One-fluid approximation (magnetohydrodynamics - MHD)

Mass conservation — electron and ion number conservation multiplied by masses
and added

a:e+div(neﬁe)=0 Pu =M, +M;n

on } g m.nu, + M.nu

§+dlv(niui)=0 mnn,+M.n
J . _

= a,oM+d|v(,0Mu):O @D G=0 py, =p

If we multiply electron and ion conservation by charges (ge, 0i) and added up, we
get charge conservation (equation for charge density o. and current density j)

0p -
©+d =0 2
at+|VJ (2)

Suggested reading: Chen 5.7, 6.2-6.4, 6.7, Nicholson chap. 8 MHD 1



Momentum conservation for electrons and ions may be expressed, as follows

aat<manaua)+d|V(manaua®u) qa”a(E+UaXB) VP, Zm“no‘v“ﬂ( ~0s)

where operator ¢ isdefined asfollows a®b= a b,

After summation one obtains

d .. -
a(,OM )+div(p,0i®U0)=p.E+]xB-Vp (3)

-

where pc — qene_l_qiq | = qeneue+q|qu p: pe+ pi

(momentum exchange between electrons and ions A =MV (U-U) a

Ae =-Minv, (G —0,) cancels)
To get equation for j it is possible to add momentum egs multiplied (xa,/m,),
but it will be difficult to close equation system without assumption me << M; .
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Let us start from assumption of negligible electron mass and let’s require zero
difference in electron and ion acceleration. While difference in acceleration due to
gravitation is zero, ion acceleration by other forces is negligible compared to
electrons and thus the total force acting on electronsis set to 0 (must be small)

0=-Vp,+0.n, (E+0,xB)-mny, (U,-G)

Additionally, we use quasineutrality for slow motions and express electric field

E=—0xB- M Vp, + M T><I§+%T (4)
epy L epy L en,
Current along magnetic field — electrons dominate
eE _ . _én, - e’n
———v, -0, =0 ] =—end, = < E Og = £ .
m, = my, my, €. conductivity

;
and the last term of equation (4) may be transformed to the form U_E
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From (4) we obtain equation for current
- M, o M.
| +——

\%
ep, Z epy Z pej (5)
to close the equation system, we express P.=&P, where =1 for Z>>1

and “:% forz=1,T.=T
When Maxwell’s eguations and equation of state for pressure are added, one obtaines
closed system of equations that can be solved

(Txé)zaE(E+le§+

In MHD, equations are usually simplified by additional assumptions:

the Hall current is usually omitted compared to flow term jxB<<UxB,

for low temperatures one omits pressure in the eguation for current (pressure leads
to Biermann battery term — B cannot arise form 0 in MHD without this term)
then the current may be expressed

= j:O-E(E-HjXB) Ohm’'slaw (6)
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ldeal MHD
dPy : =
+div u)=0
dd . =
—_,:—V + | XB
Pwm = P+ )
curl B= ]
a—I'D’:curl(tjxl_%)
ot

Freezing of magnetic field into plasma
plasma moves along flux tubes, flux tube element is

ol =X —X

(v >0= 0. —oo)

E=-0
d_29
dt ot
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and velocity U inpoint X is U :U+(5I V)U , then time derivative of the element

d - ., _ S\
a&l =U —u:(§IV)u

The equation for time derivative of B is rearranged using well-known vector identity

a—B:—édivU+(l§V)U—(UV)I§
ot

When this equation is combined with continuity relation, one obtains
dat\ p p) dtip) \p

The variations of vectors 01 and B/p are given by the same equation, and thus magnetic
force lines follow plasma motions, they are “frozen” into plasma.

deo -
ai BAS=0 (Alfvén's theorem)

For surface S moving together with plasmait holds
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Hydromagnetic equilibrium

—>
—
0

W _Vp+ixEB B=
We start from equations Pu g = VPTIX curl B = 4, ]
di o L.
Equilibiium g =3 0 = VP=IxB

ax(bxc)=(a-c)b-(a-bjc = (BxVp)=B*]-(]-B)B
for component I B it always holds, j;, cannot be derived from here (T|| = O '%)

- BxVp

I BxVp
JL - Bz 2

(cuné)xé:ﬂo(Txé):ﬂo(hxs):ﬂo[

X E] = 1,V p

2 _ _ 2
V(p+ 15 ]: 1 (BV)B = 0+ B _const.  diamagnetic effect
2 Ho Ho 2

J

often = 0
B?%/2u0 = magnetic pressure
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P ZnkT, ratio of thermal pressure to magnetic pressure

IB:

2 2
B B (parameter S of adevice givesthe ratio of maximal
2 2
Ho Ho thermal pressure to the maximal magnetic pressure)
Non-ideal MHD — plasmadiffusion into magnetic field
vxE+28 -0 j=0.(E+UxB)
ot
. - we shall assume u=0
curl B= ]
B___1 Vx(Vxé): L AB
ot MO MO
, risthe time of plasma penetration into field
7= Lu,0,
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ltisthe B dissipation time —field energy transformation into heat

2 2
W — 1 B
0. o, u,L? where we have used

M_—‘curl B‘
Mol

wr=2 8 1zyo B
hence, the dissipated energy £e O Uy L HoOe = 1o

Simultaneous flow and penetration (diffusion)

B__1 AB+V x(lixB)
ot U,O:
the first term is diffusion; the second term is freezing (field moves together with flow)
1
, —uB
freezing term .
Ru =G L = 1" T = ekl
Magnetic Reynolds number ITtusionterm =B
Oty L
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| nstabilities driven by the pressure gradient

1.Rayleigh-Taylor instability boundary between fluids, if
Vp-Vp <0
Dispersion relation of waves j L = -
. _ka(p-p2) g’f
Pt P

for p2 < p1 waves on the fluid surface
for 22> P @ =1y amplitude grows = instability

Q

2.1nstability of magnetically confined plasma (Kruskal-Schwartzschild)

B isthelighter fluid, plasmaisthe heavier fluid
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T v p, PLAZMA Os g M gx B,
. VO -
X lon drift q B> -
UL T Y

y electron drift may be omitted

VAKUUM l g

Due to ion motion, charge is formed at the rippled surface, it induces electric field,
and it causes ExB drift of ions and electrons that enhances ripples
Derivation from 2-fluid description (derivation is aso possible from MHD):

lons — equation of motion

m [¥+ (VOV)VI} =4 (El TV % BO) acceleration g is contained in velocity vo
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E =(0,E,,0) k=(0,k,,0) —i (0-k\V,)Vym =g (E +V,xB,)

2 —
(a)—kvo)2< %_szle 5 V1y=—iw kv, E,,
for m B0 QC BO

Vix IS EXB drift (for ions and €ls), viy polarization drift (negligible for electrons)

lon continuity equation
aa—rt'1+\7O -Vn +ndivv,+Vv,-Vn,+ndivv, =0

—lon +ikvyn +v, Vi +ikv, Ny =0

electron continuity equation ~ —1@n, +V;,VN, =0 \where we assumed Z=1 and
guasineutrality ni1 = ne; after substitution one obtains dispersion relation

_1 kv, + \/ kv, g Vi,
2 N,
enough long waves grow, if the density gradient goes against the gravitational acceleration
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