primitivesto be drawn after the main graphics are generated.

We can use Epi | og to add arbitrary graphics to any plot. The standard package Gr aphi cs™ Arr ow
definesan arrow graphics primitive. We load it in the standard way, using Needs.

| Needs [" G- aphi cs” Arrow "]

Arrow gart, finish] isagraphics primitive representing an arrow starting at the point start and
endingat the point finish.

Sin[x]
Pl ot [— {x, -10, 10}, Pl otRange -» Al |, AxesLabel -» {"x", "y"},

X
Epil og » {Arrow[{7, 0.6}, {0.01", 0.99 }],
Arrow[{7, 0.4}, {4.49°, -0. 21‘}]}]

See also Pr ol og

m Textin Graphs

Text [ expr, coords] isagraphics primitive that represents text corresponding to the printed form of
expr, centered at the point specified by coords.

| Show[G aphi cs [Text [*| ook here", {0, 0}111]
We can use text as part of alist of graphics primitives given to the option Epi | og.

Sin[x]

Plot [——, (x, -10, 10}, PlotRange - All, AxesLabel » {'x", "y"},
X

Epil og » {Arrow[{7, 0.6}, {0.01", 0.99 }],
Arrow[{7, 0.4 }, {4.49, -0.21"}], Text ["sone extrema", {7, 0.5‘}]}]

The option Text St yl e accepts alist of options that change the font used for all text in agraph, as
well asits size, color, weight, and slant. (The specific options are Font Fam | y, Font Si ze,

Font Col or, Font Wi ght , and Font Sl ant .) In the following exampleall textisin 9-point Helvetica,
drawn in 50% gray.

Sin[x]

Pl ot [— {x, -10, 10}, Pl otRange -» Al |, AxesLabel -» {"x", "y"},
X

Epil og » {Arrow[{7, 0.6}, {0.01", 0.99 }1],

Arrow[{7, 0.4 }, {4.49°, -0.21"}], Text ["sone extremn", {7, 0.5 }1},
BaseStyl e » {FontFami |y » "Hel vetica", FontSize » 9,

Font Col or » GraylLevel [0.5° ]}]
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We can change the font styles for a particular piece of text by putting the text inside St yl eFor mand
includingthe desired changes. In thisexampleall settings are the same as above, except the text “some
extrema” isdrawninred 12-point bold Times.

Sin[x]
Pl ot [— {x, -10, 10}, PlotRange » Al |, AxeslLabel - {"x", "y"},
X

Epil og » {Arrow[{7, 0.6}, {0.01", 0.99 }1,
Arrow[{7, 0.4}, {4.49, -0.21 }],
Text [Styl e["sone extrenmn", FontFamily - "Tines", FontSize -» 12,
Font Wei ght -» "Bol d", Font Col or -» Hue[0]], {7, 0.5 }1},
BaseStyl e » {FontFam |y » "Hel vetica", FontSize » 9,

Font Col or » GraylLevel [0.5° ]}]

See also $Text Styl e, For mat Type, $For mat Type, Backgr ound

m Graphics Formats

By default Mathematica generates graphics using a subset of the PostScript language, whichistrans-
portable among all types of computers Mathematicaruns on.Graphicsinthe PostScript language can
be enlarged or reduced to any size without loss of resolution.

The function Di spl aySt ri ng allowsusto see the PostScript codethat makesup agraph. We can
save the PostScript to afile that can be read by many of the highest-quality graphics processors. Here
isatwo-dimensional plot.

| sinplot =Pl ot [Sin[x], {X, -3, 3}]

The PostScript codethat makes up the graph israther long, so here weuse St ri ngTake to show only
thefirst 150 characters.

| StringTake [Export String([si nplot, "EPS"'], 150]

Thefunction Di spl ay will save agraph in afile. Here we save the graph called si npl ot into afile
calledsinfile.

| Export ["sinfile", sinplot]

Di spl ay[ " filename", graphics, "format"] savesagraph to afile after converting the graph to
another format. Some of the possible valuesfor the parameter format are A F, EPS, | | | ustr at or,
Met afi | e, PI CT, Tl FF, and XBi t map.

Thereisalso apackage Uil ities DXF that savesthree-dimensional graphics in DXF format, the
standard used in AutoCad and other modeling programs.

The Mathematicafront end will convert graphics to several formats. We select agraphic, then pull
downthe Edit menu and choose aformat from the Copy Assubmenuto copy the graph to the system
clipboard in the specified form, or choose aformat from the Save Assubmenuto save the converted
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graph to afile.
See also G aphi cs” ThreeScri pt *, | mageSi ze
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m Exercises: Customizing Graphics

Scroll back in thisnotebook and copy the code used to generate the last graphic in the two-
dimensional graphics section. Use Arr owand Text to draw an arrow pointing at an arbitrary point on
the graphic with the caption “Look Here!”

Plot [x*-20Cos[x?], {x, -10, 10}, PlotStyle » {G een},
Pl ot Poi nts » 75, Frame » True, Gi dLi nes -» Automati c,
Pl ot Label - "Exercise One",
Epi |l og » {Arrow[{5, 62}, {0, -19}], Text ["Look Here!", {3, 64}]}]

Animation

All versions of Mathematica can create animations.Animationresults when a series of Mathematica
graphics are displayed quickly in succession to create theillusion of smooth movement.

Mathematica provides many features to aid thisprocess. Here isasimple example.The command
Tabl e creates an array of results by iterating commands.Here we will create ten different plots of
sin(ax), letting avary. Notice that in the next examplewe explicitly set the value for the option

Pl ot Range because by default Mathematica picks anew value for Pl ot Range for each frame of the
animation, causing the axesto movefrom oneframe to the next.

Table[Pl ot [Sin[ax], {x, 0, 10}, PlotRange » {{0, 10}, {-1, 1}}1,
{a, 1, 5, 0.5}];

(The cellsof the animation have been deleted to save space. Enter the code into Mathematicato see the
animation.)

The package Graphi cs™ Ani mati on™ definesseveral functions for automating the creation of anima-
tions. Here weload the package.

| Needs [" Gr aphi cs™ Ani mation™ "]
Here are the namesof all the functions defined in the package.
| ?G aphi cs” Ani mation *

Movi ePl ot [ f[ x, t], { X, X0, X1}, {t, to, t1}] animatesplots of f [ x, t] regarded asafunction of x, with
t serving asthe animation, or time, variable.

| Movi ePl ot [Sin[ax], {Xx, O, 10}, {a, 1, 5, 0.5}7];

(The cells of the animation have been deleted to save space. Enter the codeinto Mathematicato see the
animation.)
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Notice that Movi ePl ot isessentially ashortcut for using the Tabl e command.Onedifference isthat
Movi ePl ot automatically usesthe samevalue for Pl ot Range for each frame.

Another interesting animation results from varying the viewpoint, thereby creating arevolution or a
“fly-by” of an object. Spi nShowautomates this process.

Spi nShow[Gr aphi cs3D[St el | at e[l cosahedron[]]], Boxed - Fal se];

(The cellsof the animation have been deleted to save space. Enter the code into Mathematicato seethe
animation.)

Other effects can be achieved by varying colors, options, ranges, and so on.
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m Exercises: Animation

Using Tabl e, Do, or Movi ePl ot , create atwo-dimensionalanimation of afunction that changes over
time.Ensure that the domainand range remain the same throughout the animation.

myani m=Tabl e[Pl ot [Sin[kx], {X, 0, 3x}, PlotRange » {{0, 10}, {-1, 1}},
Pl ot Poi nts - 507, {k, 1, 9}1;

Thelineabove will generate the animation, but for better viewingon the printed page we use
G aphi csArray to view all the frames at once.

| Show[G aphi csGid[Partition[myanim 3]1]]

Chooseyour favorite three-dimensional graphic from this set of exercises (or make anew one) and
create an animation using Spi nShow.

To use Spi nShow, we must load the package Gr aphi cs™ Ani mati on .

| Needs [" Gr aphi cs™ Ani mation™ "]

1

si npl epl ot 3d =PI ot3D[ {x, -1, 1}, {y, -1, 1}]

Abs [ (x +:'1y)5—1],

| ny3dani m= Spi nShow[si npl epl ot 3d, Frames -» 12];

Using the sametechnique as above, welook at all of the frames at once.

| Show[G aphi csGrid[Partition[my3danim 3]1]]

I Additional Topics

This section isasampler, rather than atutorial, of amiscellany of Mathematica’'s capabilities. Docu-
mentation for the commandsused here are found in The Mathematica Book, Standard Add-on Packages
andthe Help Browser.

Mathematica and Files

Mathematica containsavirtual operating system with which we can navigate directories and list their
contents, aswell as create, delete, and get information about files. Here we get the name of the current
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working directory, where any files we create will be saved.
| Directory []

Here weget alist of all files and subdirectories found in our current working directory.
| Fi | eNanmes []

Mathematica contains functions for reading and writing many kinds of datafiles. We can read and
write numbers, strings, lists, Mathematica expressions, or anything else.

To illustrate, here we create afile called dat af i | e in which to write data, by using OpenWi t e.

| ? OpenWite

| stream=CpenWite['datafile"]

Here we set up aloop that writes twelverandom numbersto dat afi | e.

| Do[Wite[stream RandonReal []], {12}]
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When finished writing data, we close thefile.

| Cl ose[stream]
Here wedisplay thefile, using ! ! dat af i | e.
| Ildatafile

In order to use the datain computations, here weread the contents of dat af i | e, putting the contents
inalist called sonmedat a using ReadLi st .

| sonmedat a = ReadLi st ["datafile"];

Thelist can now be treated asalist generated any other way. For example, we can plot thelist or sort
its elements.

| Li st Pl ot [sonedat a, Joi ned -» True]

| Li st Pl ot [Sort [sonedat a], Joi ned -» True]

Moreover, we can specify to ReadLi st thetype of datawewish to read. For example, suppose we
wantto read dat af i | e assixordered pairs of data, rather than twelve datavalues. To do this, we
specify to ReadLi st that weare reading dataof theform | {Nunber, Nunber }.

| dat apai rs = ReadLi st ["datafile", {Number, Nunmber }];

| Li st Pl ot [dat apai rs, Joi ned -» True]

Similarly, we can read dat af i | e asalist of ordered triples.

| datatri pl es =ReadLi st ["datafile", {Nunber, Nunber, Nunber}];

We now plot the ordered triples.

| Show[G aphi cs3D[Li ne[datatripl es]]]

See also Read, Recor dSeparators,Utilities BinaryFiles’

Statistics and Data Analysis

To use Mathematica’'s statistical functions, wefirst load the appropriate packages from the Statistics
directory. The package namescan be found in the Help Browser or the book Standard Add-on Pack-
ages, and the packages can be loaded using the Help Browser or the Needs command.
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Mathematica knows about many continuous and discrete statistical distributions. We first load the
package containingthe continuousdistributions.

| Needs["Statistics ContinuousDi stributions "]
Oncethe package isloaded, on-linehelp for the statistics functions isavailable.
| ?PDF
Theloaded functions can then be plotted or manipulated in the usual ways. Below we generate two

statistical plots. Here isaplot of the p.d.f. of the standard normal distribution and the p.d.f. of an
extreme-valuedistribution.

Pl ot [{PDF[Normal Di stribution[0, 1], x],
PDF [Ext r eneVal ueDi stri bution[-1, 1], X1}, {x, -3, 3}]

Here isathree-dimensional plot of binomial coefficients.

| Li st Pl ot 3D[Tabl e[Bi nom al [m n], {m 1, 6}, {n, 1, 6}1]

Here weload a package that computes descriptive statistics from lists of data.

| Needs["Statistics DescriptiveStatistics "]

The functions defined in the package can be used on numeric lists of data.
| Mean[{0.1, 1, 10, 100, 1000}]

They can also be used on symbolic lists of data.

| Har noni cMean[{a, b, c}]

| Skewness [{a, b}]

The Fi t function built into Mathematica performs least-squares fitting to alist of data. If wewant to
fit to dataafunction that isnot alinear combination of the basisfunctions, we need to load the pack -
age Statistics NonlinearFit" .

| Needs [" Nonl i near Regr essi on™ "]

| ?Nonl i nearFi t

For thisexamplewe generate alist of points and call it dat aToFi t .



Introduction to Mathematica 87

dat aToFi t =Tabl e[{x, N[3si n[7—x]  Dandonfeal 2 }o{x. 0 3 i}]
4 3 6

Here isagraph of the points.

| Li st Pl ot [dat aToFit, PlotStyle - PointSize[0.02 ]]

Here weuse Nonl i near Fi t to fit our model (whichisnot alinear combination of basis functions) to
thelist dat aToFi t .Here istheresulting model.

| nl nrodel =Nonli nearFit [dataToFit, bSin[ax], x, {a, b}]

Here we plot the nonlinear model called nl nodel .

| Pl ot [nl nodel, {x, 0, 3}, Epilog - {PointSize[0.02 ], Point /edataToFit }]

To augment the built-in (least-squares) Fi t function, a package existsto perform full linear regres-
sion on a set of data. We load the appropriate package.

| Needs [" Li near Regressi on™ "]

Now we perform thelinear regression, fitting dat aToFi t with constant, linear, quadratic, and cubic
basisfunctions.

Not ebookConpat i bi | i ty” Dunp’ Li near Model Fit [dataToFit, {1, x, x?, x°},
x] [{" Paranet er Tabl e", "RSquared", "AdjustedRSquared",
"Esti mat edVvari ance”, "ANOVATabl e" }]

Part of the default result isan ANOVAtable. There are options we can set to obtain covariance and
correlation matrices, residual tables, confidence intervals, and more. If all wewant isthe fitted func-
tion, we can use Mathematica's built-in Fi t function.

| Fit [dataToFit, {1, x, x? x°}, x]
We plot thefitted function and again compare it to the given points.

| Pl ot [%, {x, O, 3}, Epilog - {PointSize[0.02 ], Point /edataToFit }]

Additional Graphics Functions

Other specialized graphics functions are contained in the packages.
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| (Needs ["Bar Charts "1; Needs["Hi stograns "]; Needs['PieCharts "1]);

While not Mathematica’s main purpose, it can create most of the common business graphics. Asan
example, Bar Chart isan easy function to start with.

| Bar Chart [Pri ne[Range[5]], Pl otLabel - "prines"]

There are several log-plotting functions available. The list generated below showseight different log
plots, including functions for dataplotting.

| ?*Log*Pl ot *

100

LogPI ot [Abs[ ] {x, 1, 20},

(L x)2+21x +100
Gi dLi nes » {LogG i dMaj or, Aut omatic}]

Many variants of standard plots are defined in Mathematica. To visualize the space between curves, we
useFi | | edPl ot .

| Needs ["' Graphics FilledPl ot "]

Sin[t]

Pl ot [{—

, Bessel J[1, t]}, {t, -10, 10}, FiIIing-»{l-»{Z}}];
t

See also Pi eChart

System Parameters

Mathematica contains many global and system parameters, most of which begin with $. Here isalist of
the system parameters beginning with $M

| Nanes [ $Mx" ]
The on-linehelp tellsuswhat each parameter is.
| ? $MaxNunber
To find the setting or value of aparameter, type itsnameand press [sirH .

| $MaxNunber
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| $Machi neType

| $Ver si on

Here isalist containing the date and time at which thisnotebook wasevaluated.

| Dat eLi st []

Here isthe number of secondsthat have elapsed since the turn of the century.

| Absol ut eTi ne[]



